Parameter-dependent solutions of the classical
Yang-Baxter equation on sl(n,C).
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Abstract

For any integers n and m (m > 4) such that n+m is odd we exhibit trian-
gular solutions of the classical Yang-Baxter equation on sl((n+ 1)(m+2),C)
parametrized by points of a quotient of complex projective space plz] (C) by
the action of the symmetric group Sym(|“t!|) and we prove that no two of
these solutions are isomorphic.

1 Introduction

The motivation for this work is to exhibit solutions of the classical Yang-Baxter
equations depending on a large number of parameters, Such solutions lead, by a
construction indicated by Drinfeld [1], to quantum groups. We hope that these
parameter-dependent quantum groups may have interesting geometrical applications
3].

2 The classical Yang-Baxter equation.

Let G be a finite-dimensional Lie algebra over K ( = R or C ); an element R € A*G
is said to be a solution of the classical Yang-Baxter equation iff

[R,R] =0

where [, |: A2G @ A’G — A3G is the Schouten bracket, defined on bivectors by
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(XiANXp, YIAY,] = [XiNAXoAY,  — [Xi,YB]AXoAY)
—[Xo, VIAXIAY: + [Xo, Vo |AXIAY

Lemma 2.1. (see [2] corollary 2.2.4 and proposition 2.2.6).There is a bijective
correspondence between the solutions R of the classical Yang-Baxter equation on G
and the symplectic subalgebras (H,w) of G; i.e. w belongs to A*H*, the radical of
w is zero and w is a 2-cocycle of H with values in K for the trivial representation of
H on K.

Let us recall the argument of this well known lemma. Denote by R : G* — G the
map defined by R(«a) := i(a)R,Va € G*. The condition [R, R] = 0 implies that
H := ImR is a subalgebra of G, and that R is an element of A?H. Furthermore R
induces an isomorphism (still denoted R) H* — H. The element w of A?H* defined
by

wX,Y)=(RIR'XAR'Y)

is of maximal rank. Finally

§ wllBo, B9 ) = SR Rla A5 A9 Vaupy € 1

and hence w is a 2-cocycle.

3 A family of symplectic nilpotent Lie algebras.

Let G be the complex vector space generated by the elements z,y,e; ;0 <¢ <n,0 <
7 < m .We assume that n+m is odd and that m > 4. Define non vanishing brackets
as:

[,6i5] = eijn

ly.eij] = aieijs
(with the convention €; 4k := 0,k > 0). We assume that at least one of the (n+ 1)
complex numbers a; is different from zero. Define the element w of A?G by

w(x,y) =1 and w(ei,j,ei/,j/) = (—1)i+j 51‘/,”_1‘ 5j/,m—j

The 2-form w is antisymmetric as n +m is odd; it is a 2-cocycle provided a; = a,_;.
The p-th element of the central descending series of G, GP/(1 < p < m) is )e; ;;0 <
i < mn,p < j < m( the centralizer of Gg(m=3) ig )eii;0 < i < n0<j<m(and
the centralizer of G(m=2) ig )Y,€:.5;0 < i <n,0<j <m( The lincar map ad(y)
[resp. ad(z)?] induces a map A(y) [resp. A(z)] from G"=3)/Gm=2) — G(™) which
is invariantly defined up to a non zero complex multiple. Denote by {Ao,..., A}
the solutions of the equation rank(AA(x) — A(y)) < n + 1 and for each of these
solutions \; define m; its multiplicity m; := n + 1 — rank(NA(x) — A(y)). All \;’s
have even multipliciy if n is odd and if n is even there is exactly one \; which has
odd multiplicity ; we shall denote it \,. The point [ag, ..., a,] of PL3J(C) and the
point [Ag, ..., Ao, ..., Ag, .-+, Ag] (A appear with multiplicity | ™4t ]) belong to the

same orbit of Sym(|%*]). The action of an element of Sym([“t]) on a point
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of PL2/(C) with homogeneous coordinates z; (0 < i < |2]) is given by the standard

action on the || first coordinates. Hence

Proposition 3.1. The isomorphism class of the nilpotent algebra G, (a :=
(ag,...,a,) € C"™\ {0}) is determined by a point of complex projective space
PL2)(C). Two points give rise to isomorphic algebras if and only if they belong to
the same orbit of Sym(| "t |) on PL21(C) .

4 A family of solutions of the classical Yang-Baxter equation for
sl((n+1)(m+2),C).

Let {fi;;0 <i<n,0<j<m+1} be abasis of C"*D)(m+2) and let p be the linear,
faithful representation of G,y on C"+D(m+2) given by

p(x)fij; = fijn
p(y)fi; = ai fijss
p(ez‘/,j/)fz‘,j = 51‘/,1‘ 50,j fz‘,j+j/+1

(with the convention fim414% := 0,k > 0). The algebra p(G(,)) is a subalgebra
of sl((n + 1)(m + 2),C) isomorphic to G,. It is symplectic with respect to the
transported symplectic form w of G(,). The corresponding solutions of the classical
Yang-Baxter equation are given by

R, = p(x) A ply) + Z(—l)i“/)(@z‘,j) A p(en—im—j) (1)

Observe that a bialgebra structure on si(N,C) determines uniquely a element r €
A?(sl(N,C)). If r is a solution of the classical Yang-Baxter equation (cf

2) it is well known that there exists a unique minimal subalgebra H of si(N, C) such
that » € A%('H); we shall call H the support of r.

Proposition 4.1. Let R, the solution of the classical Yang Baxter equation given
by formula (1)

1. Let K := |2 |. The support of R, are isomorphic if and only if the projection
of (ag, . ..,ax—1) € CE\ {0} on PE1(C)/Sym(K) are identical. In particular
if the projections are distinct, the corresponding bialgebras are non isomorphic.

2. Let Q be the open dense subset of CX defined as follows. If ¢ : CK — CKK-1) .
(ao, e ,G,K_l) — ((1—%) | 7 7§ j) then Q) = Qﬁ_l(cK(K_l)\(Ui,j{(Zo, e ZK—l) |
zi = zj} Ui {(%0,...2x-1) | z = 0}). Let a,a’ € Q then the bialgebra struc-
tures definied by R, an d R, are isomorphic if and only if the projection of
(ag,...,ax_1) € CE\ {0} on (CK\ {0})/Sym(K) are identical.
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