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Abstract. We consider a family of varieties, where each variety is a
pair consisting of a hyperplane and a straight line in n-dimensional affine
space A,, where n > 3. Using Stoka’s second condition, we show that
this family is not measurable, therefore it is an example of a family of
varietes in the sense of Dulio’s classification [6] .
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1. Introduction

A measure on a family of geometric objects can be introduced by assigning to each
object a point of an auxiliary space and considering a suitable measure on that
space. In general the dimension of the auxiliary space is equal to the number of
parameters on which the geometric objects depend. A basic problem is to specify
measures which are invariant with respect to a given group of transformations
which map the family onto itself.

This problem was first considered by Crofton [3] who specified the invariant
measure on the family of all straight lines in Euclidean 2-space E?. This was
extended to E? by Deltheil [5] and Chern [1] first considered families of geometric
objects in projective space.

Santalo [12] calculated measures of certain families of varieties with respect
to three different groups and found that these were equal. Stoka [13] studied the
family of parabolas. He proved that a family is measurable if it is measurable
with respect to its maximal group of invariance
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However Cirlincione [2] found a measurable family of varieties even though
the family was not measurable with respect to the maximal group of invariance.
This proves that the Stoka’s condition is not necessary.

In Section 2 we provide background and definitions and in Section 3 we prove
that the family of varieties, where each variety is a pair consisting of a hyperplane
and a straight line in n-dimensional affine space A,, is not measurable.

2. Background

Let H,, be an n—dimensional space with coordinates 1, xo, ..., z, in which a Lie
group of transformations acts.
Let G, be one of its subgroups defined by the equations

yi = fi(r1,22, ..., 2p5 a1, 02,. .., 0,) (1=1,2,...,n)
where a1, a9, ..., a, are basic parameters.
Definition 1. The function F(x1 s, ..., x,) is an integral invariant function of

the group G,., if

/F($1,l‘27-‘-,xn)dﬂd@“'d%—/ F(ylay%-Hayn)dyldyQ"'dn
z A

Y
for each measurable set of points A, of the space H,, where A, is the image of
A, by the group G,.

Theorem 1. The integral invariant functions of the group G, are the solutions
of the following Deltheil’s system of partial differential equations:

2 ai [E(@)F(@@)] =0 (h=12..17),

where & (z) are the coefficients of the infinitesimal transformations of the group
G, (see [5], p. 28 and [15], p. 4).

Definition 2. A measurable Lie group of transformations is a group which admits
only one integral invariant function (up to a multiplicative constant).

Let G be a group which leaves globally invariant a family $ of varietes in H,,. To
G there is associated a group H (isomorphic to G) of transformations acting on
the (auxiliary) space of parameters of the family.

Definition 3. A family & is measurable with respect to G if H is measurable in
the sense of Definition 2. If ® s its integral invariant function, then the measure
of & with respect to the group G is given by

e = / O (ay,an,...,0p)daday - - - day,
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where A, is the set of points of the auxiliary space which corresponds to the family

3.

Definition 4. A family & of varieties is measurable if the measures with
respect to every group of invariance of the family are equal, i f they exist.

Theorem 2. (Stoka’s first condition) If the group H associated to the mazimal
group of invariance of & (where the only transformation, which leaves invariant
each element of the family, is the identity) is measurable, the family is measurable.

Theorem 3. (Stoka’s second condition) If H is not measurable and there are

two measurable subgroups with different integral invariant functions, then S is

not measurable.

3. Non-measurability of the family $j,,_o

Theorem 4. The family of varieties, where each variety is a pair consisting of a
hyperplane and a straight line in n-dimensional affine space A, is not measurable.

We use of the following notation

X' = (zy,29,...,1,), BT = (by, by, ..., by), L' =(l1,ly, ... lh_1,1),
QT - (6117(127---7%—1,0), AT:(alaaQ;---aan)-

X is obtained from X by deleting the last coordinate and similary in other cases.
Let 3,2 be the family of all pairs, each consisting of a hyperplane and a
straight line in A,, in general position. The hyperplane and the line depend on

parameters by, bo, ..., b, 1,10, lho1,G1,Q2, ..., qn_1, Tespectively, and are rep-
resented in the following form

The affine group G2, is given by
xzzzp13x3+a'la ivj:172a"'7n7
j=1

where det(p;;) # 0 and X7, b;a; # 1.

For the n x n matrix P = (p;;) we write also P = ( P P --- P, ), where
P;, j=1,2,...,n,is the j-th column of P.

For the proof of the Theorem 4 we are proving the Lemmas 1, 2, 3.

Lemma 1. The group associated to mazximal group of invariance of the family
32 18 not measurable.
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Proof. The family $3,_2 and the group G,,2,, can be written in the form

BT X =1, 0
X =Lz, + Q7
X=P X'+ A (2)
Applying G2, to 33,2 we obtain that
BT.X'=1
A W / (3)
X' =Lz, + Q.
According to (2), from the first equality (1), we find that
1
——(B"-P)X' =1 4
(B P) ()

and the second equality in (1) implies that
Considering the first n — 1 rows, (5) can be written as follows:

RX' = (Lppn — P)2), + La, + Q — A,

where
P11 — lipm P12 — lipna e P1n—1 — liPan—1
R— P21 —‘ lapm P22 —' lapna . Pan—1 —. lapnn—1 CIR|£0.
Pn-11 — ln1Pn1 Pn—12 —ln-1Pn2 -+ DPn-1n—1 — ln—1Pnn—1
This implies that
X = R Y (Lpun — P,)a!, + R La, + R (Q — A). (6)

-/

According to X' = ( X, ) and by comparing (3) with (4) and (6), respectively,
x”ﬂ,
we obtain the following relations between the new parameters of the family s, o

and the original ones:

L =R (Lpu, — P,), (7)

Q =R"' (a,L+Q—A).

These are the equations of group H,2,, associated to Gz, in the (3n — 2)-
dimensional space As,_5. The unit e € H,2,,, is obtained by

1= o
pij_{o ifipy wda=0 @Gj=12...n)
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The matrix of coefficients of the infinitesimal transformations of H,:2,, which has
as columns the partial derivates of

/ / / ! ! / / / /
by, b5, . 0, 0l 1 d, Gy Qg

with respect to the parameters

Pi1,P215 - - -y Pn1, P12, P22y - - - 5 Pn2y -+« 5 Piny P2ny - -+ s Pnn, A1, A2, - -+, Gnp,
is given by
e=| ¢ : : : : 7
O O @] O _ln—lH —qn_lH
oo O ... B —H @)
BBT @) —H
where
1 0 0 0
0 1 0 0
H: . : T :
0 0o ... 1 0
0 0o ... 0 1
=l =y ... =l,_2 —l,—1

has n rows and n — 1 columns and O is the (n, 1) zero matrix.

To indicate the type of a matrix, we denote it by capital letters with indices,
if necessary.

In order to calculate the rank of the matrix &, we select the matrix M of order
3n — 2 which consists of the first two block rows and the first row of each of the
following n — 2 block-rows, i.e.

On72,1 On72,1 blIn72 U V

where

On_on—
T _ n—2,n—2
v _(—13 S —1)’

VT: On—27n—2 )
—q3 —Qa —Gn—1 0 )~

By developing the determinant of the matrix M with respect to the third block
column, we have

(9)

. B O —LH —qH
det M = (by)" Qdet(O B i —Z;H)'
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Let

N — B O —llH —qu

We consider the diagonal block matrix

[2 OQ,nfl O2,n71
A= On71,2 Gl Onfl,nfl
On—1,2 On—l,n—l _llln—l

Then

. B O —llqu llqu
N A_(O B —lgH LgpH |-

Adding together the last but one column and the last column and substitute the
sum for the last column (so that det(/N - A) does not change ). This gives

det(N - A) = det < B O —hqH Onn-1 ) )

O B —lgH (Z1Q2—Z2Q1)H

K = ( B O _llqu On,n—l )
O B —bqaH (Lhg—lLa)H )

We put the second column of K in the (n + 1) — th position .
This gives the block matrix

f( _ ( B —lLiqgH O On,n—l )
O —lbgaH B (hg—lLqa)H
or, more simply
. Rn ’ On,n
K= ————-— -|- -],
O —lbaH | Sn
where
R,=(B —hqaH) Sp=(B (hg—lqn)H ).
Note that _
det K = (—=1)"'det K = (—1)"'det R, - det S,,. (10)

We have to calculate det R,, and det S,,.
We first consider the matrix R,, and prove that

det R, = (liq1)" "(I1by + loby + -+ - + Ly _2bp o + Ly_1by 1 +by,), (*)

where o = (llbl + lgbg —+ 4 ln_gbn_g + ln—lbn—l + bn)
R,, can be written as follows:

o LB )
Rn = )
< v —had
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where
a = (b)), B=(100 ... 0 0) isa(l,n—1)matrix,
’}/T = (b2 b3 bn—l bn>,
0 1 0 0
0 0 1 0
o = : : Lo : is a matrix of order n — 1
o 0 0 ... 1
S T

Applying the generalized Gauss algorithm to the matrix R,,, we obtain the matrix

~ [« 3
K= < O  —hq(6 —~a™'P) >
Then

det R, = det R, = det ov - det(=lyq1 (8 — va ™' 8)) = by(—liq)" " det(d — ya ™' 3),

where
21 0 0
A 0
§—ya g = : :
et 0 1
1
Tt R T PR A
Next put
(o
= — - — 1
bs
by
ba
b1
where v* = : , B#=(10 ... 0)isa(l,n—2) matrix and
bnfl
>
bn
—ly— %
0 1 0 0
0 0 1 0
0 = : : Lo, : is a matrix of order n — 2.
o o0 0 ... 1

—ly =l3 —ly ... =l
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The matrix R, is the matrix R,, with n replaced by n—1. Thus, applying Gauss
algorithm again, we obtain

~ _2_2 B
R, 1 = ! * * 1) 3* )
! ( On—2 o - (_2_2)5 )

so that
= b2 * * bl *
det R,y = det R,y = —— det(0* — v*(——)5%),
b1 b2
with
Z—z 0O ... 00
2—4 0O ... 00
by ’
e =] f
by by
= .00
I1b1+by
o 0 0
Let R, ,=0%— 7*(—2—;)5*, where
—Z—z 1 0
b
—b 0
5 = (=3B = ' %
_by;};l 0 0 1
[ —% I3 —ly —lp1

is a matrix of order n — 2.

We have det R,y = (—32) det R,, .
Applying the generalized Gauss algorithm to the matrix R, _», we obtain the
matrix R,,_5. Thus det R,,_o = det R,,_5 = (—Z—z) det R,_3, where

—b 1 0 0 0
- 0 1 0 0
R, 3= : : ;
— et 0 0 0 1
_l1b1+lzbi:l3b3+bn 1~ —lg 1,

etc. In this way we get in finitely many steps the matrix

bn—l
bn—2 1
_ libitlobot-A+ln—2bn—24bn ’

b2 _ln—l

which has rank 2. Therefore we have that
det R, = det En = bl(—llql)nil det R, 1= bl(—llql)nil det én—l
= bl(_llfh)nil(_z_i) det R,,_o = (—l1Q1)"71b1(—2—f) det R, o
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(=3

= (=lhig)" ' AN (—Z—4)detRn_4
= = (=hq)" i - (—2—2)(—2—;) s — (Z:j) det Rs.
As

bnfl

_b'n72 1
det By = | 1 by tipbo -ty aby_a-by L
brn—2 n—

by 4 loby + - 4 lugbug + luibay + by
bn—Q

bl

it follows that

det R, = (=l1q))" Y (=1)"3(Iyby + loby + -+ + Ly _2bp o + ly_1bp_1 + by)
= (=)™ )" N (=1)" 2 (liby 4 loby + - - + ly—2bp—o + ln—1bp1 + by)
= (L))" (b + laby + - - - + ly—oby—o + ly—1by—1 + by),

concluding the proof of (x).

Now we consider the matrix
Sp = ( B (llqz - 12Q1)H ) :

The matrix .5, is similar to R,, where the factor —l1q; is replaced by ;g2 — l2q; so
that, repeating the previous procedure, we obtain that

det S, = (—l1g2 — l2q1>n_1(l1b1 +loby + -+ lobpo + lp1by—1 +by).  (¥%)
(%) and (*+) imply that
det K = det R,, - det S, =

11Q1>n_1(—l1Q2 + l2(l1)n_1(l151 +loby+ -+ ly—obyo + 1101 + bn>2 =
= (ha)" N (~liga + L))" 1o,

where o = (I1by + loby + -+ - + L _2bp o + Ly 10,1 + by).
(10) yields the following:

det K = det(N - A) = (=1)"" Y lig)"  (—lige + loq))"to? -

AS detA = det 12 . det(qlln_l) . det(—llln_l) = Q?_l(—ll)n_l = (_1)n—1<l1q1)n—1,

we obtain that

(=)™ M) (=lige + bg)" to?

det N =
(=D () !

= (=l + 12611)”71‘72-

It follows from (9) that

det M = b dot N = b~ (~age + loqr)" ™',



514 G. Raguso, L. Rella: On Pairs of Non Measurable Linear Varieties in A,

Thus rank § = 3n — 2.

Our aim is to find functions ®(by, ba, ..., by, l1, 0o, ... ln1,G1,G2, - - -, Gn—1) satisfy-
ing the Deltheil system (see Theorem 1) which has £ as matrix.

In other words, we look for possible non-zero solutions of the (linear non-
homogeneous) system

& Y=v (11)

consisting of n? + n equations in 3n — 2 unknowns

Y92, -5 Yns Ynt1y - - -5 Y2n—1,Yon,y - - - s Y3n—2

with
dlnd 1
i = =1, y TV
Y ab;
olnd
Ynvj = ]:Lan_l
’ ol
olnd
Yon—1+h = 3 h=1,...,n—1
dn
and
VT:(VIT,I/g,VST,...,Vg,—(n+l)BT),
where
vi=(10 ... 0 —(n+1)l;)i=1,...,n—1and
wWw=(00 1 —-n ) are row vectors.

As we have previously determined rank £, now we are calculating the rank of the
complete block matrix

¢=(¢v).
Consider the following (3n — 1)x(3n — 1) matrix
v
M 1]
On—2,1
0 0 b, 0 —1 0 0 0

Its determinant is

(=b1)" 2 (liga — laqn)" (qib1 + qoba) (liby + loby + + -+ + ly_1byq + by)*.

Consequently, the rank of the complete matrix is 3n — 1. This shows that the
system (11) is not solvable.

Then group H,2,, associated to G2, is not measurable. According to The-
orem 2 ( see Section 1 ) the family 3, 2 can be measurable or not.

Lemma 2. The group associated to the subgroup

Gsnn: X = PX’
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where
P11 P12
P21 P22 )
P P31 P32 P33
| Pu P Daa
: 0
Pn1 Pn2 Pnn
of G2y, 1s measurable and the integral invariant function is
bsby -+ b,
o=t
ot

where o = blll + bglg +---+ bnfllnf1 + bn, T = llq2 — l2q1.

Proof. By applying the subgroup Gs, 2 to S3,_2, we obtain the equations of
group Hs,_» associated to G, _s.

The matrix of the coefficients of the infinitesimal transformations of group Hs, 2
as follows

B O On,n72 —LH —qH
;'7 = ) B On,n72 _ZQH _q2H )
On—2,1 On—2,1 D C F
bs 0 ... 0 0
0 by ... 0 O
where D = Do T is a diagonal matrix of order n — 2, and
0 O b1 0O
0 0 0 b,
0 0 —-I3 0 0 0 0 —gz O 0
0 0 0 -l 0 00 0 —q 0
C= N : : .. : , = : :
00 0 0 ... —lp, 00 0 0 ... —gug
lh Ia s ly .. I 0 0 O 0o ... 0

are (n — 2,n — 1) matrices.
Then

det ﬁ:b3b4 e bn det N:b3b4 s bn<_l1q2+l2q1)n_l(blll+b2l2+‘ . '+bn—1ln—1+bn)27

the computation being similar to that for det M (see (8) and (9)).

The Deltheil system of the subgroup Hs,_o, associated to Gj,_», is solvable
because its incomplete matrix 7 has maximal rank. Then it admits only one
solution (up to a multiplicative constant)

(I)(bl,bg, e ,bn,ll,lg, .. .,ln_l,q1,q2, e ,qn_l).

We will show that & is given by
baby - - - by,

ot

o=k (12)
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From the definition of measurability it follows that the group Hj,,_s, associated to
(3,2, is measurable, but we cannot assert yet that the family 33, is measurable
(see Theorem 3).

Lemma 3. The group associated to subgroup
Gpegn_1: X =PX'+ A
with det P = 1 is measurable and the integral invariant function is
P = ko~ (+D),
where 0 = byly + bylo + - - - + by_1l_1 + by
Proof. From det P = 1 it follows

1+ piopo1(Pun - - - p33)
b1 = .
(pnn o 'p33)p22

Repeating for this subgroup the whole procedure as for subgroups considered
above, we obtain the matrix of the coefficients of the infinitesimal transformations
of the associated group H,,2,,_1 and then we reach the following system of n*+n—1
linear equations in 3n — 2 unknowns:

U Y = €, (13)
where
y o ... O A Y b
-0hE?> B O —LH —¢@H b2
. . . . . 3
= et 0 O —l, H —q.H |7~ ol
-hWE"™ O ... B r S Z—l
BBT O —H "
0 —ll 0 0 0 —(q1 0 e 0
0 0 = 0 0 0 —-q ... 0
A= : : : - : , U= : : : : )
0 O 0o ... =4 0 0 0 ... —q
l% iy Lls ... Lilp— hay g lsgr ... g
-1 0 0 0 0 00 0
0 -1 0 0 0 0 0 0
I'= : R : ; 0= R :
0 o o0 ... -1 0 00 0
2[1 lg lg Ce ln_1 1 0 0 0

E'is the (n,1) matrix with 1 at the i-th place (i = 2,3,...,n), and 0 at all other

places, e’ = (el el ... el ; e —(n+1)B" ), where
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el =(00 ... 0 —(n+1) )isal,n—1)matrix and

ef=(00 ... 0 =(n+1); ), i=2,....,n—1,
e=(00...0—(n+1))

are (1,n) matrices.

It is easy to see that both n and (7, €) have rank 3n—2. This condition ensures
that the system (13) is solvable and admits the unique solution

It is equally easy to see that the non-trivial solution of the Deltheil system, which
has 7 as matrix [15], is
d = ko~ ("), (14)

In conclusion the solution (14) is independent from the solution (12) so that the
family $3,_2 is not measurable by Theorem 3.
The proof of Theorem 4 is complete.
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