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GATEAUX DIFFERENTIABILITY FOR FUNCTIONALS
OF TYPE ORLICZ-LORENTZ

F. E. LEVIS anp H. H. CUENYA

ABSTRACT. Let (2,4, 1) be a o-finite nonatomic measure space and let A, 4 be
the Orlicz-Lorentz space. We study the Gateaux differentiability of the functional

oo

Vy.s(f) = [ ¢(f*)w. More precisely we give an exact characterization of those
0

points in the Orlicz-Lorentz space A,, 4 where the Gateaux derivative exists. This

paper extends known results already on Lorent spaces, Lq,q, 1 < ¢ < co. The case
q = 1, it has been considered.

1. INTRODUCTION

Let (22, A, i) be a o-finite nonatomic measure space, My = M (Q, A, p) the class
of p-measurable functions on 2 that are finite p-a.e..

As usual, for f € My we denote by py its distribution function and by f* its
decreasing rearrangement. If two functions f and ¢ have the same distribution
function we say that they are equimeasurable and we put f ~ g. The reader can
see [1] for definitions and properties.

Now recall some basic notations and definitions. Let ¢ : Ry — R, be differen-
tiable, convex, ¢(0) = 0, ¢(t) > 0 for ¢ > 0 and a weight function w : (0,7) — R4,
for v < oo, be nonincreasing and locally integrable with respect to the Lebesgue
measure m. For f € Mg let

Voolf) = [ o Oeamo.
We consider the Orlicz-Lorentz space
Apo ={f eMy:T,s(A\f) <oo forall X>0}.
It is clear that w = const, Ay 4 becomes an ordinary Orlicz space Lg. On the
other hand setting ¢(t) = 9, w(t) = t» ' we obtain the Lorentz space LP*? in the
case 1 < ¢ <p<ooand Wy 4(f) = [l

It is well known that the functional ¥,, 4 : My — [0,00] is an orthogonally
subadditive convex modular and Wy, 4(f) = sup,_,, [ ¢(|f])v, (see [7]). In [2]
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the authors make the following assertion: If 1 < ¢ < oo and the weight w is strictly
decreasing, it is known that L, , has a Gateaux differentiable norm at f if and
only if u{|f| = s} = 0 for any s > 0. However we observe that the Corollary 3 in
[2] does not hold when ¢ = 1. In section 4, we give an example which shows that
the Corollary 3 in [2] is not true. So, we can not get in this case the set of points
where the Gateaux derivative exists.

Our main purpose in this paper it will be to give an exact characterization of
those points in A, 4 where there is the Gateaux derivative of the functional ¥, 4,
when ¢ is differentiable and w is a stritly decreasing function. We remark that
this work generalizes the known results over differentibility in Lorentz spaces for
1 <g<o0.

For f,h € Ay, we will use in this work the one-sided Gateaux derivatives
Ve (f, ) = lim, e LeelEWboelD) oy (£ p) = Tim, - LesellEsh=Tuald)

S

Definition 1.1. We say that a function f € Ay ¢ is a smooth point if there
exists the Gateaux derivative of the functional ¥, 4 in f,i.e., if vy (f, h) =v_(f, h)
for all h € Ay, 4. We denote it by v(f, h).

Let f € Ay,4. By redefining f, if necessary, on a set of p-measure zero, we
may assume that |f| and f* have the same non-null range, say R(f). Since f* is
decreasing, if A € R(f), each I;(A) = {t > 0: f*(¢) = A} is either a singleton or
an interval. The case where I7(\) is an interval, can occur for at most countably
many values of A\, say W (f). We introduce the following sets, which will play an
important role later,

E(f)=0- |J Cr(n) where Cy(\)={x € Qf(z)| =},
AEW(f)

EW? ={f € Ay.g — {0} : u(supp (f) — E(f)) = 0}

and
AP = VPN {f € Ay p(Q —supp(f)) =0 or m(supp(f*)) = oo}

where m is the Lebesgue measure and supp (f) is the support of the function f.

Let us now agree on some terminology. A function o : (2, u) — (S, v) is called
a measure preserving transformation (m.p.t) if for each v-measurable set I C S,
o~ 1(I) is p-measurable and p(o~1(I)) = v(I). It is very important to emphasize
that any m.p.t. induce equimeasurability, that is, if g € Mo(S,v) then |g| oo is
a p-measurable function on Q and |g| o o ~ |g|.

If f € Ay,g, then limy_,o f*(¢) = 0. In consequence, by Ryff Theorem (see [1])
there is a m.p.t. o : supp(f) — supp(f*) such that |f| = f* oo p-ae. on
supp (f). We denote such a o by o and we observe that o satisfies ¢ (| f|) < oy

on supp (f).
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2. A CHARACTERIZATION OF THE SMOOTH POINTS IN A, 4 WHEN ¢, (0) =0

In this section, we obtain a characterization of smooth points in the Orlicz-Lorentz
space Ay g, when ¢/, (0) = 0. More precisely, we prove that the set of smooth
points in this A, 4, is £2?.

For the proof of the main theorem, we need some auxiliary lemmas.

Lemma 2.1. Let f,h € Ay, A :=supp(h) —supp(f) and s a nonzero
real number be. If uw(A) > 0, then there is a m.p.t osisn such that |f + sh| =
(f +sh)* ocoyisn p-a.e on supp(f + sh) and opy, < Opisn p-a.e on A, where
Ohya 05 given by Ryff in [1].

Proof. From [1] as ax = pu(Chy, (N)) < o0,

o () = inf{t:z € Ext} + pnya(N) X € W(hxa),z € Chy,(N)
hxa Ehya(A) otherwise

where {E) ; : 0 <t < ay} is an increasing family of y-measurable subsets (i.f.m.s)
of Chy , (A) such that p(Ey ) =t for 0 <t < ay.

For each A € R(f + sh) we define a function ay : Cyysn(A) — If4sn(A) in the
following way. If A & W (f+sh), then I ¢,()) is a singleton and we define oy (z) =
trtsh(A). Now suppose that A € W(f + sh). Since |s|W (hxa) C W(f + sh) then
A & |s|W(hxa) or there is a B € W(hya) such that A\ = |s|3. In the first case,
let ) be the m.p.t given in [1], proposition I1.7.4. For the second case, we have
Chxa(B) C Crisn(A). We call D := Cpyon(X) — Chya(B) and ky = p(D). If
kx = 0 then ag = p(Cyisn(A)). Here we consider {Eg; : 0 <t < ag} an i.fm.s
of Cpisn(N) with u(Esy) =t, 0 <t < ag and the mapping a)(z) = inf{t : z €
Egi}t + pip+sn(A) is a m.p.t Finally, if kyx > 0let {Ry;:0 <t < ky} be an i.m.fs
of D such that u(Ry:) =t, 0 <t < ky. Then

Uy, — Eg Hfo<t< ag
At Rt—aﬁ U ChXA(ﬁ) if ag <t <ag+ky

is an i.fm.s of Cpign(A) such that p(Uxy) = ¢, 0 <t < ag + kx. So, ax(z) =
inf{t:x € Uss} + pyysn(A) is a m.p.t.
Now, we define o p, : supp (f + sh) — supp(f + sh)* by

oresh(x) = ax(z), (A€ R(f+sh), v € Crisn(N)).

Clearly, of4sp is a m.p.t and |f + sh| = (f + sh)* 0 0544n p-a.e on supp(f + sh).
On the other hand, for € A and A = |h(x)|, we have € Chy, (A) C Crysn(|s|A).
Since fshy, < Hptsh, if A € W(hxa), we get opy,(z) < inf{t : € Ey;}

+
tirsn([SIA) = oppsn(@). A ¢ W(hxa), Onya (@) = pinxa(A) < prrisn(|s|A) <
0 f+sn(z). The proof is complete. O

Henceforth, we consider in this paper the m.p.t o455, given in lemma 2.1
Lemma 2.2. Let f,h € Ay . If f* is continuous at ty then
lim (f + sh)"(to) = f*(to)-
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Proof. Let (sn)nen be an arbitrary sequence such that lim, .o s, = 0. As
lim,, oo |f + snh| = |f], it is well known that f*(t) < lim, (f + s,h)*(t) for all
t>0.

Using a property of the decreasing rearrangement we obtain for m € N and

£>0, (f+8.h)*(t) = (f +50h)* (mLHt + m%g) < f (m%lt) £ || ¥ (m%lt) .

Therefore, we have lim,,(f + s,h)*(t) < f* (mlﬂt) As f* is continuous in tp,

taking limit for m — oo, we have
Hn(f + s4h)" (to) < f*(t0).
The proof is complete. O

Lemma 2.3. Let A, {An}tnen and {Bp}nen be subsets of Q such that
w(By, —Ap) =0 for allm € N and A C lim, B, =: By. If A := lim, A,, then
u(4) = (A0 Ag).

Proof. We note that
(2.1) A=(ANA)UANUZ (B, —A4,)).

In fact, if © € A, there exists m € N such that € (), B,. Suppose that
x ¢ Ap then there exists k € N| k > m such that « ¢ Ag. Thus z € By — Ag. The
reciprocal inclusion is obvious, so (2.1) is true.

Since u(B, — Ap) =0 for all n € N, (2.1) implies that p(A) = p(AN Ap). O

Lemma 2.4. Let f € Ay and (Sn)nen be such that p(E(f)) >0 and
lim;, oo 8, = 0. Then for all h € Ay 4,

lim oyys,n(x) =0y(2)

n—oo

w-a.e on E(f)Nsupp(f).

Proof. Let A:= E(f)n{z € supp(f) : |f(z)| = froos(x)}, By :=supp(f+snh)
and A,, := {z € supp(f+sph) : |f(x)+sph(z)| = (f+sph) 0ofis, n(z)}. Clearly
A C lim, B,,. Since |f + sph| = (f + sph)* 0 0jys,n p-a.e on supp (f + sph), we
have p(B, —A,) =0 for all n € N. As u(E(f)Nsupp(f)) = n(A), from lemma 2.3
we get

u(E(f) Nsupp(f)) = p(ANLm Ay).

We will prove that lim,, o 015, n(x) = op(z) for all x € ANlim, A,. Assume
that it is false, then there exist + € A Nlim, A,, € > 0 and a subsequence of
(Sn)nen which we again denote by (sy)nen such that |opys, n(z) —o(z)] > €.
Consider the following sets

N={neN:ossn(®)>cp(x)+etand M ={neN:ospis n(z) <os(z)— e}

Clearly some of these sets must be infinite. Suppose that card(N)= co. Since the
points of noncontinuity of f* are at most countably, there exists 0 < § < €, such
that f* is continuous in os(x) + 6.
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As z € A, from lemma 2.2 we have

)
[f(@)] = f(op(2)) > fr(op(x) +5) = fr(op(x) +0) = lim (f+snh) (o () +9).
Since z € lim, A,, for n large enough in N we obtain

[f (@) + snh(z)| = (f + snh)" 0 0 s,n(2).

Therefore
Jm (4 suh)" (05 (2) +0) 2 Jim (F + 8uh)" (0745,0(2) = |F (@)

It is a contradiction, so the card(N') must be finite.
We now suppose that card(M)= co. Then

[f(@)] = f(os(2)) < [*(of(2) = %) < fHlog(@) =€) <Im(f + snh)™(05(2) —€).
For n large enough in M, (f + s,h)*(05(z) —€) < |f(x)+ sph(z)|, and we obtain
Em(f + snh)" (o (@) =€) < |f(@)];

which is other contradiction, so the card(M) must be finite. The proof is complete.
O

Lemma 2.5. Let f,h € Ay 4 be with w(E(f)) > 0. If C := E(f) Nsupp(f)
then

iy w(ag ) LD =00, [ wlensrnss(pna

supp(f+sh)NC C

Proof. Let (s,)nen be an arbitrary sequence such that lim,, . s, = 0 and let
(wn)nen be a sequence of p-measurable functions on € defined by

wn () = w(ofis,n(r)) if x€supp(f+s,h)NC
0 otherwise.

Clearly

7+ 00 = 68D, _ [, 20U ) =8,

w\o nh
( f+s ) P P
supp(f+snh)NC C

Let H := {t € supp(f*) : w is continuous at ¢} and D := ANlim 6 A4, N O';I(H)
where A and A,, are the sets defined in lemma 2.4 Then p(D) = u(C). In fact,
by the proof of the lemma 2.4 we have pu(A Nlim, A,) = p(C). On the other
hand, as supp (f) — o '(H) C o' (supp (f*) — H) and p(o ;" (supp (f*) — H)) =
m(supp (f*) — H) = 0, we get u(D) = p(ANlim, Ay,).

So, if v € D we get

Jim wnd(2(]f] + [h])) = wlop)e2(|f] + [p])) on D

and

n— oo Sn
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Moreover, for all n € N such that 0 < |s,] < 1, wn%w <
wnd(2(|f| + |R])). On the other hand,

(2.2) / w(os)o2(|f[ + [h]))dp < /Oo wo(2(] f| + [h])*)dt < oo.
supp(f) 0

Then by the generalized Lebesgue convergence theorem we have

b [ €US + 52hD) = 6(1£)

n—oo [~ Sn

dp = /C w(o )& (1f]) se(f)hd.

Remark. We observe that the lemma 2.5 holds when ¢/, (0) > 0.

Theorem 2.6. If f € £, 4 and h € Ay, 4 then

A = [ o6 ) ss( .

Proof. Since

wo(f7) ~w(op)o(|f]) and w((f + sh)*) ~ wlorisn)d(|f + shl)

we have

()= / w(o ) f )ty Vo (f + sh)= / w(©a)$(|f + shl)dp.

supp (f) supp (f+sh)

As (w(oyf))* =w in [0, u(supp(f)), by the Hardy-Littlewood inequality (see [1])

[ wtopelis +suian < [ T w(6((f + sh) (1) dt.
supp (f) 0

In consequence, for all s > 0 we get

. ( [ wlorsaolls +shdn— [ w(of>¢(|f+sh|)du> >0,
supp (f+sh) supp (f)

So

w S - *w sh|) —
(g Lmell o) = elf) s [ ST =D,
supp (f) s

Analogously with f + sh to instead of f, we get for s > 0 the inequality
\Ilw,qb(f + Sh) — qu,(ﬁ(f)
(2.4) N

S s = (1D,
= /supp(f+sh) ( f+5h) S -
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Similarly for all s <0

/ (o) 2L D = SUFD ) Yol + 5h) = Yuno(f)

S - S
supp (f+sh)
(2.5)

< [ utopHrm oo,

s
supp (f)

For all s, 0 < |s| <1, w(of)w < w(of)d(2(]f| + |h])). Thus, from

(2.4) and the Lebesgue convergence theorem we get

UL+ oM = 7D, _ |

supp (f)

w(os)d'(|f1) sg(f)hdp.

lim w(oy
570 Jsupp (1)

We now consider A := supp (h) — supp (f) and the following functions
+ sh|) — @
Ho= [ w200,

supp (f+sh)

K(s) = /A W(os1am)

ollshl) ,

)

and

o(|f + sh]) — o(1f])
w(0 f4sh)

/supp(f+sh)ﬁE(.f)ﬁSUPp(f) s
Since f € &,,¢ we have H(s) = L(s) + K(s). In addition, by lemma 2.5 we get

lim L(s) = / L end U se(h.

s—0

L(s) =

dp.

If u(A) =0, then K(s) = 0. In otherwise, from lemma 2.1, we get
(Ishl) ¢(|sh)

wlopea) X < (e )

p-a.e on A.

Moreover, lim,_.q w(othA)M =0, w(ahXA)%“hl) < w(opy)o(lh]) if |s| <1

[s] =
and

[ 0@ ohdn < W (1) < o,

Thus by generalized Lebesgue convergence theorem, lim;_.o K(s) = 0, which im-
plies that

i () = | g U s

s—0

Finally from (2.3), (2.4) and (2.5) we obtain

W= [ e se
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Corollary 2.7. For all f € £,

L(f) = wlps (1) (1£]) sg(f)
where I' denotes the Gateaux gradient operator.

Proof. Since oy(xz) = pys(|f(x)|) on supp(f), the corollary is an immediate
consequence of theorem 2.6 (]

Next, we establish the main result of this section.

Theorem 2.8. Suppose that w is a strictly decreasing function. f € Ay ¢ is
a smooth point if only if f € EW-®.

Proof. The sufficient condition follows from theorem 2.6.

Suppose now that f ¢ £¥¢. If f = 0 then for any h € Ay, 4 — {0}, v+ (f, h) #
~v—(f,h), so f is not a smooth point. Assume f # 0. Then there exists r > 0
such that p(Cf(r)) = @ > 0. As p is nonatomic, there is a set A C Cy(r) such
that u(A) = §. We define h € Ay g by h(z) = xa(z)sg(f(z)). For s > 0, we
call f¢ = f+ sh and gs = f — sh. From the definition of h, for sufficiently small
positive s, we have |fs| = |f| + s|h| and |gs| = |f|] — s|h|. Next, if s < r and

pp(r) < pg(r+s)+ ¢, we obtain

AN+ ifr<A<r+
i) = { e

() otherwise
and
rts if py(r+s)<t<pp(r+s)+4
ry=9q [(t=%) if pp(r+s)+§<t<u(r)+4
() otherwise
Thus,
Wo(f) = Puo(f) _ /“f(” w209 = O 0)
5 g (r+s) s
s G+ s) = (r)
+ ty———————~ 2t
/Hf(T') wlt) S
(r+% x4 a)) _
T e,
pr(r+s)+§ s

It is easy to prove that the first and third terms in the equality above tend to zero
as s — 0. A straightforward computation leads to

pr(r)+4%
v (fh) = &'(r) / wit)dt.

py(r)
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Since ¢(t) > 0 fort > 0, ¢'(r) > 0. On the other hand, if s < rand s (r — s)—§ <
wr(r) + a, we obtain, in a similar way,

o - ,U.f(?"—S)—% . (¢ a
wslo) ~Vuolf) _ | W2 O 8
s ng(r)+ia §
wg(r)+a _ _
[ e,
py(r—s)—% §
wy(r—s) * _ _
[ et
ps(r)+a §
Therefore
, py(r)ta
-t =d0) [ wibn
ng(r)+ia
Since w is strictly decreasing, v_(f,h) < v+(f,h). We conclude that f is not
a smooth point. O

Remark. We observe that the necessary condition of theorem 2.8 holds when
#,(0) > 0.

3. A CHARACTERIZATION OF THE SMOOTH POINTS IN A, 4 WHEN ¢, (0) >0

In this section we give a characterization of smooth points in Orlicz-Lorentz space
Aw,g when ¢ (0) > 0. We will use a similar technical to the developed in the
section two. We assume here that tlim w(t) = 0.

—00

We begin with two auxiliary lemmas.
Lemma 3.1. Let f,h € Ay . If py is continuous at X then
L pigpsn(A) = g (A)-

Proof. Let s be such that 0 < |s| < 1. Using properties of the distribution
function we have

Mf+sh()‘) = Hf+sh ((1 - \/M)/\ + \/M/\>
(3.1) .
< iy (1= VISDA) + (mx) ,

|s

limg_,0 p2p, (\/l?)\> =0 and pr(A) < lim, pyysn(A). In addition, by hypotheses,

Is]

we have limg_o 7 ((1—+/|s[)A) = py(N). From (3.1), limg pts45n(A) < pp(N). The
proof follows immediately. O

Lemma 3.2. Let f € £? and h € Ay, be. If m(supp(f*)) = oo then

lin% oftsh(x) =00  for all x € supp (h) — supp(f).
S—
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Proof. If supp (h) —supp (f) = @, it is trivial. In either case, let = € supp (h) —
supp (f). Given M > 0, since m(supp(f*)) = oo we can choice s; such that
pr(lsih(x)]) > M. As f € %% puy is continuous. Then by lemma 3.1
limg o prisn(|sih(@)|) = pr(|sih(z)]). Thus pyysn(|sih(z)]) > M for sufficiently
small s. It follows that M < pysysn(|sh(x)|) for sufficiently small s. Finally, for
the last remark in the introduction we have ¢y s5(|sh(x)|) < op4sn(z). The proof
is complete. O

Theorem 3.3. If f € A% and h € Ay, then
W= [ (oo £ se(Hhdp.
supp (f)

Proof. We proceed analogously to the proof of theorem 2.6. According to the
remark of lemma 2.5, we only need to prove that lims_,o K(s) = 0. Let A :=
supp (h) — supp (f). If u(2 —supp(f)) = 0 then pu(A) = 0. Therefore K(s) = 0.
Suppose that pu(A) > 0 and m(supp(f*)) = co. From lemma 2.1, op,, (z) <
op4sn(x) for all z € A. In addition, [, w(ony,)@(|h])dp < Wy ¢(h) < oo. There-
fore by lemma 3.2 and the Lebesgue convergence theorem, lims .o K(s) =0. O

Corollary 3.4. For all f € AW,
L(f) = wlus (1) (1f1) s8(f)

where I' denotes the Gateauz gradient operator.

Theorem 3.5. Suppose that w is a strictly decreasing function. f € Ay 4 s a
smooth point if only if f € AW-®.

Proof. The sufficient condition is immediate consequence of theorem 3.3.

Assume that f ¢ AY?. If f ¢ £9% then f is not a smooth point because the
remark of theorem 2.8. We now suppose that f € €% so u(Q — supp(f)) > 0
and m(supp (f*)) < co. Take a set A C @ —supp(f) with 0 < u(A) < co and let
h(z) = x,(z). A straightforward computation leads to

_ ng(0)+p(A)
(32)  tim SwellHsh) ZWuoll) _ 4y () / w(t)dt
0% s s (0)

i'e'a ’Y+(f7h)7é7—(f7h) U

Remark. It is well known that £¥¢ and A“? are dense sets in the Lorentz
space because the points of Gateaux-differentiability of the norm in a separable
space form always a dense set.

4. AN EXAMPLE

In [2], the authors have established the following corollary for 1 < ¢ < oo :
Corollary. Let f and h be any elements in L, 4, Then

N shT = AA e f A shl = 1
lim = lim
510 s 510 s
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if and only if for all A > 0, u(|f| = A) > 0 implies h-sg(f) is constant on | f|~1(\).
However, next we give an example which shows that the Corollary does not
hold for ¢ = 1.

Example. Let f € Ly, 1(0,00) be defined by f(x) = (1—2)x[0,1)(z). According
to corollary 3, f should be a smooth point, however f ¢ AP:L.
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