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DIFFERENTIAL SANDWICH THEOREMS FOR SOME
SUBCLASSES OF ANALYTIC FUNCTIONS
INVOLVING A LINEAR OPERATOR

T. N. SHAMMUGAM, C. RAMACHANDRAN, M. DARUS anD S. SIVASUBRAMANIAN

ABSTRACT. By making use of the familiar Carlson—Shaffer operator,the authors
derive derive some subordination and superordination results for certain normalized
analytic functions in the open unit disk. Relevant connections of the results, which
are presented in this paper, with various other known results are also pointed out.

1. INTRODUCTION

Let ‘H be the class of functions analytic in the open unit disk
A:={z:]z] <1}.
Let Hla,n] be the subclass of H consisting of functions of the form
f(Z) =a+apz" + an+1zn+1 + -
Let
A ={f €M, [(2) = 2+ @1 2" T + amy22™ P + -+ }
and let A := A;. With a view to recalling the principle of subordination between
analytic functions, let the functions f and g be analytic in A. Then we say that
the function f is subordinate to g if there exists a Schwarz function w, analytic in
A with
w(0)=0 and |w(z)] <1l (z€A),

such that

f(z) =g(w(z)) (z€A).
We denote this subordination by

f=g or f(z)<g(2)
In particular, if the function g is univalent in A, the above subordination is equiv-
alent to

f(0)=g(0) and f(A) Cg(A).
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Let p,h € H and let ¢(r, s,¢;2) : C3x A — C. If pand ¢(p(2), 2p'(2), 2°p" (2); 2)
are univalent and if p satisfies the second order superordination

(1.1) h(z) < ¢(p(2), 20 (2), 2°p" (2); 2),

then p is a solution of the differential superordination (1.1). (If f is subordinate
to F', then F is called to be superordinate to f.) An analytic function ¢ is called
a subordinant if ¢ < p for all p satisfying (1.1). An univalent subordinant ¢ that
satisfies ¢ < ¢ for all subordinants ¢ of (1.1) is said to be the best subordinant.
Recently Miller and Mocanu [6] obtained conditions on h, ¢ and ¢ for which the
following implication holds:

h(z) < ¢(p(2), 2p'(2), 2°D" (2); 2) = q(2) < p(2).
with the results of Miller and Mocanu [6], Bulboaca [3] investigated certain classes
of first order differential superordinations as well as superordination-preserving
integral operators [2]. Ali et al. [1] used the results obtained by Bulboaca [3] and
gave sufficient conditions for certain normalized analytic functions f to satisfy

q1(z) < Z;;S) =< g2(2)

where g1 and ¢o are given univalent functions in A with ¢;(0) = 1 and ¢2(0) = 1.
Shanmugam et al. [7] obtained sufficient conditions for a normalized analytic
functions f to satisfy

f(2)

2f'(2)
22f'(2
a1 (z) < A 3

(f(2))

where g1 and ¢o are given univalent functions in A with ¢;(0) = 1 and ¢2(0) = 1.

Recently, the first author combined with the third and fourth authors of this paper
obtained sufficient conditions for certain normalized analytic functions f to satisfy

q1(z) < =< q2(2)

and

< q2(2).

q1(z) < L(T)f(z:) < q2(2)

where ¢; and ¢ are given univalent functions with ¢;(0) = 1 and ¢2(0) = 1 (see
[8] for details; also see [9]). A detailed investigation of starlike functions of com-
plex order and convex functions of complex order using Briot-Bouquet differential
subordination technique has been studied very recently by Srivastava and Lashin
[10].

Let the function ¢(a,c; z) be given by

v(a,c; z) ::iEg:z”H (c#0,-1,-2,...;z € A),

where (z),, is the Pochhammer symbol defined by

n=0

n = 0;
(o ::{ 2@ +1)(@+2)...(x+n-1), neN:={123...}.
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Corresponding to the function ¢(a,c;z), Carlson and Shaffer [4] introduced a
linear operator L(a,c), which is defined by the following Hadamard product (or
convolution):

La,0)f(2) = pla,c2) « f(z) = 3 E)) anm,

n=0
We note that
L(ava)f<z) :f(z)a L(Qal)f(z) :Zf/(Z), L(5+1,1)f(2) :D‘Sf(z),
where DO f is the Ruscheweyh derivative of f.
The main object of the present sequel to the aforementioned works is to apply
a method based on the differential subordination in order to derive several subor-
dination results involving the Carlson Shaffer Operator. Furthermore, we obtain

the previous results of Srivastava and Lashin [10] as special cases of some of the
results presented here.

2. PRELIMINARIES

In order to prove our subordination and superordination results, we make use of
the following known results.

Definition 1. [6, Definition 2, p. 817] Denote by @ the set of all functions f
that are analytic and injective on A — E(f), where

E(f) ={¢ €A lim f(z) = oo},
and are such that f/(¢) # 0 for ( € A — E(f).

Theorem 1. [5, Theorem 3.4h, p. 132] Let the function q be univalent in the
open unit disk A and 6 and ¢ be analytic in a domain D containing q(A) with

p(w) # 0 when w € q(A). Set Q(z) = 2q'(2)p(q(2)), h(z) = 0(q(2)) + Q(2).
Suppose that

1. Q is starlike univalent in A, and

zh' (2)
2. ® (Q(Z>)>Of0rz6A.
If

0(p(2)) + 2 (2)8(p(2)) < 0(a(2)) + 2¢' (2)b(a(2)),
then p(z) < q(z) and q is the best dominant.

Theorem 2. [3] Let the function q be univalent in the open unit disk A and 9
and ¢ be analytic in a domain D containing q(A). Suppose that
/
1 pl)
q(z

2. 2¢'(2)p(q(2)) is starlike univalent in A.
If p € H[g(0),1] N Q, with p(A) C D, and 9(p(2)) + 2p'(2)e(p(2)) is univalent in
A, and

>0 for z € A,

9(q(2)) + 2 (2)p(a(2)) < 9(p(2)) + 20’ (2)@(p(2)),
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then q(z) < p(z) and q is the best subordinant.
3. SUBORDINATION AND SUPERORDINATION FOR ANALYTIC FUNCTIONS

We begin by proving involving differential subordination between analytic func-
tions.

Lla+1,0)f(2)

w
Theorem 3. Let ( ) € H and let the function q(z) be analytic

z
and univalent in A such that q(z) # 0,(z € A). Suppose that Z(?ES) is starlike
ungvalent in A. Let
3 20 > 2q'(2) ZQ”(Z)}

(3.1) R {1+ ﬂq(z) + 3 (q(2)) ) + 70 >0

(a, 0,8, BEC; B#0)
and

2
(3.2) i “
L(a+2,¢)

/
+Bula+2) [L(a +1,¢)f(2)

If q satisfies the following subordination:

U(a, e, 1, 8,6, f)(2) < o+ Eq(z) + 6(q(2))? + 5:(];?

(a,9,& B,peCyp#0; B#£0),
then

(3.3) (”“)f”) <alz) (neCiu#0)

z

and q is the best dominant.

Proof. Let the function p be defined by
L 1 "
po) = (HEET Geaizzo e,

z
so that, by a straightforward computation, we have
), [sler LIS )
p(2) L(a+1,0)f(2) '
By using the identity:

2(L(a,¢)f(2))" = (1 + a)L(a+ 1,¢)f(2) — aL(a,c) f(2),

we obtain
L(a+2,0)f(2)
L(a+1,0)f(2)

:u[(a+2) —(a+2)]
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By setting
O(w) == a + Ew + dw? and p(w) == 57
it can be easily observed that 6 is analytic in C, ¢ is analytic in C \ {0} and that
Pw) #0 (weC\{0}).
Also, by letting

and

~—

h(z) = 0(q(2)) + Q(2) = a + &q(z) + 6(q(2))* + ﬁZ:]];S ’

we find that Q(z) is starlike univalent in A and that
Zh'(2)> _ { 3 20 2 24'(2) Z(J”(Z)}
§R<Q(z) =R 1+ﬁq(z)+ ﬂ(q(z)) + >0,
(a, 0,8 BEC; B#0).

The assertion (3.3) of Theorem 3 now follows by an application of Theorem 1. O

1+ Az 1+2\"
—\ —-1<B A < 1 and =
1+ B2 < B <Aslandg) 1—z> ’

0 <y <1, in Theorem 3, we get the following results (Corollaries 1 and 2 below).
Corollary 1. Assume that (3.1) holds. If f € A, and
1+ Az 1+ Az\° B(A— B)z
v 1) )
(@& 8.0.0)() <ok e ge +8 (150 )+ o

(z€A;,6,& B,ueCyu##0;8#0),
where V(a,c, u, &, 3,0, ) is as defined in (3.2), then

Lla+1,0)f(2)\" 1+ Az
( z ) <1+Bz

For the choices ¢(z) =

(neC;u#0)

14+ Az
z

Corollary 2. Assume that (3.1) holds. If f € A, and
14+2\" 1+2\% 2067z
v
@emendnE <are(12) +0(155) + i

(a, 6, & B, peCsp#0;8#0)
where V(a,c, u,&, 3,0, f)(2) is as defined in (3.2), then

(W“W>H < (W)” (€ C; p#0)

is the best dominant.

z 1—=2

1 Y
and (1-1-2) is the best dominant.
z
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For a special case q(z) = 4%, with |uA| < 7, Theorem 3 readily yields the
following.

Corollary 3. Assume that (3.1) holds. If f € A, and
U(a,c, 1,6, 8,0, ) (2) < a+ et 4642 5 Ap2
(o, 6, &, By € C; pu#0;8#0)
where V(a,c, u,&, 3,0, f)(2) is as defined in (3.2), then

(Lw+t@ﬂ@> < (WeC p#0)

and e** is the best dominant.

beC\{0}),a=c=1,6=¢=

1
For a special case when ¢(z) = W
—z

1
0, x =a=1and = —, Theorem 3 reduces at once to the following known result
obtained by Srivastava and Lashin [10].

Corollary 4. Let b be a non zero complex number. If f € A, and

1zf"(z) 14z
1+5 () s

then
1

f(z) < B

and ﬁ 18 the best dominant.

Next, by appealing to Theorem 2 of the preceding section, we prove Theorem
4 below.

Theorem 4. Let g be analytic and univalent in A such that q(z) # 0 and
2q'(2)

be starlike univalent in A. Further, let us assume that

q(z)
(3.4) %ﬁﬁﬁaf+§«@]>m (6.6 B€C; B#0).
reA

and ¥(a,c,p, &, B,9, f) is univalent in A, then

ot €q(2) + 8(g(2))? + p7LE)

<qj(a7cﬁﬂ7£’ﬂ’6’f)

q(2)
(z€A;,6,& B,peC;pu#0;8#0),
implies
m
(3.5) o) < (MO ecinzo

and q is the best subordinant where U(a,c, u, &, 3,0, f)(z) is as defined in (3.2).



DIFFERENTIAL SANDWICH THEOREMS 293
Proof. By setting
P w) := o+ Ew + Sw? and p(w) == F—,

it is easily observed that ¢ is analytic in C. Also, ¢ is analytic in C\ {0} and that
pw) #0,  (weC\{0}).

Since ¢ is convex (univalent) function it follows that,

V@) _ g [2, o, €

(6,& BeC; B#0).
The assertion (3.5) of Theorem 4 follows by an application of Theorem 2. O

We remark here that Theorem 4 can easily be restated, for different choices
of the function ¢. Combining Theorem 3 and Theorem 4, we get the following
sandwich theorem.

Theorem 5. Let g1 and g2 be univalent in A such that ¢1(z) # 0 and g2(z) # 0,

/ !/
(z € A) with 20 (2) and 20 (2) being starlike univalent. Suppose that q1 satisfies
0 (2) a1 (2)
(3.4) and q2 satisfies (3.1). If f € A,

<L(a+1’c)f(z)) € H[g(0),1]NQ and Y(a,c, &, B,6, f)(2)

z

is univalent in A, then

o+ £QI (Z) + 6(Q1(z))2 + ﬂzqqli((zz)) = \Ij(a7 Cy 1y Ea ﬂa 57 f)(Z)

2q5(2)

2
< a+&g2(2) +0(q2(2))" + 8 e

(a,6,& B, peCsp##0;8#0),
implies

a(2) < (L(a +1,¢)f(2)

z

"
) <@l (eCiuzo
and q1 and qo are respectively the best subordinant and the best dominant.

Corollary 5. Let ¢1 and g3 be univalent in A such that ¢1(z) # 0 and g2(z) # 0

! /
(z € A) with qu((z)) and 28 (2) being starlike univalent. Suppose q1 satisfies (3.4)
q1(z q1(z
and gz satisfies (3.1). If f € A, ()" € H[q(0),1] N Q and let

2f"(z)
f'(2)

Wi(1,6 0,6, ) = o+ E[F N + 517+ oo
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is univalent in A, then

< \Ill(:u7§7ﬁ567f)

a+Eq(2) + 8(q1(2))? + 3 zqf(z)

q1(2)
2q5(2)

< atEan(z) + o)’ + 5

(a, 6, & BpeCsp#0;8#0),
implies
01(2) < (f)" < @2(2) (peC;p#0)
and q1 and qo are respectively the best subordinant and the best dominant.
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