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COMPACTIFICATIONS OF FRACTAL STRUCTURES

F. G. ARENAS aND M. A. SANCHEZ-GRANERO

ABSTRACT. In this paper we introduce GF-compactifications, which are compactifi-
cations of GF-spaces (a new notion introduced by the authors). We study properties
of this new kind of compactification and prove that every GF-compactification is
of Wallman type. We also prove that every metrizable compactification of a metric
space X is a GF-compactification and, as a corollary, that every metric compactifi-
cation is of Wallman type, giving a new proof of a result that dates back to Aarts.
Finally, we prove some extension theorems.

1. INTRODUCTION

Wallman compactification are the most successful attempt to obtain the whole lat-
tice of compactifications of any topological space by means of a unique definition.
In fact, until [18] was published, it was believed that every compactification was
of Wallman type and it was known since [1] that every metric compactification is
of Wallman type.

In this paper we introduce GF-compactifications, which are compactifications
of GF-spaces (introduced in [4] by the authors). They are an analogue for GF-
spaces of the spirit underlying the definition of Wallman compactification. In
fact, they are nothing but half-completions of totally bounded point-symmetric
non-archimedean quasimetrics. We are going to study properties of this compact-
ifications (for example their relations with subspaces and products), and we are
going to prove that every metrizable compactification of a topological space X,
can be obtained as the GF-compactification of X, for some fractal structure over
X. Afterwards, we are going to prove some extension theorems for mappings be-
tween GF-spaces. Finally, we are going to see how to get GF-compactifications by
means of Wallman compactifications (associated with a lattice constructed from
the fractal structure), obtaining as a corollary a classical result that dates back to
Aarts in the sixties.
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2. GF-SPACES

Now, we recall from [4] some definitions and introduce some notations that will
be useful in this paper.

Let ' = {I', : n € N} be a countable family of coverings. Recall that
St(2,Tn) = Upea, a,cr, An; we also define UL, = St(z,T,) \ Usga, a,er, An
which will be noted also by U,,, if there is no doubt about the family. We also
denote by St(z,T') = {St(z,T) : n € N} and U,, = {U,y, : n € N}.

A (base B of a) quasiuniformity I on a set X is a (base B of a) filter U of binary
relations (called entourages) on X such that (a) each element of U contains the
diagonal Ax of X x X and (b) for any U € U there is V € U satisfying VoV C U.
A base B of a quasiuniformity is called transitive if Bo B = B for all B € B. The
theory of quasiuniform spaces is covered in [12].

If U is a quasiuniformity on X, then so is U~! = {U~! : U € U}, where
U=t ={(y,z): (x,y) € U}. The generated uniformity on X is denoted by U*. A
base is given by the entourages U* = UNU 1. The topology 7(U) induced by the
quasiuniformity ¢ is that in which the sets U(z) = {y € X : (z,y) € U}, where
U € U, form a neighbourhood base for each z € X. There is also the topology
7(U™1) induced by the inverse quasiuniformity. In this paper, we consider only
spaces where 7(U) is Tp.

A quasipseudometric on a set X is a nonnegative real-valued function d on X x X
such that for all z,y, z € X:(i) d(z,x) = 0, and (ii) d(z,y) < d(z, z)+d(z,y). If in
addition d satisfies the condition (iii) d(x,y) = 0 iff x = y, then d is called a quasi-
metric. A non-archimedean quasipseudometric is a quasipseudometric that verifies
d(z,y) < max{d(z,z),d(z,y)} for all z,y,z € X.

Each quasipseudometric d on X generates a quasiuniformity U; on X which has
as a base the family of sets of the form {(z,y) € X x X : d(z,y) < 27"}, n € N.
Then the topology 7(Uy) induced by Uy, will be denoted simply by 7(d).

A space (X, 7) is said to be (non-archimedeanly) quasipseudometrizable if there
is a (non-archimedean) quasipseudometric d on X such that 7 = 7(d).

A relation < on a set G is called a partial order on G if it is a transitive
antisymmetric reflexive relation on G. If < is a partial order on a set GG, then
(G, <) is called a partially ordered set.

(G, <,7) will be called a poset (partially ordered set) or T-Alexandroff space
if (G,<) is a partially ordered set and 7 is that in which the sets [g,— [=
{h € G : g < h} form a neighborhood base for each g € G (we say that the
topology 7 is induced by <). Note that then {g} =] «, g for all g € G.

Let us remark that amap f : G — H between two posets G and H is continuous
if and only if it is order preserving, i.e. g1 < go implies f(g1) < f(g2).

Let T be a covering of X. T' is said to be locally finite if for all x € X there
exists a neighborhood of x which meets only a finite number of elements of I'. T is
said to be a tiling, if all elements of I' are regularly closed and they have disjoint
interiors (see [3]). We say that I' is quasi-disjoint if AN B =0 or ANB° =0
holds for all A # B € I'. Note that if I is a tiling, then it is quasi-disjoint.
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Definition 2.1. Let X be a topological space. A pre-fractal structure over X
is a family of coverings T' = {T';, : n € N} such that U, is an open neighborhood
base of x for all z € X.

Furthermore, if I';, is a closed covering and for all n, I',1 1 is a refinement of ',
such that for all x € A,,, with A4,, € [, thereis A,11 € 412 € Apy1 C Ay,
we will say that I is a fractal structure over X.

If T is a (pre-) fractal structure over X, we will say that (X,T) is a generalized
(pre-) fractal space or simply a (pre-) GF-space. If there is no doubt about T,
then we will say that X is a (pre-) GF-space.

If T is a fractal structure over X, and St(x,T) is a neighborhood base of x for
all x € X, we will call (X,T') a starbase GF-space.

If T',, has the property P for all n € N, and T is a fractal structure over X,
we will say that I' is a fractal structure over X with the property P, and that X
is a GF-space with the property P. For example, if I'), is locally finite for every
natural number n, and I" is a fractal structure over X, we will say that I" is a locally
finite fractal structure over X, and that (X,T") is a locally finite GF-space.

Call U, = {(z,y) € X x X 1y € Upp}, U,k = U Hz) and Ut = {U}:
n € N}.

It is proved in [4, Prop. 3.2] that U} =(,c, An forallz € X and all n € N.

Let (X,T') be a (pre-)GF-space and A be a subspace of X. The fractal structure
induced to A (see [4]) is defined as (A,T'4), where T'y = {I', : n € N} and
I ={A,NA: A, eTl,}.

Let (X;,T") be a countable family of (pre-) GF-spaces. The fractal structure
induced to the countable product (see [4]) is defined as (] [;cn Xo, [ [;en '), where
[Len T = {Th:neNyand Iy, = {N;., p; (AL) : A% € T} (where p; is the
projection from the product space to Xi)i.

In [4], the authors introduced the following construction. Let T' be a fractal
structure, and let define G,, = {U}, : « € X}, and define in G,, the following
order relation Uy, <,, Uy, if y € Upyy,. It holds that G,, is a poset with this order
relation and its associated topology.

Let p,, be the quotient map from X onto G,, which carries « in X to U} (z) in
G,. Tt also holds that p,, is continuous.

We also consider the map ¢, : G, — G,,—1 defined by ¢, (pn(x)) = pr-1(x).
It holds that ¢, is continuous.

Let p be the map from X to lim G, which carries z in X to (pn(2)), in im G,,.
Note that p is well defined and continuous (by definition of ¢,, and the continuity
of p, and ¢, for all n). It holds that p is an embedding of X into limG,. We
shall identify X with p(X) whenever we need it.

Definition 2.2. Let (X,T') be a GF-space, and G,, = G,(T'). We define
G(X) = G(X,T) as the subset of all closed points of lim .

Note that G(X) is also the set of minimal points of lim G, with the order g < h
if and only if g, <, hy, for all n € N and that G(X) is T;.



4 F. G. ARENAS anD M. A. SANCHEZ-GRANERO

The fractal structure, noted by G(T'), associated with limG,, is defined as
GTn) = {An(gn) : gn € Gp}, where for each g, € G, we define A, (g,) =
{helimG, : hy <y gn}t-

Associated with each fractal structure I', we can construct (see [4]) a non-
archimedean quasipseudometric dp defined by 2=+ if y € U, \ Uz(nt1), by 1
ify € Uyy and by 0 if y € Uy, for all n € N. It holds that U,,, = B(z, %) If dis
a non-archimedean quasi-pseudometric and we define I';, = {By-1(x, 2%) cx € X},
then T' = {T',, : n € N} is a fractal structure, which we call fractal structure
associated with d. If T' is a fractal structure, it follows that G(I") coincides with
the fractal structure associated with dr.

3. GF-MAPS

In this section we study the concept of GF-map and GF-isomorphism (whose
equivalent for quasi-pseudometrics is the concept of surjective isometry, and whose
equivalent for inverse limit of a sequence of posets is the concept of map between
inverse limits), and we also study a weaker concept, which will correspond to the
concept of quasi-uniformly continuous map.

Definition 3.1. Let (X,T') and (Y, A) be GF-spaces, and let f: X — Y be
a map such that f(Uzn) C Ug(z), for all x € X and for all n € N. We call that
map a GF-map.

If there exists a bijective GF-map between X and Y, such that the inverse is
also a GF-map, we say that X and Y are GF-isomorphic.

The above definition can be rephrased as follows.

Proposition 3.2. Let (X,T) and (Y, A) be GF-spaces, and let f: X —Y be
a map. Then the following statements are equivalent:
1. f is a GF-map.
2. f is nonexpansive, that is, dr(f(x), f(y)) < da(z,y) for all z,y € X.
3. pnof = fnopn, where fr, : Go(X) — G,(Y) is an order-preserving map,
for alln € N.

Proof. The equivalence between 1) and 2) is clear.
1) implies 3). It is clear that if f is a GF-map, then f(U3,,) € U} ,,,,- Define f,, :
Gn(X) = Go(Y) by fo(pn(z)) = pp(f(x)). It is clear from what we have proved
that f, is well defined, and since f is a GF-map, if y € Uy, then f(y) € Uy,
and then f, is order-preserving.

3) implies 1). Let y € Uy, then p,(z) <,, pn(y), and since f,, is order-preserving
then fy,(pn(2)) < fn(pn(y)), and since pp o f = fn 0 py, then p,(f(2)) <pn pn(f(y))
and then f(y) € Uf(z)n, what proves that f is a GF-map. O

A sufficient condition to get a GF-map is the following.

Proposition 3.3. Let (X,T) and (Y, A) be GF-spaces, and let f: X —Y be
a map. Suppose that for all x € X and all B, € A, such that f(x) € B, there
exists A, € Ty, such that x € A, and f(A,) C By,. Then f is a GF-map.
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Proof. Lety € UL, and let B,, € A,, be such that f(z) € B, then there exists
A, € T, such that x € A,, and f(A,) C B,. Since y € U,,! = ﬂIeC" C,, then
y € Ay, and hence f(y) € f(An) € By. Then f(y) € Nyuep, Bn = Ul and

U

f@)n
therefore f(Ugn) € Uf(z)n, so [ is a GF-map.
We recall the following notion.

Definition 3.4. Let (X,T') be a GF-space. We say that (X, T") is half-complete
if dr is a half-complete quasipseudometric, that is, every (dr)*-Cauchy sequence is
d-convergent.

The next two lemmas are interesting by themselves and give a sufficient condi-
tion to obtain the equality between p(X) and G(X).

Lemma 3.5. Let T' be a fractal structure over X, and suppose that the asso-
ciated quasi-pseudometric d verifies that every d*-Cauchy sequence which is d—!
convergent to x is d-convergent to x (this happens, for example, either if T' is
starbase or d is point-symmetric). Then p(X) C G(X).

Proof. Let € X and suppose that there exists g = (pn(2,)) € imG,, such
that (pn(zn)) < p(z), that is, there exists | € N such that p;(z;) <; pi(x). Then
it is clear that (z,) is a d*-Cauchy sequence, since anpint1 S UL, foralln € N
(since (pn(zn)) € lim G,) and since () is a sequence which d~'-converges to ,
so by hypothesis we have that (z,,) d-converges to x. Hence for all n € N there
exists m > n such that zj € U,, for all k > m, whence p,(z) <,, pn(zr) = pn(zn)
for all n € N, what contradicts that p;(x;) <; pi(x). The contradiction shows that
p(x) is minimal, o equivalently, p(x) € G(X). O

Lemma 3.6. Let (X,T') be a half complete GF-space Ty. Then p(X) = G(X).

Proof. Let € X and suppose that there exists (p,(y,)) € lim G, such that
Pn(Yn) <n pn(x) for all n € N. Since X is half complete then there exists y € X
such that p,(y) <n pn(yn) <n pn(x), and hence we have that z € Uy, for all
n € N, and since X is Ty, it follows that x = y, and hence p,(y,) = pn(z) for all
n € N. Therefore p(z) € G(X).

Conversely, let (p,(z,)) € G(X). Since X is half complete then there exists
x € X such that p,(x) <, pn(x,) for all n € N, and since (p,(z,)) € G(X) it
follows that py,(z,) = pp(z) for all n € N, whence (pn(2,)) € p(X). O

From the point of view of GF-isomorphisms, I' and G(T') are the same.

Proposition 3.7. Let T' be a fractal structure over X. Then (X,T) and
(X,G((I")) are GF-isomorphic. In fact, the identity map is a GF-isomorphism.

Proof. Let y € ( ﬁfr))—l = Nyep-1 Uz, then, since = € U, we have that

€ U,,l. Conversely, suppose that y € U_,l, and let 2 € X such that x € U}

rmn >’ zZn
then by transitivity, y € U_,!, and then y € -1 Ul = (Uﬁfr))*l. Therefore

zn zeU;

the identity map is a GF-isomorphism. O
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The concept of isomorphism in this category can be characterized by means of
the associated posets.

Proposition 3.8. Let X, Y be half complete Ty GF-spaces. Then X andY are
GF-isomorphic if and only if there exist f, : Go(X) — Gn(Y) poset isomorphisms
such that ¢n41 0 fnr1 = fn © Gny1 for alln € N.

Proof. By the previous lemma we have that p(X) = G(X), since T is half
complete and X is Ty. Suppose that X and Y are GF-isomorphic, and let f be
a GF-isomorphism, then it is clear that f(U3,) = U} ,,,, and that p,(z) <u pn(y)
it and only if p,(f(x)) <n pn(f(y)). On the other hand, if we define f,, by
Jn(pn(z)) = pn(f(x)), it follows that ¢pny10 fri10pni1(z) = Pnir10pnrrof(z) =
pn o f(x) = fnopn(x) = fr o bnt10ppt1(x), and hence ¢pi10 fri1 = fn 0 Pnr.

Conversely, let f,, be a poset isomorphism between G,,(X) and G,,(Y) such that
P10 fnr1 = frnogni1. Wedefine f: X — Y by p,(f(2)) = fulpn(z)). It is clear
that f is a map from X to @GR(Y). Let us prove that f is well defined, that is,
f(z) € G(Y) for all x € X (note that since Y is half complete and T then, by the
previous lemma, it follows that p(Y) = G(Y)). To see this, let € X and suppose
that there exists y € Y such that p,(y) <, pn(f()) = fulpn(z)). It is easy to
see that (f, 1(pn(v))) € lim G, (X). Since X is half complete, there exists z € X
with p,(2) <p f;l(pn(y)) for all n € N. Then f,,(pn(2)) <n pn(y) <n fulpn(z))
for all n € N, whence p,,(2) <, pn(z) for all n € N, and since X is Ty, then z = z,
and hence p,,(y) = fn(pn(x)) for all n € N. Therefore f(z) € G(Y'). Moreover, it
is clear that f is a GF-map and analogously it can be proved that f~!: Y — X
defined by pn(f~(y)) = £, (pn(y)) for all n € N and for all y € Y is a GF-map,
which is the inverse map of f, and hence f is a GF-isomorphism. O

It seems that the concept of GF-map is related with that of map between inverse
sequences. In [10], it is proposed another definition for map between inverse
sequences. For such definition, the related concept in our context is the weaker
one of quasi-uniformly continuous map, as we see in the following proposition.

Proposition 3.9. Let (X,T') and (Y, A) be GF-spaces, and let f: X —Y be
a map. Then the following statements are equivalent:

1. For alln € N there exists m € N such that f(Uzm) C Ug(g)p for all x € X.

2. f is quasi-uniformly continuous.

3. There exists a cofinal sequence (in) such that p, o f = fn o p;,, where
fn 1 Gi (X) = Gu(Y) is an order-preserving map, for all n € N.

Proof. The equivalence between 1) and 2) is clear.

1) implies 3). By hypothesis (with n=1), there exists i; € N such that f(Uy,;,) C
U@y for all z € X. If we have defined 4 such that f(Ugi,) € Up(q)k, then we
define ipy1 > i such that f(Uz,,,) € Up@)ks1- It is clear that (ix) is a cofinal
sequence, since it is strictly increasing.

On the other hand, it is clear that f(Uy; ) € Uj (),
Gn(Y) by fn(pi,(x)) = pn(f(x)). It is clear from what we have proved that f,

so we define f,, : G;, (X) —

n
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is well defined, and by hypothesis, if y € Uy, then f(y) € Ug(z)n, and then f, is
order-preserving.

3) implies 1). Let y € Uy, , then p; (z) <;, pi,(y), and since f, is order-
preserving then f,(p;, (2)) <, fa(p:i,(y)), and since p, o f = f, o p; then
pn(f(2)) <n pn(f(y)) and then f(y) € Uf(z)na what proves 1). O

4. GF-COMPACTIFICATIONS

The beginning of this section is devoted to collect the main properties of GF-
compactification, that are introduced in Definition 4.3, including behavior under
subspaces, products or dense subspaces.

The second half of the section characterizes the GF-compactifications of ra-
tionals and naturals with their usual topologies as a tool to prove Theorem 4.20
where every metric compactification is proved to be a GF-compactification.

We start deducing properties for G(T') from the ones owned by T'.

Theorem 4.1. Let ' be a finite fractal structure over X such that dr is point
symmetric. Then G(T') is a finite half complete fractal structure over G(X).

Proof. G(T') is clearly finite. Let us prove that it is half complete.

Let (gn) € im Gy, and let F = {(hy,) € im Gy, : (hn) < (gn)}. Since (g5) € F, it
is nonempty, and if (h})) € lim G, is a decreasing chain, then if h, = min {hi € I}
(note that the minimum exists, since T, is finite and {h?, :€ I} is a chain) we have
that (hy) is a bound for the chain. Then by Zorn’s lemma, F has a minimal
element (h,). Hence (h,) € G(X) and (h,) < (gn). Therefore G(X) is half
complete. O

The following result is going to be used in next corollary. The proof can be
found in [6].

Lemma 4.2. Let X be a topological space. X is second countable if and only
if it admits a finite fractal structure.

The following result associates a compactification to certain GF-spaces.

Corollary 4.3. Let T be a finite fractal structure over X such that dr is point
symmetric. Then (G(X),G(I")) is a second countable Ty compactification of X.

Proof. By Lemma 3.5, X is a subset of G(X), and if g = (pn(zn)) € G(X),
then (z,) converges to ¢g in G(X) (since g, = pn(xn) = pn(xg) for all k > n, and
hence z, € Uy, for all k > n). Therefore X is dense in G(X).

On the other hand, since G(T') is finite, by Lemma 4.2 it follows that G(X) is
second countable. G(X) is Ty, since it is the subset of closed points of lim G,.
G(X) is compact because it is a left K-complete (since G(I") is half complete by the
previous theorem) totally bounded space and then we can apply [15, Prop. 4]. O
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We will denote the GF-space (G(X),G(T)) by G(X,T).

The next example shows that there exists a finite tiling starbase GF-space
(X,T) such that G(X,T') is not Hausdorff, so the T} axiom cannot be improved
in the above Corollary.

Example 4.4. Let [0,1] with the finite tiling starbase fractal structure defined
as Ty = {[£, 5] : 0 <k <27 —1}. Let X = [0,1] x [0, 1]\ {(3, %)}, with the
fractal structure T = (T x T') x by ([0,1] x [0,1],T x T). Then it is clear that it is
a finite tiling starbase fractal structure over X.

Let us prove that G(X,T") is not a Hausdorff space.

Let g'rlz = pn(%?% =+ 271%)7 9721 = pn(%?% - 271%)7 g?z = pn(% + 271%7%) and

9% = pu(3 — 551,3). Then it is clear that (%), € G(X) for i = 1,2,3,4.
Moreover Ugi,, N Ugsp, =]3, 4 + 5 [x]3, 2 + 5= [# 0 for all n € N. Therefore
G(X,T) is not Hausdorff.

The notion of GF-compactification is now formally introduced.

Definition 4.5. Let T be a finite fractal structure over X with dpr point sym-
metric. We will say that G(X) is the GF-compactification of X relative to I, and
we will note it by G(X,T").

Now we recall the concept of direct product of posets.

Definition 4.6. Let G, H be posets. We define the poset G x H with the order
(9,h) < (¢',1) if and only if g < ¢’ and h < K.

With that definition, we relate the GF-compactification of a product with the
product of the GF-compactifications.

Proposition 4.7. Let (X,T"), (YV,T?) be GF-spaces. Then Gn(X x Y) is
poset isomorphic to Gp(X) x G (Y) and G(X x Y,T! x T'?) is GF-isomorphic to
G(X,TY) x G(Y,T?).

Proof. 1t is clear that (g,h) € G(X xY) if and only if g € G(X) and h € G(Y),
and it is also clear that (gn,h,) < (g,,,h.) if and only if g, < ¢/, and h, < hl,
and hence the image of U, ), is equal to Ug, X Upy, (and hence that map is
a GF-isomorphism). O

The same result is valid for countable products.

Proposition 4.8. Let (X;,T%) be a countable family of GF-spaces. Then
Gn([Lien Xi) is poset isomorphic to T[]}, Gn(X;), and G(IT;en Xis [L;enTY) is
GF-isomorphic to [[,c G(Xi, T).

Proof. Let T' = [[;cy T, X = [Lien Xi and G, = Gn([];en Xi). First note
that since U3, = (U,,)* x -+ x (U2 )* x [[;=, Xi, we have that G,, is poset

isomorphic to G,(X1) X -+ X G,(X,), using the map which sends p,(z) to
(pn(x1)7 HER apn(mn))
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Let f : G(X,T) — [[;en G(X;,T7) be defined as f(g) = (¢°); where if g =
(pn (™)), with 2 = (27), then ¢ is defined as

g = (p(a}))n,

92 = (p1($§),p2($§),...,pn(x;l),...)7

g = (p(@l), pa(zl), ... pica (@), pilal), pigr (@), . pulal), . )
for all 7 € N.

Now, (pn(z™))n € G(X,T) if and only if there not exists (pn(y™)), with
(Pn(¥"))n < (pn(x™))n or equivalently there exists no ng such that p,,(y™) <
Pno ("), or what is the same, there exist no ng and ip < ng with p,, (y;’) <
Pro (acfﬂ"), that is, there exists no g with A’ < g% for some h%, what is true
when and only when, ¢* € G(X;,I") for all i € N what means that (¢°); €
[Tiex G(X:,T).

Therefore f is well defined and bijective.
It is clear that g, < h,, if and only if g¢ < h? for all i < n, and hence f(Uy,) =
Up o % oo x U2 X [Tisn G(X;,T"). Therefore f is a GF-isomorphism. O

rin
If A is a subset of X, we will denote by A’ the set of minimal point of p(A)
(i.e., for g € lim Gy, g € A’ if and only if there exists no h € lim G, with h < g
and h, € p,(A) for all n € N).
In the next results, we are going to see that A’ is essentially G(A).

Proposition 4.9. Let T' be a fractal structure over X, and A C X. Then
G, (T 4) is poset isomorphic to G, (') N pp(A).

Proof. 1t is clear, since (UL4)* = Uz, N A for all z € A. O

Corollary 4.10. LetT be a finite starbase fractal structure over X, and A C X.
Then A’ is GF-isomorphic to G(A,T 4).

Proof. Let f : A — G(A,T4) be defined by f(g) = h where if g, = U}
with z,, € A then h, = (U{An)* It is clear that if g,h € A’ with g, <, hp,
then (f(9))n < (f(h))n (since (Ua)k,, = UL, N A for all x € A). Therefore f is
continuous and open (since f(Uypn) = Uys(g)n for all g € A" and n € N), and it is
clear that f is bijective. O

Proposition 4.11. Let T be a finite fractal structure over X such that dr
is point-symmetric, and let A be a subspace of X, such that A’ C G(X). Then
Clgx,r)(A) = A" and it is GF-isomorphic to G(A,T 4).

Proof. Tt is clear by Proposition 4.9 that G, (A) = G,(X) N pp(A4). Let g €
A’ and let n be a natural number. Then g, = p,(a), with ¢ € A, and hence
a € Uyy. Therefore g € Clgx)(A) (since g € G(X), because A" C G(X)), and
then p(A) € A’ C Clg(x)(A), and since A’ is compact (since it is homeomorphic
to G(A,T4) which is compact), we obtain that A" = Clg(x)(A), and we get the
desired result. O
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Corollary 4.12. Let T’ be a finite fractal structure over X such that dr is
point-symmetric, and let A be a subspace of X such that U}, NA # 0 for allxz € X
(that is, A is a df-dense subspace of X ). Then G(A,T'4) is GF-isomorphic to
G(X,TI).

Proof. Tt is clear that A’ C G(X), and then G(A,T4) is GF-isomorphic to
Clg(x,r)A by the previous proposition. Now, since it is also clear that A is dense
in X and X is dense in G(X), then A is dense in G(X,T'), and therefore G(A, T 4)
is GF-isomorphic to G(X,T). O

The following example shows that the condition A’ C G(X) cannot be avoided
in the previous proposition.

Example 4.13. Let X = R be the set of real numbers with the following
ko k4l

finite starbase fractal structure: for each n, let I'y, = {[5, 5] : —n2" <k <
n2" — 1} U {] <, —n],[n,— [}, and let Q be the set constructed by picking an
irrational number up from each A4, € I',,. Let us show that G(X) = [0,1]. If
g € G(X), let g, = pn(zy,). If there exists ng € N such that —ng < x, < ng
for all n € N, then z,, € [—ng,ng| for all n > ng, and then it is easy to see that
g € X. Otherwise, there are two options: first, 2, €]n,— [ for all n € N; second,
Xy €] «,—n[ for all n € N. Let us denote the point g by a in the first case
and by b in the second one, then G(X) is a two-point Hausdorff compactification
of R, and hence it is homeomorphic to [0,1] (see [13] where it is proved that
all Hausdorfl compactifications of R by two points are topologically equivalent).
Therefore Clg(x)(Q) = G(X) = [0,1] (since @ is dense in X and hence in G(X)).

On the other hand G(Q) = C, the Cantor set. To see that, note that G, N Q
is discrete and hence G(Q) is zero-dimensional. Then G(Q) is a perfect (since @
also is) zero-dimensional compact metrizable (since I'g is zero-dimensional, then
it is starbase, and then G(Q) is a metrizable (see [5])) space, and then it is the
Cantor set.

The following result is a characterization of perfect metrizable compact spaces
by means of GF-compactifications. Note that the equivalence between (1) and (3)
does not involve GF-spaces and is new (as far as the authors know).

Theorem 4.14. Let X be a topological space and let Q be the set of rational
numbers. The following statements are equivalent:

1) X is a perfect metrizable compact space.

2) X is Hausdorff and X = G(Q,T), for some finite starbase fractal structure
T over Q.

3) X is a metrizable compactification of Q.

Proof. 2) implies 3) by Corollary 4.3.

3) implies 1) is clear.

Let us prove 1) implies 2).

Let X be a perfect metrizable compact space, and let I be a finite starbase
fractal structure over X. Let @) be constructed by taking for each g,, € G,, a point
x € X with p,(x) = gp,. Since each G,, is finite, it is obvious that @ is countable
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and it is also clear that () is dense in X, and since X is perfect then () is perfect too,
see for example [7]. Therefore @ is a countable perfect metrizable space, and then
it is homeomorphic to the set of rational numbers by Sierpinski’s Theorem (see
[16], and see [7] for a different proof). Also note that @ verifies the hypotheses
of Corollary 4.12, and then by proposition 4.11 we have that X = G(X,I’) is
GF-isomorphic to G(Q,T'), where T is the restriction of I to Q. O

Corollary 4.15. Every metrizable compactifications of Q, the set of rational
numbers, is of the form G(Q,T') for some finite starbase fractal structure T over Q.

As a consequence we characterize the metrizable compactifications of a perfect
space.

Corollary 4.16. FEvery metrizable compactifications of a separable metrizable
perfect space X, is of the form G(X,T) for some finite starbase fractal structure
T over X.

Proof. Let Y be a metrizable compactification of X, and let () be a countable
(perfect) dense subspace of X. Then @ is homeomorphic to the set of rational
numbers by Sierpinski’s Theorem and Y is a metrizable compactification of Q). By
Corollary 4.16, there exists a finite starbase fractal structure I’ over @Q, such that
Y = G(Q,T’). Let I = G(I) be the induced fractal structure over Y, and let
I’ be the restriction of I to X. Since Y = Q' and Q C X, then Y = X/, so
Y =GX,I). O

The same result that we got for perfect spaces, we get for N, which can be
considered as "the opposite” of perfectness (in topological sense).

Theorem 4.17. Let X be a metrizable compactification of N. Then there exists
a finite starbase fractal structure T' over N such that X = G(N,T).

Proof. In [17] is shown that X = u(K) for some compact metrizable space K =
X \ N. In this proof, we use the construction of u(K) [17, Proof of Theorem 1]).

For each A, € T, let A, = A, U{(d;,k) € M : d; € Ay;k > n}. Now let
T, ={A,: A, e, }U{{(d;,k)}: (di, k) € M;i,k <n}

Let us prove that T is a finite starbase fractal structure over M.

It is clear that I',, is finite for all n € N, and that A,, is closed for all A,, € T',,.
Let n € N and A, € I',, and let (z;) be a sequence of elements of A, which
converges to x € M. Let A, = A, U{(d;,k) € M :d; € A;k > n}. We can
suppose that z € K, because in other case, {x} would be open and then there
would be an element in the sequence equal to x, and we would have that x € A,,.
Since (z;) converges to z, then there exists m € N such that z; € H, ,, ,, for all
i > m. If ; € K for all ¢ € N, then z; € U,,, and hence z € (U,,,)" " =
ﬂzieB; B, C A CA,,soxe A, Ifxz; €NforallieN, then z; = (d;,5)
with d; € U,,, and j > n. Then z € (U},)"' = ﬂdi€B7{ B, C A, C A, and
hence z € A,. Anyway, there always exists a subsequence of (2;) in any of the
two previous cases, and hence = € A,,, so A,, is closed.
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It is also clear that St((d,, m),Tymt1) = {(dn, m)}. Let us show that St(z,T,,) =
St(x, T7)U{(d;, j) : d; € St(x,T7);j > n}forallz € K. Let x € K (note that then
z € Ay ifand only if z € A;)), then St(2,I'n) = U,ca, An = Uzear (A,U{(ds k) €
M :d;, € A;k >n}) =St(z,T,) U{(di,k) € M : d; € St(z,T));k > n}. Now,
let n,m € N and = € K, then there exists p € N such that St(z,I'}) C U, where
I = max{n,m+1}. Then St(z,I',) = St(z,T},) U{(d;,j) : d; € St(x,T7},);5 > p} C
Hy 111 € Hy nym. Therefore I is starbase.

It is clear that A, C A, if A, C A}, and then I',,y; is a refinement of T',.
Let x € A,.

If x ¢ K then © = (d;,j) with d; € A, and j > n. If j = n then let A,+1 =
{(di,j)} € Tpy1,and z € Ay C A, If j > n, then A, = A, U{(d,k) € M :
dy € Aj;k > n}, and then d; € A],. Then there exists A; ,, € I',,; such that
di € A}, C Al,. Hence (d;,j) € Apy1 € Ay,

If x € K, then x € A, and then there exists A), ; € I'}; such that = €
Al €A, and hence x € A, 11 C A,.
Therefore T is a finite starbase fractal structure over M.

Analogously to the preceding paragraphs we can see that Uf, = (Ug'm)*
{(ds,j) = di € (U.,)*;5j > n} for all z € K, and since (Ug’m)* ND # 0 (
construction of D) for all z € K then U}, NN ={(d;,j) : d (U/ )* j > }
for all z € K. On the other hand, if z € N it is obvious that ( W) NN £, and
then (UL,)* NN # () for all x € X, and n € N. Therefore by Corollary 4.12, we
have that X = G(N, T'y). O

The next result decomposes separable metrizable spaces into two pieces with
certain properties. It is analogous to a classical result, but it is not exactly the
same.

Lemma 4.18. Let X be a separable metrizable space, and let N be the subspace
of isolated points of X. Then X = PUC, with P perfect in X (dense in itself and
closed in X ), C is scattered and PN C = (. Moreover C C N.

Proof. The first part is known. Note that C can be constructed from N in the
following way, that also allows to prove the second part.

Denote by N the derived set of N. If a is an ordinal, denote N = (Up<a NP4,
It is also known (see [14]) that there exists an ordinal « such that C = N* (since
it is scattered). Then, since A? C A for each subset A of X, we can deduce (using
transfinite induction) that A% C A for every subset A of X and every ordinal .
Therefore C C N. O

The following result is going to be used in next theorem. The proof can be
found in [8].
Lemma 4.19. Let X be a topological space. X is a separable metrizable space

if and only if it admits a finite starbase fractal structure.

The next result allows to get every metrizable compactification by mean of
fractal structures. In its proof, we use the previous results proved for perfect
spaces and for the naturals.
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Theorem 4.20. Let X be a separable metrizable space. If Y is a metrizable
compactification of X then' Y = G(X,T') for some finite starbase fractal structure
T over X.

Proof. Let Y = PUC with P perfect in Y and C' countable and scattered, and
PNC =0. Let N be the subspace of isolated points of Y. Then C' C N by the
previous lemma.

If P = (), then Y is a compactification of N. If N is finite then Y is compact
and the result is trivial. If N is countable then it is homeomorphic to N the set of
natural numbers, and the result follows from Theorem 4.17.

If N =0, then Y and X are perfect, and the result follows from Corollary 4.16.

If N is finite, then Y = P U N, and we can apply Corollary 4.16 to P, and
construct a finite starbase fractal structure over X from that of P with the desired
property, adding the points of N.

So, the only case we have to consider is to suppose that P is nonempty and NV
is countable but not finite. Then it is clear that N is homeomorphic to N, the set
of natural numbers.

Let Q" be a dense and countable subspace of X \ N, let Q" be a dense and
countable subspace of PNN, and let Q = Q"UQ". Then Q is a dense and countable
subspace of P (and hence dense in itself), since @ = Q'UQ” = X \ NU(PNN) = P
(note that since X is dense in Y, then N C X, and hence Y = X = X \ NUN,

whence P\ N C X \ N). Therefore Q is homeomorphic to the rational numbers
Q, by Sierpinski’s Theorem.

Since P is compact, it is a metrizable compactification of @, and by Corollary
4.16 there exists a finite starbase fractal structure I'' over Q such that P =
G(Q,TY), and let T? = I(T'") be the induced (finite starbase) fractal structure
over P. Let z € P, then there exists x,, € Q such that p,(z) = pn(z,), and then
U2 NQ = (Uy,,)" #0.

Let T'® be a finite starbase fractal structure over N\ N (which is compact, since
N is open in Y, and then we can get a finite starbase fractal structure over it by
Lemma 4.19), and let T2 =T2 U{A2N A2 : A2 € T2; A3 € I'2}. Let us show that
I is a finite starbase fractal structure over N \ N.

It is clear that I'4 is a closed covering of N \ N, and that T'Z 11 is a refinement
of I, Let # € Al with A} € Ti. If A} = A2 with A2 € T2 then there
exists A2, € T'® C I'} such that z € A3, C Al If A} = A2 N A3 with
AZ € T2 and A2 € T3, then there exists A2, € 2, and 4>, € '}, such that

vreA2, CA2andz € A3 | C A3, and thenif A}, = A2  , NA3 €T},
we have that z € A%, C A}. It is also clear that St(z,I'}) = St(z,T3) for all
x € N\ N (note that if z € A2 N A3, then x € A3 C St(x,T2)). Therefore T'* is
a finite starbase fractal structure over N \ N.

Let T® be the finite starbase fractal structure over N constructed in Theorem
4.17 (using T* as the fractal structure over N \ N). Then N = G(N,T%) and
(U3,)* NN # () for all z € N and n € N.

Now let T',, = {A2 : A2 € T2; A2NN = QU3 U{A2U{(d;,j) : d; € A2ND,j >
nyj>i}: A2 €2 A2N N #£0}.
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Let us show that I is a finite starbase fractal structure over Y.

It is clear that '), is a closed covering. It is easy to see that I';, 1 is a refinement
of I';, and that for all z € A,,, there exists A, 11 € [',11 such that z € A,,41 C A,.

Let € X and let U be an open neighborhood of  in Y. If 2 ¢ N, then there
exists n € N such that St(z,I'2) C U \ N, and then St(z,T',) = St(x,T2) C U. If
x € N, then there exists n € N such that St(z,T,,) = {«}. If 2 € N\ N, then there
exist n,m € N, with m > n, such that St(z,I'2) C U and St(z,T2,) C UNSt(z,T3),
St(z,I3) C U. Let A, € T, such that x € A,,. If A,, € T3, then A,, C U,
otherwise A, = A2, U{(d;,j):di € A2 ND,j>m,j>i} with A2 € I'2. Since
r ¢ N, then z € A2, and then A2 C U. Furthermore, A2, C St(z,I'3), and
then A, = A2, U{(di,j) : d; € A2 N D,j >m} C St(x,T3) U {(ds,j) : di €
St(x,T3)ND,j >n} C St(z,I3) C U. Therefore St(z,T,,) C U, and T is a finite
starbase fractal structure.

If 7 € Y\ N, and U is an open neighborhood of x contained in Y \ N, then there
exists a natural number n such that St(x,T2) C U, but then U}, = (U2,)* and
Uz, NQ # 0. Therefore Uz, NQ' # 0 (since Uz, C Y\ N), and hence U}, N X # ()
(since @' C X).

If z € N\ N, then Ul = Noca,.a,er, An = nzeBn;BnEF%UF‘}L B, U{(d;,j) :
di € A2ND,j =n} = \ep,.p,ers Bn = (U7,)"" and hence Uy, = Ug,, and
then U}, = (U2,)* and so U}, NN # 0. Therefore U, N X # (.

Therefore U, N X # ) for all z € Y and for all n € N (note that N C X) and
by Corollary 4.12, Y = G(X,T'x), what proves the theorem. O

5. CHARACTERIZATION OF METRIC CONTINUA

We start our study of the connectivity with the case of a poset.

Definition 5.1. Let G be a poset. We say that G is connected if for g, h € G
there exist n € N and {go, 92, .-, 9n+1} C G (called a chain joining g and h) such
that go = ¢, gn+1 = h and g; is related by < with g;_; and g;41 foralli =1,...,n.

The following definition is in the spirit of Definition 5.1.

Definition 5.2. Let I" be a pre-fractal structure over X. We say that I'), is
connected, if for all #,3 € X, there exists a finite subfamily {A4% : 0 <i < k + 1}
of I, with z € A%, y € AF+1 and A% N AJ, # 0 for all |i — j| < 1 (we call it a chain
in I';, joining x and y). We say that I' is connected if so is I';, for all n € N.

The proof of the following proposition is straightforward.

Proposition 5.3. Let T be a fractal structure over a topological space X. Then
G(T'y) is connected if and only if the associated poset G, (T') is connected.

If X is connected, then every fractal structure over it is connected.

Proposition 5.4. Let T be a fractal structure over a connected space X. Then
T is connected.
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Proof. Suppose that there exists n € Nand =,y € X such that x and y cannot be
joined by a chain in I';,. Let C,, = {# € X : there exists a chain joining x and z}.
It is clear that if z € C then St(z,T,,) C C,, and hence U,,, C C,. Therefore C,
is open. On the other hand, C, = St(C,,T',) = UAnmcﬁé@ A, is closed, since I';,
is closure-preserving. Therefore C, is a proper clopen set (it is nonempty since
x € Cp and it is not equal to X, since y ¢ C.,), which is a contradiction with the
fact that X is connected. O

Anyway, if X is compact and the fractal structure is starbase, then the converse
of Proposition 5.4 holds.

Proposition 5.5. Let T’ be a starbase fractal structure over a compact space
X. Then X is connected if and only if I' is connected.

Proof. One implication is by proposition 5.4.

For the converse, suppose that I' is connected, but X is not. Then there exists
F1 and F; nonempty clopen subspaces of X such that X = FyUF, and F1NEy = ().

By [5, Lemma 3.4], there exists n € N such that St(Fy,T,) N Fp = @ and
St(Fy,T,) N Fy =0, and hence St(Fy,T,) N St(F2,Ty) = 0.

Since F} and Fy are nonempty, let x € F; and y € F5, and since I',, is connected,
there exists {A? :4=0,...,k+1} such that x € A%, y € AK*1 and A’ N AJ # 0
for all |i — j| < 1. Since x € Fy and x € AY, then A% C St(Fy,T,) C Fy. Let
2z € A9 N AL, then 21 € Fy, and then AL C St(F1,T,,) C Fi. Inductively we get
that A C Fy for all 0 <4 < k+ 1, but then y € Fy N Fy, which is a contradiction
with F; N Fy = (. Therefore X is connected. O

Compactness allows good properties for G(T).

Theorem 5.6. Let T be a fractal structure over a compact Hausdorff space X .
Then G(T') is starbase.

Proof. Suppose that G(T') is not starbase, then there exist € X and [ € N
such that for each n € N there exists x,, € St(z, G(T'y)) \ Uy. Since X is compact,
then there exists y € X such that y is an adherent point of (z,). By construction
of the sequence it is clear that y # x, and then, since X is Hausdorff, there
exists m € N such that Uy, N Uym = (. Let & > m be such that z;, € Uym.-
Since zy, € St(xz,G(T'k)), then there exists z € X such that z,z; € Uz_kl. Then
2 € UpkNUygyk C Ugy VU, (note that xp, € Uy, and then Uy, C Ugym € Uym),
and this contradicts that Uy, N Uym = 0. Therefore G(I') is starbase. O

We characterize metric continua.

Theorem 5.7. Let X be a topological space and let Q be the set of rational
numbers. The following statements are equivalent:
1) X is a metrizable continuum.
2) X is Hausdorff and X = G(Q,T') for some finite starbase fractal structure
T over Q with G(I') connected.
3) X is Hausdorff and can be represented as the set of closed points of an
inverse limit of a sequence of finite connected spaces.
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Proof. 1) implies 2). By Theorem 4.14, there exists I', a finite starbase frac-
tal structure over Q such that X = G(Q,T). Since X is connected, then G(T')
(considered over X) is connected by Proposicién 5.4, and hence G,,(Q) = G, (X)
is also connected for all n € N by Proposition 5.3, and then it follows that G(T")
is connected (considered over Q) by Proposition 5.3 again, and it is clear that
G(Q.G(I) = G(Q. ).

2) implies 3). It is clear by the relation between fractal structures and subsets
of a inverse limit of a sequence of posets (see Lemma 3.6).

3) implies 1). X is compact metrizable by Theorem 4.14 and since G(T") is con-
nected by Proposition 5.3 and it is starbase by Theorem 5.6, then X is connected
by Theorem 5.5. O

6. EXTENSION THEOREMS FOR GF-COMPACTIFICATIONS

One of the many equivalent ways to define Stone-Cech compactification is by
means of the extension property. This extensions of functions from a space to
its compactification have become so important that every time one defines a new
compactification notion, one has to ask which extension theorems does this notion
verify. Moreover, since there are extension theorems for completions and quasi-
uniformly continuous mappings and GF-compactifications are a kind of comple-
tion, we must ask if quasi-uniformly continuous mappings may be extended to our
GF-compactification.

The next two results show how to extend a map between two GF-spaces to the
GF-compactification of the first one.

Theorem 6.1. Let T' be a finite starbase fractal structure over X such that
dr is point-symmetric, let (Y, A) be a half complete Hausdorff GF-space, and let
f: X =Y be a quasi-uniformly continuous map. Then there exists a continuous
map F: G(X,T') =Y such that Flx = f.

Proof. Let (i) and f,, be as in Proposition 3.9.

Define F as follows. Let g = (pn(z,)) € G(X,T), then, since f is quasi-
uniformly continuous, by Proposition 3.9 we have that ¢, 1(pns1(f(4,.,))) =
po(f (@i, 1)) = fn(pin (@i, 0)) = fa(pi, (€i,)) = pn(f(2i,)), and hence it follows
that (pn(f(2s,))) € im G, (Y). Since Y is half complete there exists z = 2(g) € Y
such that p,,(2) <, pn(f(zn)). We define F(g) = z.

Let us prove that F is well defined.

Let y € Y with y # 2, and such that p,(y) <, pn(f(z;,)). Then f(z; ) €
U.n NUyy for all n € N, which contradicts that Y is a Hausdorff space. Therefore
F is well defined.

Let us check that F(Uy,) C St(F(g),G(A,)) for all g € G(X,T') and hence,
since G(I) is starbase (by Theorem 5.6), F' is continuous.

Let h € Ugi,, with g = (pr(2x)) and h = (pr(yx)), then pi, (zi,) <i, pi, i, ),
and hence, since f is quasi-uniformly continuous and Proposition 3.9, we have that
pn(F(9)) <n pu(f(2i,)) <n pu(f(yi,)) and since p,(F(h)) <. pn(f(vi,)), then
F(h) € St(F(g), G(An)).
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On the other hand, if © € X, then f(x) € Y and then F(p(z)) = f(x) (note
that F(p(z)) < p(f(x))), and hence F is an extension of f. O

Corollary 6.2. Let T' be a finite fractal structure over X such that dr is
point-symmetric, let (Y, A) be a compact Hausdorff GF-space, and let f: X —Y
be a quasiuniformly continuous map. Then there exists a continuous map F :

G(X,T) =Y such that F|x = f.

Proof. Tt is clear that if Y is a compact Hausdorff space then G(A) is starbase
(by Theorem 5.6) and Y is half complete, so we can apply the previous theorem.
O

In the following result the map between two GF-spaces is extended to a map
between both GF-compactifications.

Corollary 6.3. Let (X,T') and (Y,A) be finite GF-spaces such that dr and
da are point-symmetric, with G(Y, A) Hausdorff, and let f: X — Y be a quasi-
uniformly continuous map. Then there exists a continuous map F : G(X,T) —
G(Y,A) such that F|x = f.

Proof. We apply the above corollary to the map f: X — G(Y, A). O

The next proposition shows that any continuous map can be made a GF-map
for some fractal structures, which will have additional properties depending on the
properties of the spaces.

Proposition 6.4. Let (X,T’) and (Y, A) be GF-spaces, and let f: X — Y be
a continuous function. Then there exists a fractal structure T' over X such that f
is a GF-map. Moreover if I is starbase then T is starbase and if I” and A are
finite then T' is finite too.

Proof. Let T, = {A!, N f~Y(B,) : Al, € T; B, € A,}. Let us prove that T is
a fractal structure over X.

It is clear that I'), is a closed covering, that I',,;1 is a refinement of I',, and
that for all x € A, with A, € I',, there exists A,11 € [',,41 such that z €
Ap+1 C A,. Let us show that U, C U, for all z € X, or what is the same,
that U_,} C (UL,)"! for all z € X. Let y € UL, and let A, € T, be such
that « € Al,. Let B, € A, be such that f(z) € B,. Then it is clear that
x € A, Nf1(By), and since y € Ut = e 4, An, theny € AL N f71(B,) C A},
Then y € (e Ay = (U.,)~t. Therefore T is a fractal structure over X.

Let us prove that U, = U., N f‘l(Uf(w)n), and hence open.

Let y € Uyp, then y € UL, by the previous paragraph. Let B, € A,, be such
that f(y) € B,. Then y € f~1(B,). Let A/, € I}, be such that y € A/, and let
Ap = A, N f7Y(By). Then it is clear that y € A,, and since z € U, we have

that x € A,, C f~1(B,), and hence f(z) € B,,. Therefore f(z) € Ntwen, Bn =

Uf_(;)n, and then f(y) € Ug(zyn, and hence y € f~H(Uy(zyn)-

Conversely, let y € UL, N f~ (Upzyn)- Let A, = A, N f~1(B,) be such that
y € A, then y € A}, and since z € (U},)"! = Nyec: Cr we have that z € Aj,.

no
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On the other hand, y € f~!(B,) and then f(y) € B,. Since f(z) € U;(L)n =

Nf)ep, Pn we have that f(z) € By, and then z € f~1(B,), and hence = €
Al N f~1(By,) = A,. Therefore x € A, =U,,', and hence y € Uyy.

Let us prove that f is a GF-map.

Let y € UL, and let B,, € A, be such that f(z) € By; then z € f~(B,,). Let
Al € T be such that z € A/,. Then x € A/, N f~Y(B,), and since y € U,,! =
Neca, An, we have that y € A}, N f~1(B,) € f~'(B,) and hence f(y) € B,. Then
fW) € Nywyen, Bn = Uf_(;lc)n' Therefore f(Upn) € Ug(q)n and f is a GF-map.

Finally note that St(z,T,,) C St(z,I,), and hence T is starbase if I is. It is
also clear that if IV and A are finite, so is T O

yEAR

If both spaces have better properties, we can get the following two improve-
ments.

Corollary 6.5. Let X be a separable metrizable space, let Y be a second count-
able space and let f: X — Y be a continuous map. Then there exist a finite star-
base fractal structure over X and a finite fractal structure over Y such that f is
a GF-map.

Proof. Since X is a separable metrizable space, then it admits a finite starbase
fractal structure (by Lemma 4.19), and since Y is a second countable space, then
it admits a finite fractal structure (by Lemma 4.2), and hence we can apply the
previous proposition. O

Corollary 6.6. Let X be a separable metrizable space, let Y be a compact
metrizable space and let f: X — Y be a continuous map. Then there exists a
second countable Ty compactification K(X) of X and a continuous map F :
K(X) — Y such that F|1X = f.

Proof. Let TV and A be finite starbase fractal structures over X and Y re-
spectively. Then, by the previous proposition there exists a finite starbase fractal
structure I" over X, such that f is a GF-map, and then, by Proposition 6.1, there
exists F : K(X) — Y an extension of f, where K(X) = G(X,T') is a second
countable T} compactification of X. O

7. GF-COMPACTIFICATIONS AS WALLMAN’S COMPACTIFICATIONS

Let T' be a finite fractal structure over X with dr being point symmetric (for
example if it is starbase). We define £ = L(T') = {U;c;Njes Afzjij : Ai{;j €
I'y,;; 1, J finite sets}. It is clear that it is a lattice. On the other hand, since
{Uzn : © € X;n € N} is an open base for X, then {X \ U, : © € X;n € N} is
a closed base for X, and since X \U,,, = UxeAn A, € L, then L is a closed base for
X. Since X is Tp, then £ is a [-lattice. To check that it is an a-lattice, let x € X
and let L € £ such that ¢ L. Since L is closed, and since dr is point symmetric,
then there exists n € N such that U.,! € X'\ L. Since U, = (\,c4 An € £, then

L is an «-lattice.
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Therefore W (X, £), the Wallman’s compactification associated with £, is a T}
compactification of X. Let A, = {Bya, : A, € T, }.

Theorem 7.1. A is a finite fractal structure over W(X, L).

Proof. 1t is clear that A,, is a finite closed covering for all n € N, and since
Br,uL, = Br, UBp, we have that By, = UAn+1§An By, Let F be a L-ultra-
filter such that 7 ¢ Br. Let L = [J,;¢; ﬂjEJAffij, and let n = max{n;; : ¢ € I;
jeJ}h

Let us prove that Uz, C W(X, L) \ By, (to avoid confusion, note that Ug,, is
nothing new; it is the usual Uy, only that here x is F). Let G be an ultrafilter
such that G € Uz, and suppose that G € By. Since By = (V;c;Uier Bais
then for all j € J, there exists i = i(j) € I such that G € B, . Then, since
F el = Ngep, DBa,, we have that 7 € B,i; for all j € J, and then

n g
F €jesUier Byis = Br. The contradiction proves the desired result.
Therefore A is a finite fractal structure over W (X, £). O

We will denote W (X, L) by W(X,T) hereafter. Note that W(X,T) is a T}
second countable (since it is a finite GF-space) Wallman compactification of X
(see [9]).

Remark 7.2. Note that Ba, = Cly (xr)An and Ba, N X = A,, and hence
Ax=T.

Theorem 7.3. Let T be a finite fractal structure over X such that the associated
quasiuniformity is point symmetric. Then G(X,T') is GF-isomorphic to W(X,T).

Proof. Let us prove that Uy, N X # 0.

Uz, =Na,erBa, \Ua,grBa,, and hence (V, crAn € F and Uy, g7 An &
F, and then Ny crAn \Ua,gr4n # 0 (f Na,erAn \Ua, gz An = 0, then
Na,erAn € Ua,gr An and hence Uy o An € F). Let © € Ny cr4n \
UAngf A,. Then F, € U, (where F, is the L-ultrafilter generated by z).

Let gn : Gn(X) — Go(W(X,T)) be defined by g,(Uy,) = Uz ,,. Let us show
that g, is a poset isomorphism.

Note first that F, € Ba, if and only if A4, € F,, or equivalently y € A,.
Then y € Uy, if and only if z € ij} = ﬂyeAn A,, or what is the same, F, €
N F,eB4, Ba,, thatis, F, € Uz, . From this equivalence we can deduce that gy, is
well defined, injective and order-preserving. Since we have proved that Uz, NX #
(), then it is clear that g, is surjective. Therefore g, is a poset isomorphism.
Moreover, it holds that ¢,4+1 Ogn+1(U;n+1) = ¢nt1(Urn+1) = Urn = gu(U;,) =
gn © ¢n+1(U;n+1)a and hence ¢41 0 gnt1 = gn © Pnt1-

Therefore, by Proposition 3.8, G(X,T') is GF-isomorphic to W (X, T). O

Our final result is the classical theorem due to Aarts (see [1]), and can be ob-
tained by applying our techniques. This was a major breakthrough in the problem
of finding if all Hausdorff compactification are of Wallman type, posed by Frink
in [11] and finally solved in the negative by Uljanov in [18].
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Corollary 7.4. All metrizable compactifications of any (separable metrizable)

space are of Wallman type.

10.
11.
12.

13.
14.

15.

16.

17.

18.

Proof. 1t follows from Theorem 4.20 and the previous theorem. O
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