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ESTIMATES FOR DERIVATIVES OF THE GREEN FUNCTIONS
ON HOMOGENEOUS MANIFOLDS OF NEGATIVE
CURVATURE

R. URBAN

ABSTRACT. We consider the Green functions G for second-order coercive differen-
tial operators on homogeneous manifolds of negative curvature, being a semi-direct
product of a nilpotent Lie group N and A = R+,

Estimates for derivatives of the Green functions G with respect to the N and
A-variables are obtained. This paper completes a previous work of the author (see
[12, 13]) where estimates for derivatives of the Green functions for the noncoercive
operators has been obtained. Here we show how to use the previous methods and
results from [12] in order to get analogous estimates for coercive operators.

1. INTRODUCTION.

Let M be a connected, simply connected homogeneous manifolds of negative cur-
vature. Such a manifold is a solvable Lie group S = N A, a semi-direct product
of a nilpotent Lie group N and an Abelian group A = R*. Moreover, for an H
belonging to the Lie algebra a of A, the real parts of the eigenvalues of Adexp # |n,
where n is the Lie algebra of N, are all greater than 0. Conversely, every such
a group equipped with a suitable left-invariant metric becomes a homogeneous
Riemannian manifold with negative curvature (see [7]).
On S we consider a second order left-invariant operator

[Z:inJrY.
j=0

We assume that Y, Y7,...,Y,, generate the Lie algebra s of S. We can always
make Yy, ..., Y,, linearly independent and moreover, we can choose Yy, Y1,...,Y,,
so that Yi(e),..., Y., (e) belong to n. Let 7 : S — A = S/N be the canonical
homomorphism. Then the image of £ under 7 is a second order left-invariant
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operator on RY,
(a0y)* — yad,,

where v = v, € R.
Finally, £ can be written as

(1.1) L=L, :Z@a(xj)2+q>a(X)+a283+(1—~y)6a,

J
where v # 0, X,Xi,...,X,, are left-invariant vector fields on N, more-
over, Xi,..., Xy, linearly independent and generate n, ®, = Adexp(ioga)y, =

elloga)adyy — ¢(loga)D ) — ady, is a derivation of the Lie algebra n of the Lie
group N such that the real parts d; of the eigenvalues A; of D are positive. By
multiplying £, by a constant, i.e., changing Yy, we can make d; arbitrarily large
(see [5]).

Let Gy(za,yb) be the Green function for L. G, is (uniquely) defined by two
conditions:

1) LG+ (-, yb) = —dy as distributions

(functions are identified with distributions via the right Haar measure),
ii) for every yb € S, G, (-, yb) is a potential for L.

Let
(1.2) G,(z,a) == G, (e,a),

where e is the identity element of the group S. Since L., is left-invariant it is easily
seen that

Gy (za,yb) = G, (e, yb(wa) ") = G, (yb(za)").

In this paper we call G,(z,a) defined in (1.2) the Green function for £.,.

The main goal of this paper is to give estimates for derivatives of the Green
function (1.2) for £, when v # 0, i.e., when L, is coercive (L is coercive if there is
an € > 0 such that £ + eI admits the Green function), with respect to x-variables
(Theorem 3.1) and a-variable (Theorem 3.2). The case v = 0 (i.e., noncoercive
case) has been studied by the author in [12] and [13].

It is worth noting that our definition of coercivity is a little bit different than
that used e.g. in [1]. Namely, for us, £ is coercive if it is weakly coercive in
Ancona’s terminology. There is a relation between the notion of coercivity property
in the sense used in the theory of partial differential eqns (i.e., that an appropriate
bilinear form is coercive, [8]) and weak coercivity. For this the reader is referred
to [1].

In this paper we are going to prove the following estimates. Let v > 0. For
every neighborhood U of the identity e of N A there is a constant C' = C(v) such
that we have

C(|z| 4 a)~MlI-Q=
(13) [X7G_y(x,a)| < { x(1+ [log(|z| + )~ )M for (2,a) € (QUU),
C for (z,a) € Q\U
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and
C(|z| + a)*WH*Q*’YQV

(14) 127G, (2.0)] < { x(1+log(le] +a) " Il for (z,0) € (QUU),
Ca” for (z,a) € Q\ U,

where | - | stands for a “homogeneous norm” on N, Q = {|z| < 1,a < 1}, ||I]|
is a suitably defined length of the multi-index I and ||I]|g is a certain number
depending on I and the nilpotent part of the derivation D. In particular, ||I]|o is
equal to 0 if the action of A = R* on N, given by ®,, is diagonal or, if I = 0.
Xi,..., X, is an appropriately chosen basis of n. For the precise definitions of all
the notions that have appeared here see Sect. 2.

For 0%G,(z,a), k > 0 and v # 0 we have what follows. Let v > 0.

Ca™" (|| + )= for (z,a) € (QUU)",

(15) |8§g—’y(x7a)| < {Ca—k for (.’L',G/) S Q\Z/[

and

(16) [05G(x a>|<{ca7_k(|x|+a)_Q_7 for (z,a) € (QUU)",

Ca = F for (z,a) € Q\ U,

It should be said that the estimate for the Green function itself (i.e., I=0) with
v > 0, also from below, was proved by E. Damek in [3] and then by the author
for vy = 0 in [16] but at that time it was impossible to prove analogous estimate
for derivatives with respect to x. The reason was that we did not have sufficient
estimates for the derivatives of the transition probabilities of the evolution on N
generated by an appropriate operator which appears as the “horizontal” compo-
nent of the diffusion on N x RT generated by a=2L_., (cf. [4]). These estimates
have been obtained by the author in [17] and eventually led up to the estimate
(1.3), (1.4), (1.5) and (1.6) for v = 0 (see [12] and [13] for mixed derivatives which
required a little bit different approach). Here we are going to present how to use
results from [12] in order to get estimates in the coercive case.

The proofs of (1.3), (1.4), (1.5) and (1.6) require both analytic and probabilistic
techniques. Some of them have been introduced in [5], [4] and [16]. This paper
also heavily depend on some results from [12].

The structure of the paper is as follows. In Sect. 2 we state precisely notation
and all necessary definitions. In particular, we recall a definition of the Bessel
process which appears as the “vertical” component of the diffusion generated by
(1_2£,7 on N x RT as well as the notion of the evolution on N generated by an
appropriate operator which appears as the “horizontal” component of the diffusion
on N x RT mentioned in the Introduction above (cf. [4, 12]).

Finally, in Section 3 we state precisely the estimates (1.3), (1.4) (see Theo-
rem 3.1) and (1.5), (1.6) (see Theorem 3.2) and we give their proofs.

Acknowledgement. The author wishes to thank Ewa Damek for a number of
helpful conversations.
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2. PRELIMINARIES

2.1. NA groups

The best reference for this Sect. is [5] and [6]. Let N be a connected and simply
connected nilpotent Lie group. Let D be a derivation of the Lie algebra n of N.
For every a € RT we define an automorphism ®, of n by the formula

o, = ellosa)D
Witing z = exp X we put
D, (x) :=exp Py (X).
Let n® be the complexification of n. Define
n§ = {X en®: 3k > 0 such that (D — AI)* = 0}.

Then

(2.1) n= P W,
ImA>0

where

Vo Vi=m@nf)nn if Im\ # 0,
T nSnn if TmA = 0.

We assume that the real parts d; of the eigenvalues A; of the matrix D are strictly
greater than 0. We define the number

(2.2) Q=) Re) =) d

and we refer to this as a “homogeneous dimension” of N. In this paper D = ady,
(see Introduction). Under the assumption on positivity of d;, (2.1) is a gradation
of n.

We consider a group S which is a semi-direct product of N and the multiplica-
tive group A = RT = {exptYy : t € R} :

S=NA={za:x € N,ac A}
with multiplication given by the formula
(za)(yb) = (xPa(y) ab).

In N we define a “homogeneous norm”, | - | (cf. [5, 4]) as follows. Let (-,-) be a
fixed inner product in n. We define a new inner product

1
(23 ) = [ (2a00.2,00) 2
0
and the corresponding norm
X1 = (X, X)'/2.
We put
1X] = (inf{a > 0: [0,(X)] > 1)~
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One can easily show that for every Y # 0 there exists precisely one a > 0 such
that Y = ®,(X) with |X| = 1. Then we have |Y| = a.
Finally, we define the homogeneous norm on N. For z = exp X we put

|z = | X].

Notice that if the action of A = RT on N (given by ®,) is diagonal the norm we
have just defined is the usual homogeneous norm on N and the number @ in (2.2)
is simply the homogeneous dimension of N (see [6]).

Having all that in mind we define appropriate derivatives (see also [5]). We fix
an inner product (2.3) in n so that V), j =1,..., k are mutually orthogonal and
an orthonormal basis X7, ..., A, of n. The enveloping algebra (n) of n is identified
with the polynomials in Xy, ..., X,. In $(n) we define (X1 ®...QX ., 1 ®...QY,) =
[[j=1(X;,Ys). Let V] be the symmetric tensor product of r copies of V. For

I=(iy,...,i;) € (NU{0}* let
X! = Xl(il) o Xéi‘“’)7 where Xj(ij) € VJZJ
Then for X € Vj;
[P (X)) < cexp(d; loga + Djlog(1 + |logal)),
where d; = Re); and D; = dim V), — 1, and so

k k
(2.4)| @4 (X1)|| < exp Z (djloga + D;log(1 +|logal)) | TT 1]

2.2. Bessel process

Let b; denotes the Bessel process with a parameter oo > 0 (cf. [10]), i.e., a contin-
uous Markov process with the state space [0, +00) generated by 92 + %&, The
transition function with respect to the measure y?**1dy is given, e.g. in [2, 10],
by:

1 —a?—y? 1
pr(eny) = Eexp( z4ty)l (%) 5 for z,y > 0,
t\Ly - a2
—Qa(Qt)a-glr(a_"_l) exp |~ forz =0,y >0,

where
2 (/2o

In(z) =) —r———
= RT(k+a+1)

is the Bessel function (see [9]). Therefore for x > 0 and a measurable set B C
(0, 00):

P.(b; € B) = / pe(z, y)y*dy.
B

If b; is the Bessel process with a parameter « starting from x, i.e. by = x, then we
will write that b, € BESS,(«) or simply b, € BESS(«) if the starting point is not
important or is clear from the context.
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Properties of the Bessel process are very well known and their proofs are rather
standard. They can be found e.g. in [10, 4, 15, 14]. However, in our paper we
will not explicitly make use of any particular property of the Bessel process. What
we only need is the possibility to generalize some lemmas from Section 5 in [12]
(see Proposition 3.3 in Section 3 below).

2.3. Evolutions

Let X, X1,...,X,, be as in (1.1). Let o : [0,00) — [0,00) be a continuous
function such that o(t) > 0 for every ¢t > 0. We consider the family of evolutions
operators Lg(;) — 0¢, where

(2.5) Loty =o( <Z Do) (X;)° + <I>a(t)(X)>

Since we may assume that Xi,...,X,, are linearly independent we select
X1y, Xy so that Xi,..., X, form a basis of n. For a multi-index I =
(i1,... ,i_n)7 i; € Z" and the basis X7,..., X, of the Lie algebra n of N we write:
X=Xy ... Xiand |I| =i +... 44, For k=0,1,...,00 we define:

C*={f:Xx'feC(N), for |I| <k+1}
and
CF ={feCk: lim X!f(x) exists for |I| < k +1}.
For k < oo the space CX is a Banach space with the norm
Ifllex = > 1X fllew
1<k

Let {U%(s,t) : 0 < s < t} be the unique family of bounded operators on
Co = C2 which satisfy
i) U%(s,s) =1,

) U (s,m)U (r,t) =U(s,t), s <1 <t,
iil) 9,U° (s t)f = —LosyU(s,t) f for every f € Cu,

) 0:U%(s,t)f = U7 (5,t) Lyt f for every f € Cw,

v) U9(s,t): C% — C2.

U°?(s,t) is a convolution operator. Namely, U (s,t)f = f xp°(t,s), where p°(t, s)
is a smooth density of a probability measure. By ii) we have p?(¢,7) * p?(r,s) =
p°(t,s) for t > r > s. Existence of the family U (s,t) follows from [11]

3. THE MAIN RESULTS AND THEIR PROOFS

In this section we obtain pointwise estimates for derivatives of the Green function
(1.2) in the coercive case (i.e. v # 0).
For a positive § < 1/2 define

Ts ={(z,a) E N xRt :1 -6 <a<1+6,|z|<d},
Q ={(z,a) e N xRT : |z| <1,a < 1}.
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Theorem 3.1. For a multi-index I = (i1,...,4), v > 0 and all operators
X = Xl(il)...Xk(f’“), where Xj(ij) € Vjij, with ||XY|| < 1, there are constants C
such that

C(|z| 4 a)~IHI-Q=
XTG_ (@,a)] < § x(1+ [log(al + @) )10 for (z,a) € (QUTH),
C for (z,a) € Q\ Ts
and
C(|z| 4 a)~HI=Q@=vg7
X7G, (@,a)] < { x(1+ |log(|al +a) 1110 for (z,a) € (QUTH),
Ca? for (z,a) € Q\ T

where |[I| = S25_ ijd;, d; = Re);j, and |[I]jo = S-F_,i;D;, D; = dimVy, — 1.

Theorem 3.2. For every nonnegative integer k and v > 0 there is a constant
C such that
Ca=*(|z| +a)= 9"  for (x,a) € (QUTs)°,

k
|aag—’y(zya)‘ S {Ca—k fOT’ (x,a) c Q\T5

and

Ca" F(|z| +a)= @ for (z,a) € (QUT})C,
Car—F for (z,a) € Q\ Ts.

Let a > 0 and 7 > 0. Along with the operator £_., defined in (1.1) we consider
the corresponding operator L,

200 + 1

(31) La=0a"2) ®u(X;)* +a20a(X) + 02 + O =a"2L_,
J

where o = /2. The Green function G,, for L, is given by
Ga(zaa;:%b) = / pt(xaa;yvb)dtv
0

where  Tif(z,a) = [ f(y,b)pi(z,a;y,b)dyb** 1 db is the heat semigroup on
L?(N x R*, dyb***1db) with the infinitesimal generator L.
On N x RT we define dilations:

Dy(z,a) = (D:(z), ta), t>0.

It is not difficult to check that although the operator L, is not left-invariant it has
some homogeneity with respect to the family of dilations introduced above:

Lo(f o Dy) = t*Lgf o Dy.
This implies that
(3.2) Gal(x,a;y,b) = t7972*Go(Dy-1 (z, a); Dy (y, b))
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It turns out (see (1.17) in [4]) that
(3.3) G(2,a) = Gypa(e, 1iz,a) = G p(,a5e, 1),

where G7, is the Green function for the operator

L =a"") 04(X;)? —a®u(X) + 0 + 20‘: 1aa
conjugate to L, with respect to the measure a?**!dadz. Moreover,
(34) Gi(z,a;e,1) = %13%) 000 E1p7 (t,0)(2)ma(Lay) 11, (00)dt,
where
(3.5) ma(I) = / a***lda

I

and the expectation is taken with respect to the distribution of the Bessel process
with the parameter « starting from 1, i.e., BESS; («) on the space C((0, 0),(0, 00)),
p?(t,0) is the transition function of the evolution generated by the operator (2.5)
and I, , = [a—n,a+7).

Since L_~(-) = a 7L, (a”) it follows that

(3.6) G, (za,yb) = a"G_(za,yb)b™"
and therefore, by (3.3) and (3.6),
(3.7) G, (w,0) = G o, as e, )a.

Before we go the proofs we note the following important proposition which gives
estimates on the set Q \ Ts of some functional of the evolution p.

Proposition 3.3. For every 1 > § > 1/2, for every 0 < xo < 1,0 <rg <1
and for every multi-index I such that |I| > 0 there exists a constant C such that
for every (z,a) € Q\ Ty,

sup |/ EXXIp”(t,0)(ac)ma(Iam)_111m(at)dt|§C.
o<n<s/2 Jo

Sketch of the proof. It is enough to notice that Lemmas 5.1-5.5 in [12] remain
valid if we replace BESS;(0) by BESS; (), a > 0 and m = mg by m, defined in
(3.5). O

After this preparatory facts we are ready to give

Proof of Theorem 3.1. For r > 0, define
V, ={(z,a) € N xR" :|(z,a)| =1},

where |(z,a)| = |z| + a.
Let 0 < 6 < 1/2 and a multi-index I be fixed.
Case 1. We consider the set

51=Q\T5.
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By Proposition 3.3 it follows that there exists a positive constant C' such that
(3.8) XIGE (e, ae,1)| < C

for every (z,a) € S; := S; N{(z,a) € N xRt : a < 1—6}. But S; \ IntS) is
a compact set and G , is a continuous function so we get (3.8) on Sy. Therefore
on S7 we have that

X1 (5, a)| = [X1G? (056, 1)| < C
and
|X1G, (z,a)| = |XIG:/2(x,a;e, 1)a”| < Ca™.
Case 2. We consider the set
Sy ={(x,a) € N xR" : |z| > 1,|z| > a}.
(Of course, So NTs = ().) Every element (z,a) € N x RT can be written as
(x,a) = Dy(y,b), where (y,b) € V1 and t = |(z,a)| = |z| + a.
By homogeneity of G, (see (3.2)) and (2.4) we get
|X1G (2, a5e,1)] =| X1 G )5 (Di(y. b), Dele,t™1))]
=[ -1 (X1)(G7 ) 0 D)y, bie,t™1)]
<t~ M1 4 |10gt—1‘)\|1\|0

(3.9) x sup [V7(Gy 0 Do)y, bie,t )|
IYII<1

<(lz] + @)~ M= (1 + | log |z, a)| 1) e

X Sup |yl ;Q(y,b;e,|(x,a)|_1)|.
/
Ivi<i

Virtually the same argument as in the proof of Theorem 6.1 in [12] together with
Proposition 3.3 give us

|X1G (2, a5e,1)| < O(|z] + a) " M1=Q=7(1 + |log |(z, a)| 71 |)llo.
Thus by (3.3) and (3.7) we get
(3.10) |X'G_ (2,a)| < C(|z| +a) " MI=Q=7(1 4 |1og |(x, a)| ")l
and
(3.11) X6, (2.0)] < Ca'(la] +a) M1-9-7(1 + [log] (2, a)] ') "1e
Case 3. Finally we consider the set
Sy ={(z,a) €T5:a > |z|,a > 1}.

Because V; NTs # () we write every element (z,a) € N x Rt as a dilation of some
element from V5 :

(z,a) = D¢(y,b), where (y,b) € V15 and t = 2|(z,a)| = 2|z| + 2a.
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By homogeneity, we can write analogously to (3.9),
(3.12) |X1GE y(x,aze,1)| < 27 MHI=C=7 (|| 4 )~ IHI=@=

v/2
x (1+ |log|(z, )| NI sup VIG5 (y, bre, B)].
Ivi<1
where 3 = 27Y(|z| + a)~!. Now using Proposition 3.3 we proceed exactly in the
same way as in the proof of Theorem 6.1 in [12] and we get that there exists a
constant C' such that supjy<; [V G*(y, b; e,3)| in (3.12) is less than or equal to
C. Hence we get (3.10) and (3.11) on S3 and the proof is done. O

Proof of Theorem 3.2. Estimates for 9%G.. follows easily from estimates for
G+, (given in the previous theorem) and the Harnack inequality, exactly in the
same way as it was shown in [12] for Gy. However, for the sake of completeness we
repeat the argument here since it is very short.

We may assume that k > 0 since for k£ = 0 the result follows from the previous
Theorem.

It can be easily proved by induction that for every integer k > 1 we have

k—1
(ad,)* = a*0% + Z cjal o,
j=1
where c; € Z. Therefore
k—1
a*of = (ad,)* — Z cja’ 9l
j=1

Applying the above formula recursively to the terms a’9? we get that
k—1
(3.13) a" 0 = (ada)* + ) a;j(ada)’,
j=1
where a; € Z. Note that the operator ad, is left-invariant. Thus, by (3.13) and

the Harnack inequality (cf. [18]) we have for every (z,a) ¢ Ts,
k—1

10" 043G, (2,0)| <|(a8a)"Gr (x,0)| + D |al[(000)7 Gy (, )|
k-1 .
<CoGar(,a) + Y |0;]C;Gur(2,a) < CGay(w,a).
j=1
This inequality together with the estimate for G+, complete the proof. O
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