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1. Introduction

Let B be an irreducible, spherical Moufang building of rank ¢ > 2, A an apartment of B and
® the set of roots (half-apartments) of A with corresponding root-subgroups A,,r € ® in the
sense of Tits. Then we call G = (A, | r € ®) < Aut(B) the group of Lie-type B. The notion
of a group of Lie-type B is very general, since it includes:

- simple classical groups over division rings of finite Witt-index ¢ > 2,

- simple algebraic groups over arbitrary fields of relative rank ¢ > 2,

- the finite simple groups of Lie-type of rank ¢ > 2.
The theory of such groups of Lie-type B was developed in [8], see also [3, I §4 and II §5]. In
particular it was shown that one can enlarge ® to some possibly nonreduced root-system ®
(® # @ only if  is of type B, and ® of type BC, or @ is of type 5(8) and & of type 2Fy;
for the latter see [9, (5.4)]) such that the A,,r € ®, satisfy:

(1) X, = (A,,A_,) is a rank one group with unipotent subgroups A, and A_, fcl}" red.
(For definition of a rank one group see [3, I].). Further A, < A, if also 2r € ®.

(2) Ifr,s € d with s # —r and —2r, then
(A, Ay < (Axpyps | M+ ps € @ and A, € N)

(We use the convention () = 1. Hence (2) implies A} = 1 if 2r ¢ P and AL < Ay, <
Z(A,) if 2r € @)

Now it would be desirable to prove the converse. That is to show that, if G is a group
generated by nonidentity subgroups A,,r € ® and ® as above, satisfying (1) and (2), then
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either G has a proper central factor (also of Lie-type) or G is a perfect central extension of
a group of Lie-type B (with same CTJ) Notice that the first possibility always occurs. If for
example [A,, Aj] = 1 for all r,s in (2), then G is a central product of the rank one groups
X,,r € ® (which will be considered as groups of Lie-type of rank one).

Now this problem has been solved already to a large extent. First it was shown in [4], that
if always equality holds in (2), then indeed G is a perfect central extension of a group of
Lie-type B. Next in [5] the special case, when ® has only single bonds (i.e. ® of type A,, D,
or E;) was considered. Finally in [6] we treated the case when ® = & is of type By, C; or Fj
and the “characteristic” is different from 2. (The special case & = d = B; = C5 has been
treated in [2]. So apart from the special cases ® = ® = G, and ® = I,(8) and & = 2F, it
just remains to treat the case d = BCy, which corresponds to unitary groups which are not
of maximal Witt-Index, of the above problem, which will be the purpose of this paper. (For
a survey of these results and also Curtis-Tits type presentations of Lie-type groups see [7].)

To state our Main-theorem we need some notation:

If ¥ is a root-system as above (i.e. ¥ is of type Ay, By, Cy, BCy, Dy, Ey, G, Fy or 2F)) and G
is a group generated by subgroups A, # 1,r € WU, satisfying (1) and (2), then we say that
G is of type W, if there exists a surjective homomorphism ¢ : G — G, where G is a group
of Lie-type B, with ker p < Z(G) mapping the A,, r € ¥ with r # 2s for all s € U, onto
the root-subgroups corresponding to the roots of some apartment A of B. (The complication
r # 2s only plays a role if ¥ is of type BC; or 2F,. In the latter cases roots of the form 2s
are not roots (i. e. halfapartments) of A.) If A C ¥ we set G(A) := (X, | r € A). If A
carries the structure of a root-system (also denoted by A), then we say G(A) is of type A if
it satisfies the above conditions with respect to A. With this notation we have:

Main-theorem. Suppose ® is a root-system of type BCy, £ > 2 and G is a group generated
by subgroups A, # 1, r € ®, satisfying (1) and (2). Then one of the following holds:

(a) Always equality holds in (2). In this case G is perfect and of type BC,.

(b) A, = Ay, for allr € & with2r € &, &g = {2r | r,2r e P} U{s | s € ®,2s ¢ P} is a
root system of type Cy and equality holds in (2) for all r;s € ®¢ with s # —r. In this
case G 1s perfect and of type Cy.

(c) ® = JUK with J # 0 # K and either J = {£r} resp. J = {£r,£2r} or J carries the
structure of an irreducible root system W of rank r > 2. Moreover G = G(J) x G(K)
and G(J) is of type U resp. G(J) = X, is a rank one group.

(d) J ={r e ®| A, is an elementary abelian 2-group } # 0. Let J = J'U{s € ® |25 € J'}
and K = ® — J. Then G = G(J) * G(K) and A% = (a® | a € A,) < Al < Ay, for all
sedJ—J.

Notice that if ® is a root-system of type BCy then in any case &y = {2r | r,2r € &} U {s |
s € ®,2s ¢ ®} is a root-system of type Cy. Now the proof of the above theorem proceeds by
discussing the possibilities obtained for G(®g) in §3 of [6].

Obviously the case of groups with root-system ®, of type (Y} is included in our Main-theorem,
since one can enlarge ®( to a root-system ® of type BC, and then simply sets A, = A,,, if
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r,2r € ®. (But of course for the proof of the Main-theorem the treatment of groups with
root-system of type Cy in [6] is used.) The case of groups with root-system of type By is not
included in the statement of the Main-theorem, since we demand A, # 1 if r,2r € &. (If
As,. =1 for all r € ® with 2r € &, then G has root-system of type B,, whence we can apply
6.

For definition of a root-system of type BC; see [1]. (We will give a short description in the
beginning of Section 3.)

2. BC,
Let in this section
2s r+2s 2r+2s
S r+s
o = _, r
~r—s —5
—2r—2s —r—2s —2s

be a root system of type BC5 and
Oy = {£r, £2s, £(r + 25), £(2r + 2s)} the subsystem of type Cs.

Let G = G(®) = (A, | r € D) be a group, satisfying (1) and (2) of Section 1 and Gy = G(®y).
We fix the following notation:
For a € @ let H, = Nx_(A.) N Nx_(A_,) and pick n, € X, with A" = A_, and n? € H,.
Then

Hmn,={xe X, |AZ=A_,, A% = A.}.

Further, if 2a € ®, then X5, < X, Hao < H, and ny, € Hyn, all by [3, I §1]. Hence in this
situation we may and will pick n, such that n, = na,. Let U, = (Ag | § € @ is between «
and —a in clockwise sense ). (For example U_, = (A, A, 105, Aris) as Agg < Ay)

If a € q)g let:

Vo := (45 | B € @y is between o and — « in clockwise sense ).
Then V_, = (Ass, Ay yas, Aorias) < U_,.. Notice that by [4, (2.1), (2.2)] we have:
2.0. The following hold:
(1) X, normalizes U, and U_,,.
(2) AU, and A_,U, are nilpotent.
(3) AuNUy=1=A_,NU,.
(4) If a # 20 for all § € @, then (U,,U_,) <G and G = (U,, U_,) X,
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For the convenience of the reader we state the main result of [2] and a corollary obtained in
6, (2.8)] from it.

2.1 Proposition. For Gy = G(®y) one of the following holds:
(1) All Ay, € Oy, are elementary abelian 2-groups.

(2) Go = X * Xog * Xppas * Xoppas.

(3) There exists a long root o € Py, such that for A = &y — {£a} we have Gy =
Xo * G(A) and G(A) is of type Ay. Le. A = {X06,+v,£(8+ )} and for all
o, 7T € A with o +71 € A we have

Ay, Ar] = Apir and A = Apyr = Al
(4) For all o, B € ®y with B # —a we have
[Aa;, Ap] = (Ararus | A+ pB € Qo; A, pp € N).

Moreover Gy is of type Cs.

We now describe the possibilities for G over a series of Lemmata.

2.2 Lemma. Suppose [Ag, A,rs] = 1 and possibility (4) of Proposition 2.1 holds for Gy.
Suppose further that some A,,a € D, is not an elementary abelian 2-group. Then we have
Ag = Ayg for all B € ® with 26 € ®. Moreover G = G| is of type Cs.

Proof. Since Gy is of type C5 clearly all A,,a € &y are not elementary abelian 2-groups.
Consider the action of X, on U, = Us/Agy2s. Then [Aj, Kr] < /~1T+SAVT+25 < CﬁS(AS). Hence

Al < Ca,, (Us) = 1 by the 3-subgroup lemma and since Gy is of type Cy. With the same

argument we also obtain 4], = 1. Hence

U/_T < Als [Asa A’I"+8]A',r+s =1,

since V_, < Z(U_,) by the commutator relations of §1 (2).

Since A’ , = 1 we obtain similarly
U;+25 < A;‘+5[AT+8’ A—S]Al—s < AT‘
But U, ,, is invariant under X, ,. Hence we obtain

U7/=+25 < Oy, (Xr+28> < Z(V2S)'

But by [2, (3.12)] we have either [A,, A, 25] = 1 or C4,(A,125) = 1. Since the first possibility
contradicts our hypothesis that (4) of Proposition 2.1 holds, this shows U, ,,, = 1. Now the

same arguments imply U, =1=U",_,_.

With a repeated application of (3) from Subsection 2.0 we obtain U, = ;L+25 ® 2L+S o A,.

Moreover, by [2, (3.3)], Ca,,(@) =1 = Cas_, (b) forall 1 # a € A,,1 # b € A, ;2. This
implies A, s = Cy,(X5). Since [Us, As, As] = 1, [3, I(2.5)] shows that X is a special rank one
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group. Now for each a € A¥ pick b(a) € A%, such that a®® = b(a)~® and let by [3, 1(5.6)]
Xs(a) = (As(a), A_s(b(a))) < X, such that X (a) is a perfect central extension of PSLy(k),
k a primefield and As(a) < As and A_4(b(a)) < A_g are unipotent subgroups of X (a). Set
n = n(a) = ab(a) *a. Then the proof of [3, 1(3.5)] shows that n* € Z(X,(a)) and n? inverts
[78 / ZTJFS. In particular, since by the hypothesis of Lemma 2.2 Char k # 2, we have n? # 1.
Clearly n* € H, by [3, 1(2.7)]. Hence [n%, A,] < C.(U,/A,+s) = 1, since we assume that (4)
of Proposition 2.1 holds. We obtain [n?, X,] = 1 and thus n? normalizes A, = [(73, A 5] and
Ar+2s = [Usa AZS]-
This shows that n? centralizes ZHS and inverts ZHQSZT = [ﬁs,n?]. In particular ZHQSZT
is X,-invariant, as X, < C(n?). Hence X, < N(A, 2s4,A2,125). The same argument also
shows that X, < N(A_, A 5. 9,4 . 25). Now by Theorem 2 of [4] G, is quasisimple and by
(4) of Proposition 2.1 (Va,, V_ o) < Go. Hence Gy = (Vag, V_g,) is normalized by X,. This
implies Xo, < Gp N X, < X,.
Now, since Gy is of type Cs, Py = Ng,(Vas) = Vos XosHo, Hy = (Hy | @ € ) is a maximal
parabolic subgroup of Gy and X, < N(P,). Hence A, normalizes Vs Xo, = ((Va,A2,)™) and
also A_g < N (Vo4 Xss). This implies X < N (Vo Xos).
Now

Xos < Xy N Vo Xos = Xog(Vas N X)) < X and Vo, N X, < X,

Hence by [3, I(1.10)] Vos N X < Z(X;). Thus
‘/25 N Xs S CVQS (Xs) S A27‘+257

since we assume that (4) of Proposition 2.1 holds for Gy. Suppose Vo, N X # 1. Then also
Voos N Xg # 1, since Voo = V_o,. Now [X, Xop40s] = 1 and thus also Voo, N X < Agjos,
which is obviously impossible since Ay, 94 N A 5. o, =1 and

V723 N Xs = (‘/23 N Xs)ns S CVQS (Xs)ns = CV_QS (Xs) S A72r72s-
This shows Vo, N X = 1 and thus X, < X. Hence by [3, 1(1.10)] X = X3sA4;. We obtain
A = A = A = 40,0 (4%%)

and also A%5, = Ay, U{A*%:}. Now pick a € A, — Ay,. Then there exists an y € Ay, with
A, = AY,,. Hence ay™' € Ny, (A o) = Ny (A_,) =1and a =y € Ay,.

This shows A; = Aj,. Since we have shown that U] ,, = U, = U. _,, = 1, the same

argument implies A, = A,, for all o € & with 2a € ®(, which proves Lemma 2.2. O

2.3 Lemma. Suppose that all A,, o € ®g, are elementary abelian 2-groups. Then one of
the following holds:

(1) Xs <G and G = X, x C(X;) with Xg < C(X;) for all f € & — {+£s, £2s}.
(2) A2 < AL < Ay,. In particular A, is a 2-group.

Proof. Suppose (1) does not hold. Let U, = Us/Ag12s. Then by [4, (2.6)] [%S,XQS] = Vas.
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Now, because of [A,;,, A, As] < [Arias, As) = 1, we have [A,45, A2] < A2, = 1. Let
1 # v € A,. Then for each a € A? we have

[0,a%] = [U,a]* = [0%,a] = 1.

Hence (A2)? centralizes U,. Suppose there exists an element 1 # a € (A2)2. Let Y = (a*).
Then by [3, 1(2.13)(10) and (1.10)] X, = YA, and thus [0, X,] < [y, A)] < A, s A 100, &
contradiction to Vi < [Us, Xas)-

This shows (A%)? = 1. Hence A? and A,/A? are elementary abelian 2-groups and thus (2)
holds. O

2.4 Lemma. Suppose (4) of Proposition 2.1 holds and some A,, a € @y, is not an elementary
abelian 2-group. Then the following are equivalent:

(1) [As Arps] #1
(2) AL#1 (resp. A, #1)
(3) U/—r = A2SA’!’+2SA2T+25-

PTOOf' Because of AZSAT+25A2T+2S S Z(U—s) we have U,_T = Als [Asu Ar—&—s]A;-_;_s-

Suppose that (1) holds. Then U’ # 1. Assume U’ < A, 95. Then [U’ ., A,] < [A, 425, 4] N
U', < Ay, NU", = 1. By [2, (3.12)] applied to Gy this implies [A, 25, 4,] = 1, a
contradiction to our hypothesis that (4) of Proposition 2.1 holds.
This shows that U’, £ A,.2s and thus, since U’, is invariant under X,, also U’ £
Ar+25A2r+2s- (Otherwise ULT < Ar+sA2'r+23 N (Ar—l-sAQr—l—QS)nT = Ar+sA2r+2s N Ar—l—sAQs = Ar+s
since Gy is of type Cy and thus A} = Age. for all 8 € ®.) Now pick z € U’ — A,y 254212
Then by [4, (2.4)] [z, A;|Agrios = AriosAorias and thus A, o As 05 < U’ Agpios. Because
of

A2r+2s = [Ar+2.s‘7 Ar] < [Uira Ar] < Uir

by (4) of Proposition 2.1 we obtain A, 2sA42.12; < U’,. Now applying n, to this inequality
this shows that (3) holds.

If now 1 # A, < U’ N Ay, then picking 1 # x € A’ it follows as above that (3) holds. Since
of course (3) implies (2) and (1) this proves Lemma 2.4. O

2.5 Corollary. Suppose that (4) of Proposition 2.1 holds and some A,, a € ®y, is not an
elementary abelian 2-group. Then one of the following holds:

(1) Ag = Asg for all B € @ with 26 € . Further G = Gy is of type Cs.

(2) Aj = Agp for all B € @ with 28 € ®. Further U), =V, for all short roots a € ®y.

Proof. If [Acs, Ayris)) = 1for some e = £1 and pp = £1, then Lemma 2.2 shows that (1) holds.
So we may assume that [A, A, 4] 7# 1 for all choices of € = &1 and p = £1. Hence by
Lemma 2.4 we obtain U, = Ve, and U/, oy = Ve(ri2s) for e = 1. As UL = A{[A,, A, (JAL
again Lemma 2.4 shows that A, = A,;. With symmetry this shows that (2) holds. O

Now we are able to show:
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2.6 Proposition. One of the following holds:

(1) There exists an o € ® with 2a0 € Py such that X, I G and Xz < C(X,) for all
B e®—{£ta, £2a}.

(2) All Ay, € Dy, are elementary abelian 2-groups and A% < A < Ay for all
B € d— b

(3) Ag = Agg for all B € & — Dy. Moreover (4) of Proposition 2.1 holds and G = Gy is
of type Cs.

(4) For all o, 8 € ® with 3 # —a, —2a we have

(%) (Ao, Agl = (Aiarjp | i+ jB € @54, € N).
Moreover G is of type BCs.

Proof. G satisfies one of the cases of Proposition 2.1. If (1) of Proposition 2.1 holds, then by
Lemma 2.3 and symmetry either (1) or (2) of Proposition 2.6 holds. So we may assume that
some Ag, B € @y is not an elementary abelian 2-group. If now Xs, <Gy for some a € & — @,
then by [4, (2.6)] X, < G and also (1) holds. So we may by Proposition 2.1 assume that Gy
satisfies (4) of Proposition 2.1. Hence the hypothesis of Corollary 2.5 is satisfied. Now case
(1) of Corollary 2.5 is case (3) of Proposition 2.6. Thus we may, to prove Proposition 2.6,
assume that we are in case (2) of Corollary 2.5 and then show that (4)(x) holds. (If this is
the case then G is of type BCy by Theorem 2 of [4] as mentioned in the introduction.)

Now by case (2) of Corollary 2.5 it just remains to show that
[A'ra As] = Ar+sAr+2sA2r+2s

(and the symmetric equations, applying symmetries of @) hold. For this consider the action
of X, onU_, =U_,/V_,. By (3) of Subsection 2.0 we have A, ;N A;A, 2s = 1. This implies
Aris N AgA 25 Aor 05 = Asgrias. Whence multiplying this equation by V_, we obtain:

ArJrszr N Asva = Vfra

since V_, < A A, 2;A2 1 2s. This shows U_, = A,,, ® A,.
Now [As, A_o,_2s] = 1 and thus also [A7", A o] = 1. (Gy is of type C3) Since by [3,
1(2.13)(10)] (x, A_25)Us/Us is not nilpotent for each 1 # = € A;Us — Us we obtain

AZT <U_.NnU;=U_.N ArAr+sA7'+2$ = (U—r N Ar>Ar+sAr+25 = Ar+sAr+257

by (3) of Subsection 2.0 and since A% < U_, < A,U,. Hence Z:T < A,,, and, by the same
argument, ij;s < A, for all n, € X, interchanging A, and A_,. Applying n_ ! we obtain
Z?r = A,,, and ZZLS = A,.

On the other hand, clearly [A,, A,] < A,,, and A,[A,, A,] is X, invariant. Hence A, , <
A [As, A,] and thus [A,, Al = A, .

We have shown [As, Ay]Ari2sA2r 125 = ApysArias. Since
Ar+25 - [Asu Ar+s] - [Ary AS7 As] S [Am As]
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and
A2r+23 =A 4s (Ar+sAr+2s)/ = ([A37 AT]A2T+2S)/ = [As; Ar]/)

T

it follows that [As, A,] = A,y sArias. a

2.7 Corollary. Suppose case (1) of Proposition (2.6) holds and no A,,r € ®q, is an elemen-
tary abelian 2-group. Let ¥ = ® — {+a,+2a}. Then we get the following possibilities for
G(7).

(1) G(¥) is a central product of rank one groups.

(2) If without loss o = s, then A,y = Agryas and G(¥) = G(¥ N Dy) is of type As.
Proof. Assume without loss & = s. Then by Proposition 2.1 we have the following possibilities
for Gy:

(a) Go = Xas x Xyp9s % Xoppos ¥ X,

(b) Let g =¥ N Py. Then Gy = Xos x G(Vy) and G(¥y) is of type As.

We will show that in case (a) (1) and in case (b) (2) holds.
= {

In case (a) we have X, s = (Xoryos, Aris) Xorios, Aps) < C(Arsas) NC(A__o5) =
C(X,y2s). Similarly X, < C(X,). Thus we obtain:

G = X, (X | B € W) = X, 5 (Xpa0 Xy # X,).
In case (b) it suffices to show that A,.s = As.12,. Now we have
[Aria Ay 2] < ALA,NC(X,) = A,
But since G(¥y) is of type Ay
(@, Agrios] = [A__95,b] = A, for alla € A¥ _, and be AF ..

Suppose b € A, — Agyios and a € Ai_%. Then there exists b € Ay, o, with [a,b] = [a,b7}],
whence |a, bb] = 1. This implies X,,0s = (a, A, y9,) < C(bb). Since this holds for arbitrary
be A, s — Asrio, it shows:

(*) Ar+s A2r+2sCAT+S< 'r‘+2s)-

The same argument implies A_,_; = A 9, 9,Ca_._ (X, 105).

Now suppose that A, s # As.10,. Then we obtain:

XT+3 = <CA ( r+2s);Ar+s>

S (Ar+2s)
= <CA7‘+S ( T+28)7 A—’/‘—S> S

C
C(A—T—QS)-

Hence X, s < C(X,;2), a contradiction to [As. 05, A, 2] = A, since G(¥y) is of type
As. O
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3. BC, £>3

In this section we assume that ® is a root-system of type BCYy, £ > 3. For the convenience of
the reader we give a short description of ®. Let (e;,7 = 1,...,¢) be an orthonormal basis of
R¢. Then the roots of ® are

+e;, +2¢;, £e; £e; withi <jand 1 <14,5 < /L.

Then &g = {£2e;, te; £ e;} is a root subsystem of type Cy and ® = Py U {r € & | 2r € &}.
Let G = (A, | r € ®) be a group satisfying the hypothesis of the Main-theorem. Then
Go = (A, | r € ®y) is a group satisfying the hypothesis of the Main-theorem of [6] for a root
system @, of type C,. In particular the results of Section 3 of [6] hold for Gy on which our
proof is based. (Notice that ¥ = {+e;, +e; £ e;} is a root system of type By, but it is not a
root subsystem of ®, since 2e; = e;+¢; ¢ U, although 2e; € ®. Hence we cannot apply [6] for
(A, | 7 € ¥)) In addition we will assume in this section that no A,, r € ® is an elementary
abelian 2-group. (We will see in the next section that case (d) of the Main-theorem holds, if
some A, is an elementary abelian 2-group.)
For the rest of the section we fix the following notation:
X, = (A, A_,) for r € ®. Then, as Ay, < A, if 2r € &, we have Xy, = (Ay,, A_o,) < X,.
Let H, := Nx,(A,) N Nx,(A_,). Then by [3, [(1.4)] Hy, < H, if 2r € ®. If r,s € &
then (r, s) is the root subsystem of ® spanned by r and s. Fix an element n, € X, with
A = A, A" = A,. Then, again by [3, I(1.4)] we may and will choose n, such that
n, = ng, if 2r € ®. If A is a subset of @ let G(A) := (X, | r € A). Then we have:

3.1 Lemma. The following hold for all r,s € ® with s # Ar:
(1) H, < N(A,)
(2) [H,, H,) < H, N H,
(3) Hyr < H,H,
(4) Al = Ay js for some pairi,j € NU{0} with ir + js € ®.

Proof. 1If (r,s) is a subsystem of type A; x Aj, Ay or By = Cy Lemma 3.1 is a consequence
of (2.5)—(2.9) of [6]. So we may assume that (r,s) is of type BCy. Hence one of the cases
of Proposition 2.6 holds for G((r,s)). If now G((r,s)) is of type BCy then it follows from
Theorem 2 of [6] that Ay’ = A,ws for all a, 3 € (r,s) and all ng € Hgng, since Hang is
the set of all elements of Xj interchanging As and A_s. As Hg = (ngng | ng € Hgng), this
implies Hz < N(A,) for all a, 5 € (r,s). Hence (1) and (2) hold. Since Hz also normalizes
(Hoang) = Hy(na) we also obtain [Hg, n,] < H,, which proves (3).

So we may assume that G((r,s)) is not of type BCy. If A, = Ay, for all a € (r,s) with
2a € (r, s), then by Proposition 2.6 G((r,s)) is of type Cy and whence Lemma 3.1 holds by
(2.7)—(2.9) of [6]. So we may assume that X, <t G((r,s)) for some a € (r, s) with 2a € (r, s).
Let A = (r,s) — {+a,+2a}. Then by Corollary 2.7 either G((r, s)) is a central product of
rank one groups or G((r, s)) = X, * G(A) and G(A) is of type A,.

In the first case obviously Lemma 3.1 holds. In the second case it easily follows from [6,
(2.6)]. O
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In the next lemma we will see that Lemma 3.1 remains nearly true for s = 2r.

3.2 Lemma. Letr,2r € ®. Then either X, <G and X, < C(X,) for alla € & — {£r,+2r}
(1) Hr S N(AQT) (3) A;L; = A—Zr and Hg: = HQr
(2) Hr S N(HgT) (4) A; = AQT’ or AT = AZT

or we have:

Proof. To prove Lemma 3.2 we may assume A, # Ay.. Let s € ® with 2s ¢ & and
s # Ar,\ € Z. Then (r,s) is either of type A; x A; or of type BCs. In the second case we
may apply Proposition 2.6 to (r,s). Thus either A/ = A, or there exists an a € (r,s) with
2a € ® such that X, <G((r,s)). If now X, # X,, then by Corollary 2.7 either [X,, X;] =1
or A, = Ay, which we assume is not the case. Hence we obtain that either [X,, X ] =1 or
Al = A,,. But since clearly Lemma 3.2 holds in the second case since H, = H_, and thus
H, < N(X3,), we may assume that [X,, X;] = 1 for all s € & with 2s ¢ P.

Next suppose s,2s € ® with r, s linearly independent. Then by the description of the root
system of type BCy, (r,s) is of type BCs. But then we obtain again from Proposition 2.6
and Corollary 2.7 that either A, = Ay, Al = Ay, or [X,, X;] = 1. This shows that either
(1)—(4) hold or [X,, X] =1 for all s € & — {£r, £2r}. O

3.3 Notation. We assume from now on for the rest of this section that no X, with r,2r € ®
is normal in G, since in case X, < G case (c) of the Main-theorem holds. Thus from now on
we know that always (1)—(4) of Lemma 3.2 are satisfied, which in turn implies that (1)—(4)
of Lemma 3.1 hold for all r, s € ®. Now set

H:=1H, ,r€ ®and N := (H,n, |r € D).

Then by (3) of Lemma 3.1 H < N. Let N = N/H and @, be the image of n,. Then by (1)
and (4) of Lemma 3.1 the 7, act on {A; | s € @} and thus they act on ¢ by

Asﬁr = A?T .

Finally let W = W (®) = (w, | r € ®) be the Weyl-group of ®.

We show next:

3.4 Lemma. {n, | r € ®} is a set of {3,4} transpositions of N. Moreover for r,s € ®
with s # A\r and R = G((r, s)) one of the cases (1)—(4) of [6, (2.11)] holds or we have up to
symmetry between r and s:
(5) (r,s) is of type BCy and one of the following holds:

(i) 2r € ®, A, = As,, R is of type By and i’ = T,4s.

(ii) R is of type BCy and

L { Toes f2r € ®,25¢ ®
Toros if2r & ®,25 € ®

(iii) R is a central product of the X, a € (r,s).
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(iv) There ezists an « € (r,s) with 2a € (r,s) such that for A = (r,s) — {*a, +2a}
we have R = X, * G(A) and G(A) is of type Ay. Moreover, if +r # a # +s, then

N =N = TMyags T€SP. Naprs if 25 € O resp. 2r € ®.

Proof. We first show that one of the cases (1)—(4) of [6,(2.11)] or case (5) of Lemma 3.4 holds.

If (r, s) is not of type BC5 this follows from [6,(2.11)]. So assume (r, s) is of type BC5. Then
it follows from Proposition 2.6 and Corollary 2.7 that R satisfies one of the cases (5)(i)—(iv).
If R is of type By or BCy then 1" = n,w., whence (i) or (ii) holds. Finally, if R satisfies (iv)
then by Corollary 2.7 Ag = A for § € A with 23 € ®. Hence if 2s € ® then 1) = M,4os.

Now D = {m, | r € ®} = {n, | s € ®y} since n, = My, if r,2r € ®. Hence it follows already
from [6,(2.11)] that D is a set of {3,4} transpositions of N. (By Lemma 3.1 and Lemma 3.2
we have Hy = [l;ce,Hs < H and Hy < N) a

As in Section 3 of [6] we choose now a root subsystem ¥y of & of type Ay consisting only of
short roots of ®y with k£ < ¢ — 1, satisfying;:

(1) For all r,s € Uy with r + s € ® we have [A,, As| = A, .

(2) O2(W;) £ Ox(W), where Wy = (w, | r € ¥;) (i.e. we cannot have W; ~ ¥, and
O2(W1) < O05(W))

(3) If Wy is a root subsystem of type A,_; containing ¥; with Oy((w, | 7 € ¥y)) £
Oy(W), then [X,, Xs| =1 for all r € ¥; and s € ¥y — Uy

(4) k is maximal with (1)—(3).
(The existence of ¥, was discussed at the beginning of Section 3 of [6].)

Let A = ®—®(. Then Ay = {2a | @ € A} is the set of long roots of ®y. Set ¥ = & — (AUA).
As in [6] we first treat the case k = ¢ — 1.

3.5 Theorem. Suppose k = /¢ — 1. Then one of the following holds:
I o(m,1i,) =2 or4 for allr € ¥y and o € A and one of the following holds:

(a) o(n,ne) =4 for some r € ¥y and a € A. In this case we get the possibilities:
(i) G is of type BC, or
(il) Ay = Asq for all a € A and G is of type Cy.
(b) o(fi,a) =2 for allT € ¥y and o € A. In this case G = G(¥) * G(A) and one
of the following holds:
(i) G(0) is of type D, (i.e. U carries the structure of a root-system of type
Dy) or
and G(Wy) is of type Ag_q.

IT There exists an v € ¥y and o € A with o(n,T,) = 3. In this case £a are the only

roots in A with o(n,n,) = 3 and the following holds:

(i) No = (a7 | t € U1) ~ By, A = {(£2a)N0} carries the structure of a
root-system of type A, and A, = As,. Moreover G(A) is of type Ay.
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(ii) £2a are the only long roots of ®g in A.
(i) G = G(A) * C(G(A)) with X; < C(G(A)) for all s € ® — (AU {xa}).

Proof. We may apply Theorem (3.1) of [6] to G(®y). Suppose first o(7,7,) = 2 for all r € ¥,
and @ € A. Then case I(b) holds for G(®;). Hence it remains to show that for all r € ¥
resp. ¥y and all & € A we have [X,, X,] = 1.

If now (r, a) is of type A; x A; this follows from condition (2) of the introduction. Hence we
may assume (r, a) is of type BC5. Since [X,, Xs,] = 1 by assumption (i.e. G(®,) satisfies
I(b)), case (1) of Proposition 2.6 holds for G((r,a)). Hence by Corollary 2.7 [X,, X,] = 1,
which shows that I(b) holds for G.

Next assume o(7,7,) = 4 for some r € ¥; and a € A. Since 7, = Mg, Theorem (3.1) of [6]
implies that G(®) is of type Cy and

(%) [Ag, Ay = (Aigijy | 1,5 € NI + jy € ®g) for all B,y € o with 5 # —.

We must show that in this case either G = G(®g) or () holds for all 8,7 € ® with g #
—7, —27, since in the latter case by Theorem 2 of [4] G is of type BC,. For this pick such a
pair 3,y with {8,7}  ®¢. Then, without loss, v € A. If 3 =, then by (4) of Lemma 3.2
either [Ag, Ag] = Asp and (*) holds or Ag = Asz. Now in the second case we obtain A5 = Ass
for all § € A, since, as G(®y) is of type Cy, N acts transitively on Ag. Hence G = G(®y) is
of type Cj.

Thus we may assume 3 ¢ (). If also 8 € A, then §+ v € ® und (3,7) is of type BCs.
Now, since G(®y) is of type Cp, G(Po N (B, 7)) must be of type Cy. Hence either case (3) or
(4) of Corollary 2.7 holds for G({«, 3)). In case (3) we get A5 = Ays for all 6 € A as shown
and thus G = G(®y). Thus we may assume that (4) of Corollary 2.7 holds and whence ()
is satisfied for the pair 3, 7.

So we may assume 5 € V. (If § € Ay, then [A,, Ag] = 1 by condition (2) of Section 1 and (x)
holds for the pair ~y, 8) If (3, ) is of type A; x A; clearly (%) holds. Thus we may assume that
(B,7) is of type BC,. Then again, since we may assume Ag # Ayg and since G(®o N (5,7))
is of type Cs, we are in case (4) of Proposition 2.6. Hence (*) holds for the pair 3,~.

We have shown that in case o(7,7,) = 4 either G = G(®y) or (*) holds for all pairs 5,y € @
with v # —(, —2(. Hence in this case I(a) holds.

Finally assume o(ﬁr_ﬁa) = 3 for some r € ¥; and a € A. Since 1, = Ny, in this case (3.1) II
of [6] holds. Hence Ny ~ ¥;,1, A carries the structure of a root-system of type A, and G(A)
is of type Ay. Moreover I1(ii) of Theorem 3.5 holds. In particular G(A) = (X; |t € YN A).

It remains to show that X; < C(G(A)) for all s € ® — A. If s € A — A, then 2s € Ay and
{£2s} # {+2a}. Hence Xos < C(G(A)). Let t € YN A. Then either (¢, s) is of type A; x A,
or of type BC,. But in the second case (1) of Proposition 2.6 holds, since [Xas, X¢| = 1.
Hence in any case [X;, X;| = 1 for all t € YN A and thus X; < C(G(A)). If now s € U — A,
then s € ®3— A and thus Xy < C(G(A)) by [6, (3.1)]. Hence Xy < C(G(A)) forall s € —A
and thus case II of Theorem 3.5 is satisfied. O

Assume now k£ < £ — 1. Then we construct a root-subsystem ®; of type BC%,1 containing
U, such that for G(®;) one of the cases of Theorem 3.5 is satisfied.
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Let Ag = AjUA; such that W (V) = (w, | @ € ¥;) acts naturally on A; and fixes all
roots in Ay. Then [{w, | r € A} = k+ 1 and |My| = 28 for My = (w, | r € Ay).
Let My = <U)s | S € A2> Then OQ(W) = M; x M, and M1W<\111) ~ W(Ck+1) Let
ol = {a € Dy | wy, € MW (¥;)}. Then @' is a root subsystem of type Cj,; of ®°. Let
finally ®; = ®! U A, where A = {8 € A |28 € A;}. Then we get:

3.6 Lemma. The following hold:
(1) @4 is a root subsystem of type BCy1 of ® containing V.
(2) G(®1) satisfies one of the cases of Theorem 3.5.

Proof. Without loss we may choose the enumeration of the orthonormal basis of R such that
Uy ={e;—e;|i+#j,i,5 <k+1}. Then A; = {£2¢; | i < k+1} and A' = {+e; | i < k+1}.
Hence ®; = {*e;, £2¢;,+e; t€; | i # j,4,5 < k+ 1} is a root-system of type BCj1 by the
description of a root system of type BCy. Now since ®; is a root-subsystem it is clear that
G(®,) satisfies the hypothesis of Theorem 3.5 with respect to the root system ®;. O

3.7 Proposition. G = G(®,) * C(G(P,)) with X; < C(G(Py)) for all s € & — ®y.

Proof. Suppose first s € &y — ®;. Then by (3.3) and (3.4) of [6] X, < C(G(®')). Let
t € & — ®'. Then t € A' and 2¢t € A;. Hence [X,, Xo] = 1. Now (s,t) is either of type
A; x A; or of type BC, and, to show [ X, X;] = 1, we may assume that we are in the second
case. Then also s € Ay, since (s, t) is not of type A; X A; and we may assume that A; # Ay.
Hence possibility (1) of Proposition 2.6 holds for G((s,t)) and thus [X;, X;] = 1.

We have shown X, < C(G(®,)) for all s € &5 — P;. Finally assume s € & — (P, U Pj). Then
s € A and 2s € Ay. Suppose r € ®; with [X, X,| # 1. Then, since (s,r) is of type A; x A;
for all r € ¥ N ®; and for all » € A;, we obtain r € A'. Now, using the description of ® in
the beginning of this section and the description of ®; in Lemma 3.6 we obtain s = e, with
k+l1<m</fandr=c¢ withl<i<k+1. Hencer+s=e;+e, € g — P; and thus
[X,+s, X;] = 1 as shown above. But by Proposition 2.6 and Corollary 2.7 G((r, s)) is of type
BC(, since [ X, X,] # 1. (If G((r,s)) is of type Cs, then Xy = Xy, and thus [X;, X,] = 1)
But then [A, s, A_,] > A, by () in (4) of Proposition 2.6, a contradiction to [X, s, X,| = 1.
This finally shows [X;, X,] =1 for all s € ® — &, and all » € ®;, which proves Proposition
3.7. O

4. Proof of the Main-theorem

In this section we assume that the hypothesis of the Main-theorem holds. We carry on with
the notation introduced in Section 2 and 3. We first show how case (d) of the Main-theorem
can be split of.

4.1 Lemma. Suppose J' = {r € &, | A, is an elementary abelian 2-group} # (). Let
K/ - (I)O - Jl,

J={se®|2seJ}UJ and K={se®|2s€ K'}UK".
Then the following hold:
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(1) @ =JUK and G =G(J) * G(K).
(2) Let s € J—J'. Then either X, <G or A2 < Al < A,,.

Proof. By choice of J' and K’ we have &) = JJUK'. Let s € ® — ®;. Then 2s € ®; and thus
se€ JUK. If now s € JN K, then s € & — &, and thus 2s € J' N K’, which is impossible.
This shows ® = JUK.

Now by [6, (2.12)] Gy = G(J') * G(K'). Let s € J — J' and claim X, < C(G(K')). For this
pick 7 € K'. Then (s,r) is of type A; x A; or BCy and, to show [X;, X,| = 1, we may assume
that we are in the second case. Hence we may apply Proposition 2.6 and Corollary 2.7 to
G((s,r)) =Y. If now r = 2a, o« € K — K, then [Xy,, X,] =1 = [X,, X,] by condition (2) of
the Main-Theorem. So we may assume that r is not of this form, i.e. 7 is a short root of ®.
Now clearly case (3) and (4) of Proposition 2.6 can not hold, since [Xa,, X,] = 1.

Suppose (1) 0f proposition 2.6 holds. Then, if X, <Y clearly [ X, X,] = 1. So we have X, <Y
for some o # s with 2a € ®y. But then by Corollary 2.7 either Y is a central product of
rank one groups or X; = Xs,. Hence in any case [ X, X,| = 1. Finally, if (2) of Proposition
2.6 holds, then A, is also an elementary abelian 2-group, a contradiction to r € K.

This shows [X;, X,] = 1 and thus X, < C(G(K')) for each s € J — J'. The same argument
shows X, < C(G(J')) for each &« € K — K’. Thus, to prove (1), it remains to show [X;, X,] =
1 for each s € J —J', a € K — K'. Suppose this is not the case for some such pair s, .
Then (s, ) is of type BCy and [ X, Xo,] = 1 = [Xas, X,]. Let again Y = G((s,«)). Then
we may apply Proposition 2.6 to Y. Clearly (3) of Proposition 2.6 does not hold for Y. If
now Y is of type BCy, then s + a € @y and [A_, Asio] # 1 # [A_4, Asial, @ contradiction
to &g = J'U K" and X, < C(G(K'")), Xo < C(G(J")). This shows that (4) of Proposition
2.6 does not hold. Clearly (2) of proposition 2.6 does not hold, since 2« € K’. So case (1) of
proposition 2.6 remains. But in this case either X, <Y or X, <Y and whence in any case
[Xs, Xo] = 1. This proves (1).

To prove (2) pick s € J — J" and assume X is not normal in G. Then there exists by (1) an
r € J with [X;, X,| # 1. Hence (s,r) is of type BCy and we may apply Proposition 2.6 to
Y = G((s,r)). Now in case (2) or (3) of Proposition 2.6 clearly (2) holds. So we may assume
that(1) or (4) of Proposition 2.6 are satisfied. If now Y is of type BCy, then as Ay, and A,
or A, are elementary abelian, Proposition 2.1 shows that the hypothesis of Lemma 2.3 is
satisfied for (s,7) and Y. Hence A% < A’ < A, since [X,, X,]| # 1. So we may finally assume
that (1) of Proposition 2.6 holds for Y. But then, since X is not normal in Y, Corollary 2.7
implies A, = Ay, whence A2 =1 = A and (2) holds. O

4.2 Proof of the Main-theorem. Let ® be a root system of type BCyand G = (A, | r € §)
be a group satisfying (1) and (2) of Section 1. We show that G satisfies one of the cases
(a)—(d) of the Main-Theorem.

If ¢ = 2 then this follows from Proposition 2.6. So we may assume ¢ > 3. Suppose next that
some A,, 7 € ®q is an elementary abelian 2-group. Then by Lemma 4.1 G = G(J)*G(K) and,
to show that case (d) of the Main-theorem is satisfied, it remains to show that A% < A/ < Ay,
for each s € J with 2s € J'. But if this is not the case for some such s then by (2) of Lemma
4.1 X, <G and X, < C(X;) for all @« € & — {+£s, £2s} and thus case (c) of the Main-theorem
holds with J = {+s, +2s}.
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Hence we may assume that no A,, r € &3 and whence no A,,r € ® is an elementary abelian
2-group. Hence the hypothesis of §3 is satisfied. Let now W; be a root subsystem of type Ay,
k < ¢ — 1, satisfying conditions (1)—(4) next to the proof of Lemma 3.4. If now k = ¢ — 1
then Theorem 3.5 shows that one of the cases (a)—(c) of the Main-theorem holds. Hence we
may assume k < ¢ — 1. But in this case it follows from Proposition 3.6 and Proposition 3.7

that the Main-theorem holds. O
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