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LIMIT OF APPROXIMATE INVERSE SYSTEM OF TOTALLY
REGULAR CONTINUA IS TOTALLY REGULAR

I. LONCAR

ABSTRACT. It is known that the limit of an inverse system of totally regular continua
is a totally regular continuum. In this paper we shall prove that this is true for
approximate limit of an approximate inverse system in the sense of S. Mardesi¢
(Theorem 14).

1. INTRODUCTION

In this paper we shall use the notion of inverse systems X = {Xa,pap, A} and
their limits in the usual sense [1, p. 135].

The cardinality of a set X will be denoted by card(X). The cofinality of a cardi-
nal number m will be denoted by cf(m). Cov(X) is the set of all normal coverings
of a topological space X. If U, V € Cov(X) and V refines U, we write ¥V < Y.
For two mappings f, g : Y — X which are U-near (for every y € Y there exists
alU el with f(y), g(y) € U), we write (f, g) <U. A basis of (open) normal
coverings of a space X is a collection C of normal coverings such that every normal
covering Y € Cov(X) admits a refinement V € C. We denote by cw(X) (covering
weight) the minimal cardinal of a basis of normal coverings of X [9, p. 181].

Lemma 1. [9, Example 2.2]. If X is a compact Hausdorff space, then
cw(X) = w(X).

The notion of approzimate inverse system X = { X, pap, A} will be used in the
sense of S. Mardesié [11].

Definition 1. An approzimate inverse system is a collection X = { X, pas, A},
where (A, <) is a directed preordered set, X,, a € A, is a topological space and
Dab : Xp — Xg,a < b, are mappings such that p,, = id and the following condition
(A2) is satisfied:

(A2) For each a € A and each normal cover U € Cov(X,) there is an index
b > a such that (pacped, Pad) < U whenever a < b < c<d.
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An approximate map p = {p, : a € A} : X — X into an approximate system
X = {Xq4,pap, A} is a collection of maps p, : X — X,, a € A, such that the
following condition holds

(AS) For any a € A and any U € Cov(X,) there is b > a such that
(PacPes Pa) < U for each ¢ > b. (See [10]).

Let X = {X,, pap, A} be an approximate system and let p ={p, :a € A} : X - X
be an approximate map. We say that p is a limit of X provided it has the following
universal property:

(UL) For any approximate map q = {q, : a € A} : Y — X of a space Y’
there exists a unique map g : ¥ — X such that p,g = qa-

Let X = {Xg,Dap, A} be an approximate system. A point z = (z,) € [[{X, :
a € A} is called a thread of X provided it satisfies the following condition:

(L) (Ya € A)(YU € Cov(X))(3b > a) (Ve > b)pac(@e) € st(a, U).

If X, is a T35 space, then the sets st(xz,,U), U € Cov(X,), form a basis of the
topology at the point x,. Therefore, for an approximate system of Tychonoff
spaces condition (L) is equivalent to the following condition:

(L*) (Va € A)lim{pac(zc) : ¢ > a} = z,.

Some other properties of approximate systems and their subsystems are given
in Appendix.

Let 7 be an infinite cardinal. We say that a partially ordered set A is T-directed
if for each B C A with card(B) < 7 there is an a € A such that a > b for each
b € B. If Ais Ng-directed, then we will say that A is o-directed. An inverse system
X = {Xa,pap, A} is said to be 7-directed if A is T-directed. An inverse system
X = {Xa, pab, A} is said to be o-directed if A is o-directed.

The proof of the following theorem is similar to the proof of Theorem 1.1 of [4].

Theorem 1. Let X = {X,, pap, A} be a o-directed approzimate inverse system
of compact spaces with surjective bonding mappings and limit X . Let Y be a metric
compact space. For each surjective mapping f : X — Y there exists an a € A such
that for each b > a there exists a mapping gy : Xp — Y such that f = gypyp.

Theorem 2. Let X be a compact spaces. There exists a o-directed inverse
system X = {Xga,pab, A} of compact metric spaces X, and surjective bonding
mappings pap such that X is homeomorphic to lim X.

Theorem 3. [8, p. 163, Theorem 2.]. If X is a locally connected compact
space, then there exists an inverse system X = {Xa, Pap, A} such that each X, is a
metric locally connected compact space, each pgp is a monotone surjection and X
is homeomorphic to lim X. Conversely, the inverse limit of such system is always
a locally connected compact space.

Remark 1. We may assume that X = {Xq, pap, A} in Theorem 3 is o-directed
[12, Theorem 9.5].
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Theorem 4. [13, Corollary 2.9]. If X is a hereditarily locally connected contin-
uum, then there exists a o-directed inverse system X = { X, pap, A} such that each
X, is a metrizable hereditarily locally connected continuum, each pqp is a monotone
surjection and X is homeomorphic to lim X.

Theorem 5. [3, Corollary 3]. Let X = {X,, pab, A} be a o-directed inverse
system of hereditarily locally connected continua X,. Then X = limX is hereditarily
locally connected.

The following theorem is Theorem 1.7 from [5].

Theorem 6. Let X = {X,,pap, A} be a o-directed inverse system of compact
metrizable spaces and surjective bonding mappings. Then X = lim X is metrizable
if and only if there exists an a € A such that py : X — X is a homeomorphism
for each b > a.

2. LIMIT OF APPROXIMATE INVERSE SYSTEM OF TOTALLY REGULAR CONTINUA

We shall say that a non-empty compact space is perfect if it has no isolated point.

A continuum is said to be totally reqular [12, p. 47] if for each & # y in X there
is a positive integer n and perfect subsets Aq,..., A,, ...of X such that z; € A;
for i =1,...,n implies that {z1,...,z,} separates z from y in X.

Lemma 2. [12, Proposition 7.4]. Each totally reqular continuum is hereditarily
locally connected and rim-finite.

The following theorem is a part of [12, Theorem 7.15].

Theorem 7. If X is a continuum then the following conditions are equivalent:
(1) X is totally regular,

(2) X is homeomorphic to im{Xg, fab, '} such that each X, is a totally regular
continuum and each fqp is a monotone surjection.

Theorem 8. [12, Theorem 7.7]. Let X = {Xg, pav, A} be an inverse system
of totally regular continua X, and monotone surjective mappings pqy. Then X =
lim X is totally reqular.

Theorem 9. Let X be a non-metric totally regular continuum. There exists
a o-directed inverse system X = { X, pay, A} such that each X, is totally regular,
each fqp 18 a monotone surjection and X is homeomorphic to lim X.

Proof. Apply [12, Theorem 9.4], Theorem 8 and Lemma 3.5 of [14]. O

Now we consider approximate inverse systems of totally regular continua. We
start with the following theorem.

Theorem 10. Let X = {X,,, pnm, N} be an approzimate inverse sequence of
totally reqular metric continua. If the bonding mappings are monotone and sur-
jective, then X =1lim X 1is totally regular.
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Proof. There exists a usual inverse sequence Y = {Y;, ¢;;, M} such that ¥; =
Xnis @ij = Pninis1Pnisinigs -+ -Pnj_in,; for each i,j € N and a homeomorphism
H:limX —limY [2, Proposition 8]. Each mapping ¢;; as a composition of the
monotone mappings is monotone. This means that Y is a usual inverse sequence
of totally regular continua with monotone bonding mappings ¢;;. By virtue of
Theorem 8 limY is totally regular. We infer that X = lim X is totally regular
since there exists a homeomorphism H :lim X — limY. (|

Theorem 11. Let X = { X, pap, A} be an approximate inverse system of totally
regular continua such that card(A) = Rg. Then X =lm X is totally regular.

Proof. By virtue of Lemma 6 of Appendix there exists a countable well-ordered
subset B of A such that the collection {Xp,ppe, B} is an approximate inverse
sequence and lim X is homeomorphic to lim{Xy, ppc, B}. From Theorem 10 it
follows that im{ Xy, py., B} is totally regular. Hence X = lim X is totally regular.

O

Theorem 12. Let X = {X,, pab, A} be an approzimate inverse system of totally
reqular continua and monotone bonding mappings. If w(X,) < 7 < card(A) for
each a € A, then X =1im X is totally regular continuum.

Proof. By virtue of Theorem 15 (for A = Rg) of Appendix there exists a o-
directed inverse system {Xa, ¢og, T}, where each X, is a limit of an approximate
inverse subsystem {X., pag, ®}, card(®) = Ny. From Theoreml1 it follows that
every X, is totally regular. Theorem 8 completes the proof. O

Theorem 13. Let X = {X,, pab, A} be an approzimate inverse system of totally
reqular metric continua and monotone bonding mappings. Then X = limX is
totally regular continuum.

Proof. If card(A) = Ng, then we apply Theorem 11. If card(A) > Ry, then from
Theorem 12 it follows that X is totally regular. O

A directed preordered set (A, <) is said to be cofinite provided each a € A has
only finitely many predecessors. If a € A has exactly n predecessors, we shall write
p(a) =n + 1. Hence, a € A is the first element of (4, <) if and only if p(a) = 1.

Lemma 3. If (A, <) is cofinite, then it satisfies the following principle of in-
duction:

Let B C A be a set such that:

(i) B contains all the first elements of A,

(i) if B contains all the predecessors of a € A, then a € B.
Then B = A.

Lemma 4. [15, Lemma 1]. Let ¢ = (q,) : Y — Y = {3, Vs, q,,, B} be an
approzimate map (approximate resolution) of a space Y. Then there exists an
approzimate map (approzimate resolution) ¢ = (¢z) : Y — ¥ = {Y.,V.,q...,C}
of the space Y and an increasing surjection t : C — B satisfying the following
conditions:



LIMIT OF APPROXIMATE INVERSE SYSTEM 5

(i) C is directed, unbounded, antisymmetric and cofinite set,
(ii) (Vee C)(Vbe B)(Ad > ¢) t(d) > b
(iii) (Ve € C) Y, = Yi(e), Ve = Vi(e), @ = Qi(c) ad Qs = Gi(e)e(cr), whenever
c< .

Corollary 1. Let X = {X,, pap, A} be an approximate inverse system of com-
pact spaces. Then there exists an approximate inverse system Y = {Y., peer, C}
such that: a) each Y. is some X,, b) each p.o is some pap, ¢) C is directed,
unbounded, antisymmetric and cofinite set and lim X is homeomorphic to limY.

Proof. By virtue of Theorem 4.2 of [10] an approximate map p : X — X is
an approximate resolution if and only if it is a limit of X = {X,, pap, A}. Apply
Lemma 4. (]

Now we shall prove the main theorem of this paper.

Theorem 14. Let X = {X,,pap, A} be an approzimate inverse system of
totally reqular continua with monotone surjective bonding mappings pa». Then
X =1lim X s totally regular.

Proof. If every X, is a metric totally regular continuum, then we apply Theorem
13. Now, suppose that each X, is a non-metric totally regular continuum. The
proof consists of several steps. In the Steps 0 — 11 we shall define a usual inverse
system X p = { X4, Fye, D} whose inverse limit X p is homeomorphic to X = lim X.
In Step 12 we shall use Theorem 8 which completes the proof.

Step 0.
From Corollary 1 it follows that we may assume that A is cofinite.

Step 1.
By virtue of Theorem 9 for each X, there exists a o directed inverse system

(21) X<a) = {X(a,'y)a f(a,’y)(a,é)u Fa}

such that each X, ) is a totally regular metric continuum, each f(4 y)(a,5) is
monotone and surjective and X, is homeomorphic to lim X(a). Now we have the
following diagram

X, & x, & x 2 X
flava) lf(ba’Yc) Lﬂc,m
(2.2) X(a7) Ko Xieno)
lfm,m)(a,&a) fovp)0.6y) feverese)
X(a,5) X(v.6,) X(ese)
| | |
Step 2.

PutB={(a,v,):ac€A v, €T} and put C to be the set of all subsets ¢
of B of the form

(2.3) c={(a,vq) : a € A},



6 I. LONCAR

where every -y, is the fixed element of T',.
Step 3.
Let D be a subset of C containing all ¢ € C for which there exist the mappings

(2.4) I(ara) ) F Xom) = Xaq) b2 a,
such that
(2.5) {X(@ra)s I b AL
is an approximate inverse system and each diagram
X, & X,

(2.6) lfm,m) lfamb)

9(a,va)(b,vp)

Xaya) 7 Xow)
commutes, where f(, ..): Xa — X
Step 4.

The set D is non empty. Moreover, for each countable subset S, C 'y, a € A,
there exists a d € D such that d = {(a,v4) : @ € A}, 74 > v for every v € S,,.
Let a € A be some first element of A and let v, € T', such that ~, > v for
every v € S,. The space X(, ,) is a metric compact space and there exist the
mappings f(a,y.)Pab : Xo — X(a,y.),0 = a. By virtue of Theorem 1 for each b > a
there exist a ¢ € I’y such that for each v, > 7,7, where v € Sy, there exists
a monotone surjective mapping gia v,)(b,ys) : X(bys) — X(a,7a) With fla,y,)Pab =
9(a,va)(bys) f (b,vs) > 1-€-, the diagram

a,y.) 18 the canonical projection.

X, Lo Xy
(2.7) lfm,m) lfamb)
Kamw) ™ Koy
commutes. Suppose that (a,7}), (a,72), ..., (a,7; ') are defined for each a €
A with p(a) < n — 1 such that the each diagram (2.6) commutes. Let a € A

be a member of A with p(a) = n. This means that (a,7}), (a,72), .-, (¢, ")

are defined. From the cofinitness of A it follows that the set of 47 which are
defined in I, is finite. Hence there exists 77 > 4271 ..., yl. We define ' € T,

considering the space X(4,4») and the mappings f(4 ynyPab : Xo — X(a,4n). Again,
by Theorem 1 for each b > a there exists an ;' € I'y such that for each v, >

e, 7{7’_1, ..., 7 and there is a mapping ga,,)(vy) © X(by) — X(a,yn) With
FamPab = (am)b:m) f(bw)» 1€, the diagram
X, & X

(2.8) lf(a,wg) lf(b,'yb)

I(a, v ) (b,vp)
Xaqp) — (b7)

commutes. By induction on A (Lemma 3) the set D is defined. It remains to prove
that {X(4,4.)> 9(a,7a)(b,7s)> A} 1S an approximate inverse system. Let I be a normal
cover of X, ). Then V = f@l%)( U) is a normal cover of X,. By virtue of (A2)
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there exists a b > a such that for each ¢ > d > b we have (pad, PeaPled) < V. By
virtue of the commutativity of the diagrams of the form (2.8) it follows that

(2.9) (9tara)(dra)r Yana)(era)9enra ) < V-
Thus, {X(a,v.)s Y(a,7a)(b7s)> A} 18 an approximate inverse system.

Step 5.

We define a partial order on D as follows. Let dy,ds be a pair of members of
D such that di = {(a,7,) :a € A, v, €Ty} and d2 = {(a,0,) :a € A, 0, € Ty}
We write do < d; if and only if §, < 7, for each a € A. From Step 4 it follows
that (D, <) is o-directed.

Step 6.

For each d € D a limit space X4 of the inverse system (2.5) is a totally reqular
continuum (Theorem 13). Moreover, there exists a mapping Fq : X — Xg4. The
existence of Fy follows from the commutativity of the diagram (2.6). The following
diagram illustrates the construction of d € D and the space Xg.

X, Pab X, Pbe X, Pd e
fa,6a) f,6¢) fe.s0)
X(a60) X(b,5) X(e,50)
(2.10) f ; f
(a,7va)(a:84) Fo, ) (.53) (e,7e)(ede)
9(a,va)(b:vp) 9(b,vp) (e,ve) 9(c,ve)
Xarva) X)) T Ko  Xa
Step 7.

If dy, ds is a pair of members of D such that di = {(a,7,) : a € A, v, € s},
dy = {(a,04) : a € A, 64 € Ty} and dy > dj, then for each a € A the following
diagram commutes
g(a,w,sb)

X(a;‘;a) X(bvéb)
(2.11) J{f(au’Ya)(a’éa) lf(bﬁb)(bxﬁsb)
X 9(a,7va) (b1p)
(a,7a) - (b,vv)

This follows from the commutativity of the diagrams of the form (2.6) for d; and
da, i.e., from the commutativity of the diagrams

X, & X,
(2.12) wa,m) lfu:,vb)

9(a,va) (b:vp)
&

X(ava) Xb.m)
and
X, Beb X,
(2.13) lf@,&a) lf“’"”’)
Xaay T X
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Step 8.

From Step 7 it follows that for di,ds € D with d2 > dy there exists a mapping
Faa, + Xa, — Xa, (see []_7 p- 138}) such that Fq, = Fag,a,Fua,.
Proof of Step 8. Let dy,ds,ds € D and let d; < de < d3. Then Faa. = Fa,d, Faods-
This follows from Step 7 and the commutativity condition in each inverse system
X(a) = {X(a,9)s fay)(a,6)> Ta} (see (2.1) of Step 1).

Step 9.

The collection {Xg, Fye, D} is a usual inverse system of totally regular metric
continua.

Apply Steps 1 — 8.

Step 10.

There is a mapping F : X — Xp which is 1 — 1.

By Step 6 and Step 8 for each d € D there is a mapping Fjz : X — X4 such that
Fy, = Fg,q,Fg, for do > dy. This means that there exists a mapping F': X — Xp
[1, p. 138]. Let us prove that F is 1 — 1. Take a pair z,y of distinct points of X.
There exists an a € A such that 2, = p,(x) and y, = p,(y) are distinct points of
Xq. Now, there exists an (a,7,) such that f, .)(2.) and f, ,)(ya) are distinct
points of X (4 4,). From Step 4 it follows that there is a d € D such that Fy(x)
and Fy(y) are distinct points of X4. Thus, F is 1 — 1.

Step 11.

The mapping F is a homeomorphism onto Xp. Let y be a point of Xp. Let us
prove that there exists a point « € X such that F'(z) = y. For each d € D we have
a point yg = Fy(y). Now, we have the points g(4,~,) Fua(y) in X(4,4,) and the subsets
Y, = f(;}%)(g(aﬁa)Fd(y)) of X,. Let U be an open neighborhood Y,. There exists
an open neighborhood V' of g(, ,)Fa(y) such that f(;}%)(V) C U. We infer that
Ls{g(b,'yb)(yb) :b>a} CY, since g(ll,'Ya)Fd(y) = hm{g(a,'ya)(b,%)g(b,%)Fd(y) 1b >
a} and the diagrams (2.6) commute. By virtue of [6, Lemma 2.1] it follows that
there exists a non-empty closed subset Cy of lim X such that p,(Cy) C Y. The
family {Cy : d € D} has the finite intersection property. This means that X' =
({Cq : d € D} is non-empty. For each z € X' we have Fy(z) = Fy(y),d € D.
Thus, F(y) = z. The proof of this Step is completed.

Step 12.

By virtue of Theorem 8 it follows that X p = lim{ X, Fye, D} is totally regular.
We infer that X is totally regular since the mapping F' is a homeomorphism of X
onto Xp (Step 11). O

3. APPENDIX

In this Appendix we investigate the approximate subsystem of an approximate
system X = {X,, pap, A}. We start with the following definition.

Definition 2. Let X = {X,,pab, A} be an approximate inverse system and
let B be a directed subset of A such that {Xp, ppe, B} is an approximate inverse
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system. We say that { X3, ppe, B} is an approximate subsystem of X = { X, pap, A}
if there exists a mapping ¢ : lim X — lim{ X}, pyc, B} such that

pbq:Pb7 b€B7

where py : im{Xp, ppe, B} — Xp and Py : limX — X3, b € B, are natural projec-
tions.

We say that an approximate system X = {X,, pap, A} is irreducible if for each
B C A with card(B) < card(A) it follows that B is not cofinal in A.

Lemma 5. Let X = {X,,pap, A} be an approzimate inverse system. There
exists a cofinal subset B of A such that X = {X,, pap, B} is irreducible.

Proof. Consider the family B of all cofinal subset of B of A. The set {card(B) :
B € B} has a minimal element b since each card(B) is some initial ordinal number.
Let B € B be such that card(B) = b. It is clear that { X, pas, B} is irreducible. 0O

In the sequel we will assume that X = {X,, pap, A} is irreducible.

Lemma 6. Let X = {X,, pap, A} be an approzimate inverse system of compact
spaces such that card(A) = Rg. Then there exists a countable well-ordered subset
B of A such that the collection { Xy, ppe, B} is an approximate inverse sequence
and lim X is homeomorphic to im{ Xy, ppe, B}.

Proof. Let v be any finite subset of A. There exists a 0(v) € A such that
d < §(v) for each § € v. Since A is infinite, there exists a sequence {v, : n € N}
such that vy C ...y, C ...and A = [J{vn : n € N}. Recursively, we define the
sets Ay,..., Ay, ... by

A= J{60n)},
and
An-l—l = An U Un+1 U{é(An U I/n+1)}~

It follows that there exists a sequence
A CAC...CA,...

of finite sets A,, such that A = [J{A, : n € N}. Using a §(A,) for each 4,, we
obtain a sequence B = {b,, : n € N} such that B is cofinal in A. Let us prove
that { Xy, ppe, B} is an approximate inverse system, i.e., that (A2) is satisfied for
{Xb, Pbe, B}. For each X}, and each normal cover of X}, there exists an a’ € A such
that (A2) is satisfied for b < o/ < ¢ < d since (A2) is satisfied for X = { X, pasy, A}
There exists a b’ such that b’ € B,b > a’, since B is cofinal in A. It is obvious
that (A2) is satisfied for each ¢,d € B such that b < b’ < ¢ <d. By virtue of [10,
Theorem 1.19] it follows that lim X is homeomorphic to im{ Xy, pp., B}. O

Now we consider irreducible approximate inverse systems X = {X,,pas, A}
with card(A4) > Nj.

Lemma 7. Let A be a directed set. For each subset B of A there exists a directed
set Foo (B) such that card(Fs (B)) = card(B).
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Proof. For each B C A there exists a set F1(B) = B|J{0(v) : v € B}, where v
is a finite subset of B and §(v) is defined as in the proof of Lemma 6. Put

Fn+1 = Fl(Fn(B)7
and
Foo(B) = | J{Fu(B) : n € N}.
It is clear that
Fi(B) C Fa(B) C ... C Fu(B) C ...
The set Fi (B) is directed since each finite subset v of Fo(B) is contained in some
F,(B) and, consequently, §(v) is contained in F(B).
If B is finite, then card(Fx (B)) = RNg. If card(B) > R, then we have

card({0(v) : v € B}) < card(B)Ny.

We infer that card(Fy(B)) < card(B)N. Similarly, card(F,(B)) < card(B),.
This means that card(F(B)) < card(B)®q. Thus

card(F (B)) < card(B)Ny, if card(B) < card(A).
The proof is completed. O

Lemma 8. Let {Xa,pap ,A} be an approximate inverse system such that
cw(X,) < card(A), a € A. For each subset B of A with card(B) < card(A), there
exists a directed set Goo(B) 2 B such that the collection {X 4, pab ,Goo(B)} is an
approzimate system and card(Go(B)) = card(B).

Proof. Let B, be a base of normal coverings of X,. Let U, be a normal covering
of B,. By virtue of (A2) there exists an a(U,) € A such that (pad, PacPed) < Ua,
a < a(lly) < ¢ < d. For each subset B of A we define G (B) by induction as
follows:

a) Let G1(B) = Fx(B). From Lemma 7 it follows that card(G1(B)) =
card(Foo (B)) = card(B).
b) For each n > 1 we define G,,(B) as follows:
1) If n is odd then G, (B) = Fuoo(Grn-1(B)),
2) If n is even, then G, (B) = Gp—1(B) U {a(U,) : U, € Bq,a € Gp—1(B)}.
Since card(B,) < card(A) the set G,,(B) has the cardinality < card(A).
Now we define G (B) = U{G,(B) :n € N}. It is obvious that
card(Goo(B)) < card(A).

The set Goo(B) is directed. Let a, b be a pair of the elements of G (B). There
exists a n € N such that a,b € G, (B). We may assume that n is odd. Then
a,b € Foo(Gp—1(B)). Thus there exists a ¢ € Foo(Gp—1(B)) such that ¢ > a,b. It
is clear that ¢ € Goo(B). The proof of directedness of G (B) is completed.

The collection { X4, pab , Goo(B)} is an approzimate system. It suffices to prove
that the condition (A2) is satisfied. Let a be any member of G (B). There exists
an € N such that a € G,,(B). We have two cases.

1) If n isodd then G, (B)=F(Gp-1(B)). Thismeans that a € Fo (G,—1(B)).
By definition of Fioo (Gr—1(B)) we infer that a(Uy,) € Foo(Gr—1(B)). Thus
(A2) is satisfied.
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2) If n is even, then G,(B) = G,—1(B) U {aldy) : U, € Cov(X,), a €
Gn—1(B)}. In this case a € Gn41(B) C Goo(B). Arguing as in the case 1,
we infer that (A2) is satisfied.

(]

Theorem 15. Let X = {X,, pab, A} be an approzimate inverse system of com-
pact spaces. If A < w(X,) < 7 <card(A) for each a € A, then limX is homeo-
morphic to a limit of a A-directed usual inverse system {Xq,qas, T}, where each
Xo is a limit of an approzimate inverse subsystem {X, pag, P}, card(®) = A.

Proof. The proof consists of several steps.
Step 1.

Let B={B, : u € M} be a family of all subsets B, of A with card(Bs) = A.
Put 4, = G (B,) (Lemma 8) and let A = {4, : p € M} be ordered by inclu-
sion C.

Step 2.

If ® and ¥ are in A such that ® C VU, then there exists a mapping qov :
lim{Xa,pas, ¥} — Im{X,, pag, P}.

Namely, if z = (24,0 € U) € lim{Xa,pag, ¥}, then by definition of the
threads of {Xa,pag, U} the condition (L) is satisfied. If (L) is satisfied for z =
(Za,a € U) € im{Xq,pap, U}, then it is satisfied for (z,,y € ®) since the re-
quired o’ in (L) lies — by definition of the set ® — in the set ®. This means that
(xy,y € @) € im{X,, pag, P}. Now we define qopu(z) = (2,7 € ®).

Step 3.

The collection {Xs,qowv, A} is a usual inverse system. It suffices to prove the
transitivity, i.e., if ® C ¥ C Q , then gawqua = gaq. This easily follows from the
definition of ggy .

Step 4.

The space limX is homeomorphic to lim{Xy,qow, A}, where Xo =
Im{X,,, pag, P}. We shall define a homeomorphism H : lim X — Im{ Xy, gow, A}.
Let = (x4 : @ € A) be any point of lim X. Each collection {z,:a € ® € A} isa
point z¢ of Xg since Xo¢ = lim{ X, pap, P}. Moreover, from the definition of gow
(Step 2) it follows that gow(zw) = e, ¥ O ®. Thus, the collection {zg : & € A}
is a point of lim{X¢, gpw, A}. Let H(z) = {ze, P €€ A}. Thus, H is a continuous
mapping of lim X to lim{ Xy, gow, A}. In order to complete the proof it suffices to
prove that H is 1 — 1 and onto. Let us prove that H is 1 —1. Let z = (2, : a € A)
and y = (Y, : @ € A) be a pair of points of lim X. This means that there exists
an a € A such that y, # x,. There exists a & € A such that a € ®. Thus, the
collections {z, : a € ®} and {z, : a € @} are different. From this we conclude
that 2o # Ys,2e,ys € Xo = Um{X,, pap, P}. Hence H is 1 — 1. Let us prove
that H is onto. Let y = (yo : ® € A) be any point of lim{ Xy, gew, A}. Each yo
is a collection {z, : @ € ®} and if ¥ D &, then the collection {z, : a € ®} is the
restriction of the collection {z, : @ € ¥} on ®. Let x be the collection which is the
union of all collections {z, : a € @}, ® € A. Hence z is a collection (z, : a € A)
which is a point of lim X and H(z) = y.
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Step 5.

Inverse system { Xo, qow, A} is a A-directed inverse system. Let {{ X, pag, P« } :
k < A} be a collection of approximate subsystems {X.,, pag, ®}. The set & =
U{® : k¥ < A} has the cardinality < A since card(®,) < A. By virtue of Steps 1-4
there exists an approximate subsystem {X,, pag, @}, card(®) = A. This means
that {Xe, gew, A} is a A-directed inverse system. O

If X = { X, pap, A} is an approximate inverse system of compact metric spaces,
then w(X,) = No, for each a € A. It follows that A = Vg if card(A4) > R;. Hence
we have the following theorem.

Corollary 2. Let X = { X, pap, A} be an approzimate inverse system of com-
pact metric spaces such that card(A) > Ry. Then lim X is homeomorphic to the
limit of a o-directed usual inverse system {Xa, qapg, A}, where each X, is a limit
of an approzimate inverse subsystem {X., pag, P}, card(®) = Ry.

Lemma 9. Let X = {X,, pap, A} be an approzimate system such that X,,a €
A, are compact locally connected spaces and pqp are monotone surjections. If
Y = {X4,pcd, B} is an approximate subsystem of X, then the mapping qap :
limX — UmY (defined in Step 2 of the proof of Theorem 15) is a monotone
surjection.

Proof. Let P, : limX — X,,a € A, be the natural projection. Similarly,
let pg : imY — X,,a € B, be the natural projection. From the definition of
gap (Step 2 of the proof of Theorem 15) it follows that p,gqap = P, for each
a € B. By virtue of [10, Corollary 4.5] and [7, Corollary 5.6] it follows that
P, and p, are monotone surjections. Let us prove that gap is a surjection. Let
Yy = (Yo : @ € B) € limY. The sets P, (y,),a € B, are non-empty since P, is
surjective for each a € A. From the compactness of lim X it follows that a limit
superior Z =Ls{P; *(y.),a € B} is a non-empty subset of lim X. We shall prove
that for each z = (24 : a € A) € Z we have P,(z) = y,. Suppose that Py (z) # yq.
There exists a pair U,V of open disjoint subsets of X, such that y, € U and
P,(z) € V. For a sufficiently large b € B the set P,(P; '()) is in U because
(AS). This means that P, *(V)( P, '(ys) = 0 for a sufficiently large b € B. This
contradicts the assumption z €Ls{ P, (y,),a € B}. Hence qap is a surjection. In
order to complete the proof it suffices to prove that g4 p is monotone. Take a point
y € limY and suppose that qZ%(y) is disconnected. There exists a pair U,V of
disjoint open sets in lim X such that ¢, 5(y) € UJV. From the compactness
of lim X it follows that gap is closed. This means that there exists an open
neighborhood W of y such that ¢, 5(y) C ¢45(W) C UJV. From the definition
of the basis in lim Y it follows that there exists an open set W, in some X,,a € B,
such that y € p,;1(W,) € W. Moreover, we may assume that W, is connected
since X, is locally connected. Then P, 1(W,) is connected since P, is monotone
[7, Corollary 5.6]. Moreover, ¢, 5(y) € P, '(W,) and P, (W,) C UV since
P, = paqap-. This is impossible since U and V are disjoint open sets and P, 1(W,,)
is connected. (]
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Theorem 16. Let X = {X,, pab, A} be an approzimate inverse system of com-
pact spaces such that A\ < w(X,) < card(A) for each a € A. If cflcard(A)) # A,
then X = lim X is homeomorphic to a limit of a A-directed usual inverse sys-
tem {Xa,qap, T}, where each X, is a limit of an approzimate inverse subsys-
tem {X,, pag, @}, card(®) = X. Moreover, if card(A) is a regular cardinal,
then X = lim X is homeomorphic to a limit of a A-directed usual inverse sys-
tem {Xa, qap, T}, where each Xq is a limit of an approzimate inverse subsystem
{X,, Pag, P}, card(®) = A.
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