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CONGRUENCE KERNELS OF ORTHOIMPLICATION
ALGEBRAS

I. CHAJDA, R. HALAS anp H. LANGER

ABSTRACT. Abstracting from certain properties of the implication operation in
Boolean algebras leads to so-called orthoimplication algebras. These are in a nat-
ural one-to-one correspondence with families of compatible orthomodular lattices.
It is proved that congruence kernels of orthoimplication algebras are in a natural
one-to-one correspondence with families of compatible p-filters on the corresponding
orthomodular lattices. Finally, it is proved that the lattice of all congruence ker-
nels of an orthoimplication algebra is relatively pseudocomplemented and a simple
description of the relative pseudocomplement is given.

In the literature many attempts were made in order to investigate properties of
the implication operation in generalizations of Boolean algebras. These attempts
led to different types of so-called implication algebras (cf. e. g. [2], [5] and [6]).
It is interesting to note that these types of implication algebras are in a natural
one-to-one correspondence with join-semilattices with 1 the principal filters of
which are certain generalizations of Boolean algebras. Hence the question arises if
there is a natural one-to-one correspondence between congruence kernels of these
implication algebras on the one side and certain families of congruence kernels of
the corresponding generalizations of Boolean algebras on the other side. We solve
this problem for so-called orthoimplication algebras introduced in [2]. Moreover,
we prove that the lattice of congruence kernels of orthoimplication algebras is
relatively pseudocomplemented and we derive a simple description of the relative
pseudocomplement.

In [1] implication algebras were introduced as algebras reflecting properties of
the implication operation in Boolean algebras:

Definition 1. (cf. [2]) An orthoimplication algebra is an algebra (A,-,1) of
type (2,0) satisfying

zz =1, (zy)z = =,
(zy)y = (yz)z, z((yz)z) = x2.
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Remark 1. In every orthoimplication algebra it holds 1z = z and 21 = 1 since
ler = (za)z =z and 1 = (1z)1 = 1.

First we want to prove some congruence properties of the variety of orthoim-
plication algebras. For any algebra B let ConB denote the set of all congruences

on B.

Definition 2. Let A be an algebra with 1. A is called weakly reqular if
©,% € ConA and [1]© = [1]® together imply © = ®. A is called permutable
at 1if [1](© o @) = [1](P 0 O) for all ©,P € ConA. A is called 3-permutable if
OoPoO=P0Ood for all ©, P € ConA.

Theorem 1. The variety V of orthoimplication algebras is weakly reqular, per-
mutable at 1 and 3-permutable.

Proof. According to [4, Theorem 6.4.3], V is weakly regular if and only if there
exist a positive integer n and binary terms t¢y,...,%, in V such that
ti(z,y) = ... =tu,(x,y) = 1 is equivalent to z = y. Now put n := 2, t1(z,y) := zy
and to(x,y) = yx. Then ti(x,2) = to(x,2) = 1. Conversely, if #(z,y) =
to(x,y) = 1 then z = 1z = (yx)z = (zy)y = ly = y. Hence V is weakly reg-
ular. According to [4, Theorem 6.6.11], V is permutable at 1 if and only if there
exists a binary term ¢ with ¢(z,2) = 1 and ¢(x,1) = x. Now put ¢(z,y) := yx.
Then ¢(z,z) = 1 and t(z,1) = x and hence V is permutable at 1. Finally, accord-
ing to [4, Theorem 3.1.18], V is 3-permutable if and only if there exist ternary
terms t1,ts satisfying t1(z, z,2) = «, t1(z,z,2) = t2(x,2,2) and ta(z,z,2) = 2.
Now put t1(x,y, 2) := (2y)x and ta(z,y, 2) := (xy)z. Then

ti(z, z,2) = (22)x = 1z =z,
ti(x,z,2) = (zx)x = (x2)z = ta(x, 2, 2) and
to(x,2,2) = (zx)z =12 =2

and hence V is 3-permutable. O

In [2] a natural one-to-one correspondence between orthoimplication algebras
and certain families of compatible orthomodular lattices was established. In order
to be able to define these structures we first need the definition of an orthomod-
ular lattice. (For the theory of orthomodular lattices we refer the reader to the
monographs [8], [3] and [9].)

Definition 3. An orthomodular lattice is an algebra (L,V,A,’,0,1) of type
(2,2,1,0,0) such that (L,V,A,0,1) is a bounded lattice and

zVa =1, z Az =0,
(@vy) =a' Ay, (why) =o' vy,
(z') =, x <yimpliesy =z V (y Az').

The third and fourth condition are the well-known De Morgan laws and the last
condition is the so-called orthomodular law.
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Now we are able to define the order-theoretical counterpart of orthoimplication
algebras introduced in [2]:

Definition 4. (cf. [2]) A semi-orthomodular lattice is a partial algebra
(A,V, (%;2 € A),1) such that (A4,V,1) is a join-semilattice with 1, for each x € A,
* is a unary operation on [z, 1] such that ([z,1],V,A,*,z,1) is an orthomodular
lattice and the compatibility condition

(CC) ¥ =zvyforal z,y,z€ Awithe <y <z
is satisfied.

Remark 2. It should be remarked that for a € A the meet-operation A, in the
orthomodular lattice ([a,1],V,A4,%,a,1) does not depend on a in the following
sense:

Ifa,b,z,y € A and a,b < x,y then x Ay y =z Ny ¥.

This can be seen as follows: First assume a < b. Then x Ay is a lower bound of x
and y in ([b, 1], <) and hence also in ([a, 1], <). If ¢ is an arbitrary lower bound of
z and y in ([a, 1], <) then = and y are upper bounds of b and ¢ and hence bvVe <z
and bV ¢ < y. This shows that bV ¢ is a lower bound of  and y in ([b, 1], <) and
hence bV ¢ < x Ay y which implies ¢ < x Ay y. This proves x Ay y = = A y. If now
a,b,z,y € A and a,b < z,y then x Ay ¥y = ¢ Agvp ¥y = x Ap y. Obviously, z Ay
exists in (A, <) if and only if  and y have a common lower bound.

Remark 3. According to the De Morgan laws x Ay = (x® V y*)* holds for all
a€ A andx,y € [a,1].

The natural one-to-one correspondence between orthoimplication algebras and
semi-orthomodular lattices can be formulated as follows (for other types of impli-
cation algebras and their corresponding order-theoretical counterparts cf. e. g. [1]
and [5]):

Theorem 2 (cf. [2]). For every fized set A the formulas
xVy = (xy)y, ¥ =y,
respectively
2y = (@ V )

induce mutually inverse bijections between the set of all orthoimplication algebras
over A and the set of all semi-orthomodular lattices over A.

In what follows, let A = (A,-,1) be an arbitrary, but fixed orthoimplication
algebra and § = (A4, V, (*;z € A),1) its corresponding semi-orthomodular lattice.

For semi-orthomodular lattices we need a certain notion corresponding to the
notion of a congruence.

Definition 5. A compatible congruence family on S is a family (©,;x € A) of
congruences O, on ([z,1],V,A,”,x,1) such that ©, = 0, N[y, 1]* for all z,y € A
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with z < y. Let CCF(S) denote the set of all compatible congruence families on
S. On CCF(S) we define a binary relation < by

(B2 € A) < (D52 € A)if O, C P, for all z € A.
Remark 4. (CCF(S), <) is a complete lattice.

Now we can formulate the natural one-to-one correspondence between congru-
ences on A and compatible congruence families on S:

Theorem 3. The formulas
0, =06n[x1?

and
0 = {(z,y) € A*|(z,2Vy) €O, and (xVy,y) € O,}
induce mutually inverse isomorphisms between (ConA, C) and (CCF(S), <).

Proof. Let a,b,c,d € A. If © € ConA and O, := © N [x,1]? for all z € A, then
in the case b, c > a the relations

bVe= (be)c, bAc=(((ba)(ca))(ca))a,
b* = ba
imply that ©, € Con([a, 1], V,A,%,a,1). Clearly, b > a implies also
O, =0nh1*=0n(a1*nb1*) =©n[a1]*)N[b1]* =60, N[b,1]?

proving (©,;z € A) € CCF(S). Moreover, as a V b = (ab)b, the following three
assertions are equivalent:

(a,aVb) €O, (aVbb)e Oy, (a,aVb), (aVbb)eO,
(a,b) € O.
Conversely, assume (©,;z € A) € CCF(S) and define
0 :={(z,y) € A?|(z,xVy) € O, and (zVy,y) € O,}.

Then O is reflexive and symmetric.
Further, notice that

(1) a,b < c¢,d and (c,d) € ©, imply (c,d) € Oy.
Indeed, we have
(c,d) €O,N[aVb 1> =04 =0,N[aVb1)*>C 0O,
Now, in order to prove that © is transitive, take any (a,b), (b,c) € ©. Then
aVbVe=(aVb)V(bVe) Oy (aVb)Vb=aVb.
Since b,a < aVbVe aVb, using (1) we obtain
aVbVeO,aVhb.
This implies
aVe=aV(aVe)O, (aVvd)V(aVe)=aVbVeO®,aVbO, a,
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i.e (a,aVc) € B, Now
aVbVe=(@Vb)V(bVe)OpbV(bVe) =bVe
Since b,c < aVbVe bV, using (1) we obtain
aVbVecO,.bVec.
This implies
aVe=(aVe)VeB, (aVe)V(bVe)=aVbVecBO.bVeO, ¢,

i.e. (Ve c) € O Therefore, we obtain (a,c) € © proving that O is transitive.
Next we show that © is a right congruence on A. Assume (a,b) € ©. Then

aVbVe=(aVb)V(aVe)O,aV(aVe)=aVe
and hence a VbV c O, aV c. Moreover,

aVbVe=(aVb)V(bVe)OybV (bVe)=bVe
and hence a VbV ¢ O, bV c. Together we obtain

aVeOB.avbVveB.bVe
and therefore
ac=(aVe) O, (bVce) =hbc.
Now
acV bc O, be V be = be implies ac V be Oy, be

and

acV bec ©. acV ac = ac implies ac V be O 4, ac.

Together these relations show (ac,bc) € © proving that © is a right congruence
on A. From this it follows that (a,b) € © implies (aVe,bVe) € O since (ac, be) € ©
and hence (a V ¢,bV ¢) = ((ac)e, (be)c) € O.

Next we show that © is a left congruence on A. Assume (a,b) € ©. Then

aVbVe=(aVb)V(aVve)O,aV(aVe)=aVe

and hence
(aVbVve)* Oy (aVe)?
which implies
(@VbVe) Ouvpvee (aVe).
Thus
(@vbVve) V(aVve) =(aVc) Ouypves (@VbVe)®

and

(@avbVve)*V(aVe)" = (aVc)" Opyee (aVe)
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showing ((aVbVe)?, (aVe)®) € ©. Analogously, we obtain ((aVbVe)?, (bve)) € ©.
Using (CC) we get
ca=(cVa)*=@Vve)® B (avbVve)=(@Vvbve)VaBO (aVbVe)Vhb
= ((avbVe)Va)Vb=(aVbVe)V(aVb)=(aVbVc)®h
=(aVvbVve)lVviavb)=(avbVve)PVv(bVa)=(aVbVe) Vb Va
=(aVvbVve)l’vaO (avbve)lvb=(avbve)l O (bve)l = (cvb)®
= cb.

As O is transitive, the above relations imply (ca, cb) € ©, proving that © is a left
congruence on A.
Hence © € ConA. Moreover, the following are equivalent:

(b,c) € ©N|a,1]?, bc>a, (bbVe)e€ By, (bVerc) € By,
(b,bV ), (bVe,c) € Oy, (b,c) € B,.

This fact shows that the mappings induced by the formulas stated in the theorem
are mutually inverse bijections between ConA and CCF(S). It is obvious, that in
fact they are isomorphisms between (ConA, C) and (CCF(S), <). O

Corollary 1. Every congruence on A is uniquely determined by its restrictions
to the intervals [x,1], z € A.

The following lemma explains how the congruences on an orthoimplication al-
gebra are determined by their kernels.

Lemma 1. © = {(z,y) € A*|zy,yz € [1]O©} for all © € ConA.

Proof. If (a,b) € © then ab,ba € [aa]® = [1]© and if, conversely, a,b € A and
ab, ba € [1]0 then a = 1a © (ba)a = (ab)b © 1b = b and hence (a,b) € ©. O

Now we introduce the notion of a congruence kernel of an orthoimplication
algebra.

Definition 6. A subset F' of A is called a congruence kernel of A if there exists
a congruence © on A with [1]© = F. Let CK(A) denote the set of all congruence
kernels of A.

The natural one-to-one correspondence between congruences on orthoimplica-
tion algebras and their kernels is established by the following

Theorem 4. The formulas
F=[10
and
0 = {(z,y) € A% |2y, yx € F}
induce mutually inverse isomorphisms between (ConA, C) and (CK(A), C).

Proof. Tt is an immediate consequence of Lemma 1. O

Remark 5. (CK(A), C) is a complete lattice.
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As far as follows let £ = (L,V,A,,0,1) be an arbitrary, but fixed orthomodular
lattice.

Congruence kernels of orthomodular lattices are called p-filters. This is the
content of

Definition 7 (cf. [8]). A subset F of L is called a p-filter of L if there exists
a congruence © on £ with [1]© = F. Let F(L) denote the set of all p-filters of L.

Remark 6. (F(£),C) is a complete lattice.

The following one-to-one correspondence between congruences and p-filters of
orthomodular lattices (generalizing the corresponding one for Boolean algebras) is
well-known:

Theorem 5 (cf. [8]). The formulas

F =10
and
0 ={(z,y) € L*|(z Ay) V(' AY) € F}
induce mutually inverse isomorphisms between (Conl, C) and (F(L), ).

For describing congruence kernels of orthoimplication algebras by p-filters of
the corresponding orthomodular lattices we need the following concept:

Definition 8. A compatible filter family on S is a family (Fy;z € A) of p-filters
F, of ([z,1],V,A",z,1) such that F, = F, N [y,1] for all z,y € A with z < y.
Let CFF(S) denote the set of all compatible filter families on S. On CFF(S) we
define a binary relation < by

(Fpix € A) < (Gpz e A) if Fp, C G, for all z € A.

Remark 7. (CCF(S), <) is a complete lattice.

In the proof of the next theorem we need the following easy property of con-
gruence kernels of orthoimplication algebras:

Lemma 2. If Fe CK(A),a€ F,be Aanda <b thenb€e F.
Proof. f © € ConA with [1]© = F thenb=aVbe[1VbO =[]0 =F. O

We are now able to formulate and prove the natural one-to-one correspondence
between congruence kernels of orthoimplication algebras and compatible filter fam-
ilies on the corresponding semi-orthomodular lattice.

Theorem 6. The formulas

F,=Fnlz1]
and
F = U F,
€A

induce mutually inverse isomorphisms between (CK(A), C) and (CFF(S), <).
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Proof. Let a,b,e,d € A. If F € CK(A) and F, := F N [z,1] for all
x € A then there exists a congruence © on A with [1]© = F, and © N [a,1]?
Con([a, 1], V,A,* ,a,1), according to Theorem 3. Now, since

F,=FnNla, 1] =[1]0N][a,1] = [1](© N[a,1]?) € F(([a, 1], V,A,* ,a, 1)),
in the case a < b we obtain
F,=Fnpbl=Fn(a1Nnb1])=(Fnlal])N[b,1] = F,N[b1]
proving (Fy;z € A) € CFF(S). Moreover,

UFI: U (FN[z,1]) Fﬁle FNA=F.
€A €A €A

Conversely, assume (F,;x € A) € CFF(S) and set F := |J F,. Then for ev-
T€A

ery © € A there exists a congruence 0, on ([z,1],V,A,”,z,1) with [1]©, = F.

Assume a < b. Then F, = F, N [b,1] C F, and hence 0, C ©, according to

Theorem 5 and therefore ©, C ©,N[b, 1]2. Conversely, (c,d) € O, N [b, 1]? implies

ce,d>band (cAd)V (c* ANd*) € [1]0, = F,. Using (CC) we obtain

(eAd)V (P AdY) = (cAd)V ((c* VD) A(d® VD)) € Fun[b1] = Fy = [1]0,

according to Lemma 2 whence (c¢,d) € ©,. Therefore ©, = 0, N [b,1]? and
(Og;x € A) € CCF(S). Put

0 :={(z,y) € A%|(z,zVy) €O, and (zVy,y) € ©,}.
According to Theorem 3, © € ConA and © N [z,1]2 = O, for all z € A. Now

F=JF=J(Ue.) = J[©n 1) = [16 € CK(A).

€A z€A z€A
Moreover,
Fnla1]=({JF)n = J@E 1) = J(Fnlz,1)N]a,1])
r€A T€A z€A
:U(Fzﬂ([m,l}ﬂ[a,l])):U(Fﬂa\/xl UFaVI
r€EA r€A z€A
=J@F.nlava1)=F.n eVl =F.N[a1]
r€EA T€EA
=F,.
The rest of the proof is clear. O

From Theorem 6 we deduce the following nice characterization of congruence
kernels of orthoimplication algebras:

Corollary 2. A subset F of A is a congruence kernel of A if and only if
Fniz1] € F(([z,1],V,A* ,2,1)) for all x € A. If the latter holds then (F N



CONGRUENCE KERNELS OF ORTHOIMPLICATION ALGEBRAS 239

[z,1];2 € A) € CCF(S) and according to Theorem 6 there exists a G € CK(A)
with G N [x,1] = F N [z,1] for all x € A and hence

F=FnA=Fn|J1=JFn1)=J@Gn1)
z€A z€A z€A
=GN, 1]=GnA=G e CK(A).

r€EA

Finally, we want to show that the lattice of congruence kernels of an orthoim-
plication algebra is relatively pseudocomplemented. First we recall the notion of
a relative pseudicomplement in a meet-semilattice:

Definition 9. Let (S, A) be a meet-semilattice and a,b € S. An element ¢ of
S is called the relative pseudocomplement of a with respect to b if ¢ is the greatest
element z of S satisfying a Az <b.

In the lattice of p-filters of an orthomodular lattice there exists a nice description
of relative pseudocomplements:

Theorem 7. (cf. [3] and [8]) (F(L), Q) is relatively pseudocomplemented. If
F,G € F(L) then (F,G) := {z € Lz Vy € G forally € F} is the relative
pseudocomplement of F with respect to G in (F(L),C).

Using this description and the connection between congruence kernels of or-
thoimplication algebras and p-filters of the corresponding orthomodular lattices
we obtain a nice and simple description of the relative pseudocomplement in the
lattice of all congruence kernels of an orthoimplication algebra:

Theorem 8. (CK(A), Q) is relatively pseudocomplemented. If F,G € CK(A)
then (F,G) :={x € A|(zy)y € G for all y € F'} is the relative pseudocomplement
of F with respect to G in (CK(A), Q).

Proof. Let a,b € A. If b € (F,G) N [a,1] then for every y € F N [a,1] we get
bVy = (by)y € GNJa,l], and hence b € (FNa,1],GNJa,1]). If, conversely,
be (FNla,1],GNJa,1]) then b € [a,1] and bVy € FNla,1] for all y € F according
to Lemma 2 and hence

by)y=bvy=bVvV (VY €eGNJa,1]CG
showing b € (F,G) N [a, 1]. Hence
(F,G)N[a,1] =(FNa,1],GN]a,1]) € F(([a, 1], V,A,* ,a,1)).

According to Corollary 2, (F,G) € CK(A). If a € F N (F,G) then a € F and
(ay)y € G for all y € F and hence a = (aa)a € G proving F N (F,G) C G.
Conversely, if a € H € CK(A) and FNH C G then (ay)y =aVy€e FNH CG
for all y € F according to Lemma 2 and hence a € (F,G) showing H C (F,G).
This completes the proof of the theorem. O
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