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POINTWISE WEIGHTED VECTOR
ERGODIC THEOREM IN L1 (X)

K. EL BERDAN

Abstract. In this paper we prove the almost everywhere convergence of weighted

multiparameter averages of linear surjective isometries in L1(X) and power bounded

in Lp(X), 1 < p ≤ ∞.

Throughout this paper X will be denoted a Banach space with norm ‖.‖ and
(Ω, β, µ) a σ-finite measure space. For 1 ≤ p < ∞, Lp(X) = Lp(Ω, X) =
= Lp((Ω, β, µ), X) denoted the usual Banach space of X−valued strongly mea-
surable functions f on Ω with the norm given by

‖f‖p =
(∫

|f |p dµ
) 1

p

<∞ if 1 ≤ p <∞,

‖f‖∞ = ess sup {|f(ω)| ;ω ∈ Ω} <∞ if p = ∞.

Let d ≥ 1 be an integer, and let T1, . . . , Td be linear surjective isometries on
L1(Ω, X) such that each Ti is power bounded in L∞(Ω, X). Thus Ti, 1 ≤ i ≤ d, can
be considered to be power bounded in Lp(Ω, X) for each 1 < p <∞, by the Riesz
convexity theorem.We will be concerned with classes of weights

{
a(k);k ∈ Z+

d

}
such that the limit of averages

lim
|N |→∞

1
|N|

N−1∑
k=0

a(k)Tkf

exists a.e. for all f ∈ L1(X), where Tk = T k1
1 . . . T kd

d with N = (N1, . . . , Nd) and
k = (k1, . . . , kd), |N|=N1 . . . Nd, etc. . . .

The class of weights we will consider are the Besicovich sequences in Z+
d . In

the case d = 1, Besicovitch sequences are defined to be the class of sequences a(k)
such that given ε > 0, there is a trigonometric polynomial ψε such that

lim sup
n

1
n

n−1∑
k=0

|a(k)− ψε(k)| < ε
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and bounded Besicovitch weights are bounded weights in this class. Let us define
the d-dimensional analogs of Besicovitch sequences: We say that the sequence
{a(k)} to be r-Besicovich if for every ε > 0 there is a sequence of trigonometric
polynomials in d variables such that

lim sup
N→∞

1
|N|

N−1∑
k=0

|a(k)− ψε(k)|r < ε.

We denote this class by B(r). We say that {a(k)} to be r-bounded Besicovitch
sequence if {a(k)} ∈ B(r) ∩ l∞. Let α = supk ak. We call that the Banach space
X is without 1-projections iff there is no projection P on X such that ‖x‖ =
= ‖Px‖+ ‖x− Px‖ for all x ∈ X.

In the vector case, R. V. Chacon proved the a.e. convergence of the averages
1
n

∑n−1
k=0 T

kf when X being reflexive Banach space, T is linear operator on L1(X)
contraction in both L1(X) and in L∞(X) and f ∈ L1(X). Yoshimoto [13] re-
marked that Chacon’s theorem remains true if the operator T is contraction in
L1(Ω, X) but power bounded in L∞(Ω, X).

In [8] it was shown that Chacon’s theorem remains true for the weighted aver-
ages 1

n

∑n−1
k=0 a(k)T

kf where a(k) is a 1-Besicovitch bounded sequence.
In the real case (X = R) and using linear modulus of non positive oper-

ator, R. Jones and J. Olsen proved [11] the a.e convergence of the averages
1
|N|
∑N−1

k=0 a(k)Tkf with N = (n, . . . , n) and f ∈ L1 for Dunford-Schwartz op-
erators. Akcoglu and Chacon proved [1] the almost everywhere convergence of the

Cesaro average An(T )f = 1
n

∑n−1
i=0 T

if for all f ∈ L1(Ω,R), when T is a linear
operator on L1(Ω,R) contrction in L1(Ω,R) and in Lq(Ω,R) for some q ∈]1,+∞[.

Using the linear modulus A. Brunel proved [4] the almost everywhere con-
vergence of the multiparameter averages An(T1, . . . , Td)f = An(T1) . . . An(Td)f
when T1, . . . , Td are linear commuting operators on L1(Ω,R) contraction in both
L1(Ω,R) and in L∞(Ω,R).

Our aim is to prove that if the operators T1, . . . , Td (possibly not commuting)
are linear surjective isometries on L1(X) and contractions (or power bounded) in
L∞(X) then, we have a.e. convergence of the averages 1

|N|
∑N−1

k=0 a(k)Tkf with
N = (n, . . . , n) for all f ∈ L1 (X).

This result maybe considered to be a multidimensional version of Chacon’s
theorem [5] for surjective isometries in L1 (X) and for the weighted averages, of
course, the extension of Chacon’s theorem to multidimensional case remains an
open problem.

Using a representation of surjective isometries due to S. Guerre and Y. Raynaud
[10] we give a vector multiparameter version of Jones-Olsen’s result. In fact, the
difficulty in vector case is that: for a vector operator T on L1(X) we cannot
always find a DPO (dominated positive linear operator) τ, which is a contraction
on L1 = L1(R) (analog to the linear modulus) and verify that for all f ∈ L1(X)

(1) ‖Tf‖ ≤ τ (‖f‖) .
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(We give a counter example proving that the operators τ does not exist in general).
In [10] Guerre and Raynaud proved in proposition 6.1 that if an isometry T admits
a DPO, τ then we have ‖Tf‖ = τ (‖f‖) for all f ∈ Lp(X).

Our main result is the following:

Theorem 1. Let T1, . . . , Td be commuting linear surjective isometries on L1(X)
and power bounded in L∞(X). a(k) is a d-dimensional r-Besicovitch bounded se-
quences. Then, for f ∈ L1(X) we have the almost everywhere convergence of the
averages 1

|N|
∑N−1

k=0 a(k)Tkf with N = (n, . . . , n) as n→∞.

We need the following lemma:

Lemma 1. Let T1, . . . , Td be commuting linear surjective isometries on L1(X)
and power bounded in L∞(X). Let F ∗ = supN

∥∥∥ 1
|N|
∑N−1

k=0 a(k)Tkf
∥∥∥ then, for all

f ∈ L1 (X) and any a > 0, there exists a positive real χd such that

aµ {F ∗ > a} ≤ χd

∫
Ω

‖f‖ dµ.

Proof. We shall use the norm resolution [10, p. 368]. Let Z is Boole algebra
(they are commuting). We define a measure µZ on P1(Z) and a surjective mapping
NZ : Z → P1(Z) which is the norme resolution on P1(Z) verifying
(i) ∀z ∈ Z, ‖z‖ = |NZ(z)|L1

+(P1(Z)) .

(ii) ∀(u, v) ∈ Z2,∀(α, β) ∈ R2

NZ(αu+ βv) ≤ |α|NZ(u) + |β|NZ(v).

Guerre and Raynaud showed [10] that for each linear surjective isometry T : Z → Z
that there is a positive surjective isometry

τ : L1
+ (P1(Z)) → L1

+(P1(Z))

such that

(2) NZ(Tf) = τ(NZf).

Let Z = L1(X) = L(Ω, β, µ,X). In [9] it was proved that if X is separable
space (without loss of generality we can suppose that X is separable) then

P1(Z) = β ⊗ P1(X).

Let µZ = µ⊗ µX with these notations we can write for f ∈ L1(X)

NZ(f) ∈ L1(β ⊗ P1(X)) = L1
β

(
L1
P1(X)

)
NZ(f)(ω) = NX (f(ω))

and
‖f(ω)‖X = |NX (f(ω))|L1

+(P1(Z)) = |Nz(f)(ω)|L1
+(P1(Z)) .

Denote by N = NZ = NL1(X), (2) shows that for all j ∈ N we have

τ j(Nf) = N(T jf)
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and since X is reflexive Banach space then it has a finite number of 1-projections
(because otherwise X ⊃ l1 ). Let

P1(X) = Π = {1, . . . ,K}.

We can decompose the space X as

X = X1 ⊕1 X2 ⊕1 . . .⊕1 XK

where Xi is a Banach space without 1-projections for i = 1, . . . ,K. If x ∈ X then
x = (xi)1≤i≤K and theorem of x will be

‖x‖X =
K∑

i=1

‖xi‖Xi

where‖xi‖Xi
is the norm in the space Xi. We can write that the measure µX on

the set {1, . . . ,K} is a countable measure The space L1(Ω×{1, . . . ,K}) identifies
to the space L1(Ω, l1K) and the norm resolutions N = NZ : L1(X) → L1(Ω ×
×{1, . . . ,K}) and NX : X → L1

+({1, . . . ,K}) = l1K are related by

NX (f(ω)) (i) = N(f)(ω, i) = ‖fi(ω)‖Xi

and as NX (x)) (i) = ‖xi‖Xi
we obtain

‖fi(ω)‖Xi
=

K∑
i=1

‖fi(ω)‖Xi
=

K∑
i=1

NX (f(ω)) (i)

=
K∑

i=1

Nf(ω, i) = ‖Nf(ω, .)‖L1(Π)

(3)

(3) gives the norm in X in terms of the norm resolution on L1(Ω×{1, . . . ,K}). In
its definition the operator τ acts in L1(Ω × {1, . . . ,K}) = L1(Ω, l1K) and verifies
∀j ∈ N

τ j(Nf) = τ j
[(
‖fi‖Xi

)
1≤i≤K

]
=
(∥∥T jfi

∥∥
Xi

)
1≤i≤K

= N(T jf).

By (2) we have for ϕ = Nf ∈ L1(Ω′ = Ω× {1, . . . ,K}) with f ∈ L1(Ω, X)

‖τϕ‖L1(Ω′) = ‖τ (Nf)‖L1(Ω′) = ‖N(Tf)‖L1(Ω,X)

= ‖Nf‖L1(Ω′) = ‖f‖L1(Ω,X) = ‖ϕ‖L1(Ω′)

which proves that τ is isometry on L1(Ω, l1K). In what follows we will prove that

supN

∥∥∥ 1
|N|
∑N−1

k=0 a(k)Tkf
∥∥∥ is finite a.e. for all f ∈ L1(Ω, X). �

To complete the proof we need the following proposition:

Proposition 1. Let T be a surjective isometry in L1(X) and contracting in
Lq(X) (1 ≤ q ≤ ∞), then its DPO τ is a contraction on Lq(l1k) and if T is power
bounded in Lq(X) then is power bounded in Lq(Ω, {1, . . . , k}) = Lq(Ω, l1k).
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Proof. Let q ∈]1,+∞[. If T is a contraction in Lq(X),we can write

‖τ (Nf)‖Lq(Ω′) =

[∫ ( K∑
i=1

τ (Nf) (ω, i)

)q

dω

]1/q

=

[∫ ( K∑
i=1

N(Tf)(ω, i)

)q

dω

]1/q

=

[∫ ( K∑
i=1

‖(Tf(ω))i‖Xi

)q

dω

]1/q

=
[∫

‖Tf(ω)‖q
X dω

]1/q

= ‖Tf‖Lq(X) ≤ ‖f‖Lq(X) = ‖‖f‖X‖Lq

=

∥∥∥∥∥
K∑

i=1

‖f‖i

∥∥∥∥∥
Lq

= ‖Nf‖Lq(l1k) .

If T is power bounded in Lq(X) we can write∥∥τ j (Nf)
∥∥

Lq(Ω′)
=

∥∥N(T jf)
∥∥

Lq(l1K)
=
∥∥T jf

∥∥
Lq(X)

≤ ‖f‖Lq(X) = ‖Nf‖Lq(l1K) .

Clearly

‖(.)‖Lq(lqK) ≤ ‖(.)‖Lq(l1K) ≤ K
q−1

q ‖(.)‖Lq(lqK)

and then we get∥∥τ j (Nf)
∥∥

Lq(lqK)
≤
∥∥τ j (Nf)

∥∥
Lq(l1K)

≤ cK
q−1

q ‖Nf‖Lq(lqK)

which proves that τ is power bounded in Lq(Ω′), 1 < q ≤ ∞.
We have two cases to consider:

Case 1. The space X is without 1-projections.
By [10] if Tj , j = 1, . . . , d, are surjective isometries on L1(X) and contraction

(resp. power bounded) in Lq(X), 1 < q ≤ ∞, then, by Proposition 1.6 in [10]
(resp. Proposition 2) they are majorizable by (DPO) τj , j = 1, . . . , d, which are
isometries in L1 and contraction in Lq (resp. power bounded in Lq(Ω′), 1 < q ≤ ∞.

To the operators τ1, . . . , τd we associate the Brunel operator U which is a
contraction in L1 and a contraction (resp. a power bounded) in Lq, 1 < q ≤ ∞.
Moreover, the operator U verifies [12, p. 213]

sup
n

∥∥∥∥∥ 1
|N|

N−1∑
k=0

a(k)Tkf

∥∥∥∥∥ = sup
n

∥∥∥∥∥ 1
nd

N−1∑
k=0

a(k)Tkf

∥∥∥∥∥
≤ sup

n

∥∥∥∥∥ 1
nd

N−1∑
k=0

a(k)τkf

∥∥∥∥∥ ≤ α sup
n

∥∥∥∥∥ 1
nd

N−1∑
k=0

τk ‖f‖

∥∥∥∥∥
≤ αχd sup

n
An(U) ‖f‖ .
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In this case we obtain by applying the maximal weak inequality to the operator
U (which is Dunford-Schwarz operators)

aµ {F ∗ > a} ≤ aµ

{
sup

n
An(U) ‖f‖ > a/αχd

}
≤ αχd

∫
Ω

‖f‖ dµ.

Case 2. The space X is reflexive Banach space:
The operators τ1, . . . , τd are isometries in L1(Ω′ = Ω⊗ Π) and power bounded

in L∞(Ω′) apply the Proposition 2 with q = ∞ to obtain that Brunel’s operator U
associated to the family τ1, . . . , τd is also a contraction in L1 and power bounded
in L∞. Using (3) and the fact that µX is a countable measure we get

sup
n

∥∥∥∥∥ 1
nd

N−1∑
k=0

a(k)Tkf(ω)

∥∥∥∥∥ ≤ sup
n

K∑
i=1

N

(
1
nd

N−1∑
k=0

a(k)Tkf

)
(ω, i)

≤
K∑

i=1

sup
n

(
1
nd

N−1∑
k=0

a(k)τk

)
(Nf) (ω, i)

≤ χd

K∑
i=1

sup
n
An(U)Nf(ω, i).

(4)

By Yoshimoto [13], we can write

aµ {F ∗ > a} ≤ aµ

{
K∑

i=1

sup
n
An(U)Nf(ω, i) > a/χd

}

≤ aµ

{
K⋃

i=1

{
sup

n
An(U)Nf(ω, i) > a/kχd

}}

≤
K∑

i=1

aµ

{
sup

n
An(U)Nf(ω, i) > a/kχd

}

≤ χd

K∑
i=1

∫
Ω′
Nf(ω, i)d (µ⊗ µX)

= χd ‖Nf‖L1(Ω′)

= αχd ‖f‖L1(Ω,X) = αχd

∫
Ω

‖f‖ dµ.

�

Before giving the proof of our main result, we state a result of Jones-Olsen in
[11, pp. 351]

Theorem 2. For all r ≥ 1 we have B (r) ∩ l∞ = B (1) ∩ l∞.

By this theorem it suffices to prove theorem 1 for the 1-Besicovitch bounded
sequences.
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Proof of Theorem 1. We have to prove that the averages 1
|N|
∑N−1

k=0 a(k)Tkf

converge a.e. on a dense set on L1 (X) . Let L∞ (X) such a set. For every ε > 0
we have

1
|N|

N−1∑
k=0

a(k)Tkf =
1
|N|

N−1∑
k=0

(a(k)− ψε(k))Tkf +
1
|N|

N−1∑
k=0

ψε(k)Tkf

and then for all f ∈ L∞ (X) we have

∥∥∥∥∥ 1
|N|

N−1∑
k=0

a(k)Tkf

∥∥∥∥∥ ≤
∥∥∥∥∥ 1
|N|

N−1∑
k=0

(a(k)− ψε(k))Tkf

∥∥∥∥∥+

∥∥∥∥∥ 1
|N|

N−1∑
k=0

ψε(k)Tkf

∥∥∥∥∥
≤ 1
|N|

N−1∑
k=0

|a(k)− ψε(k)|
∥∥Tkf

∥∥+

∥∥∥∥∥ 1
|N|

N−1∑
k=0

ψε(k)Tkf

∥∥∥∥∥ .

(5)

In the case 1 we have

1
|N|

N−1∑
k=0

|a(k)− ψε(k)|
∥∥Tkf

∥∥ ≤ 1
|N|

N−1∑
k=0

|a(k)− ψε(k)| τk ‖f‖

≤ ‖f‖∞
1
|N|

N−1∑
k=0

|a(k)− ψε(k)| < ε ‖f‖∞ .

In the case 2 we have

1
|N|

N−1∑
k=0

|a(k)− ψε(k)|
∥∥Tkf

∥∥ ≤ 1
|N|

N−1∑
k=0

|a(k)− ψε(k)|

[
K∑

i=1

N
(
Tkf

)
(., i)

]

=
1
|N|

N−1∑
k=0

|a(k)− ψε(k)|

[
K∑

i=1

τkNf(., i)

]

≤ ε

[
K∑

i=1

τ ‖Nf(., i)‖∞

]
.

We have seen in [7, pp. 28] that a. e. convergence holds for the averages
1
|N|
∑N−1

k=0 Tkf . Let (λ1, . . . , λd) ∈ Cd, with |λi| = 1, i = 1, 2, . . . , d then the theo-

rem holds when a (k) = λk1
1 . . . λkd

d since T̃k = λk1
1 . . . λkd

d Tk is also a d-parameter
sequences of surjective isometries operators on L1 (X) and power bounded in
L∞ (X) when a (k) = 1. Clearly the a.e. convergence holds for finite linear com-
binations of such sequences, and hence holds for trigonometric ploynomial in d
variables, which proves the convergence a.e. of the second term of (5) and then
we have a.e. convergence of

1
|N|

N−1∑
k=0

a(k)Tkf
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for all f ∈ L∞ (X) . The Banach principle combining with Lemma 1 end the
proof of Theorem 1 in the contraction (resp. power bounded) case by applying
Akcoglu-Chacon’s Theorem (resp. Yoshimoto’s) Theorem to the operator U.

Remark 1. In the case when X is without 1-projections we obtain that Akcoglu-
Chacon’s theorem [2] can be extended to vector case and for linear surjective
isometries.

Remark 2. If p = 2, Burkholder [12] constructed a surjective isometry in L2

for which the pointwise ergodic theorem is false. For this reason we can prove that
if X is reflexive Banach lattice, and if T1, . . . , Td are (non-commuting) surjective
isometries on Lp(X), 1 < p 6= 2 <∞, then ∀f ∈ Lp(X) :∥∥∥∥∥sup
−→
N

∥∥∥∥∥ 1
|N|

N−1∑
k=0

a(k)Tkf

∥∥∥∥∥
∥∥∥∥∥

Lp(Ω,X)

≤

∥∥∥∥∥∥
∥∥∥∥∥sup
−→
N

NX

(
1
|N|

N−1∑
k=0

a(k)Tkf

)∥∥∥∥∥
Lp(Π)

∥∥∥∥∥∥
Lp(Ω,X)

=

∥∥∥∥∥sup
−→
N

NX

(
1
|N|

N−1∑
k=0

a(k)Tkf

)∥∥∥∥∥
Lp(Π⊗Ω)

≤

∥∥∥∥∥sup
−→
N

1
|N|

N−1∑
k=0

a(k)τk (Nf)

∥∥∥∥∥
Lp(Π⊗Ω)

≤ α

(
p

p− 1

)d

‖Nf‖Lp(Π⊗Ω)

= α

(
p

p− 1

)d

‖f‖Lp(Ω,X) .

The least inequality is true by applying Akcoglu’s theorem d times successively
on the operators τ1, . . . , τd.

For the commuting case. Using Brunel operator we obtain the following strong
estimates ∥∥∥∥∥sup

−→
N

∥∥A−→
N

(T1, . . . , Td)f
∥∥∥∥∥∥∥

Lp(Ω,X)

≤ χd
p

p− 1
‖f‖Lp(Ω,X) .

Remark 3. 1. If T is power bounded in Lq(X) then its DPO; τ is power
bounded in Lq(Ω′). But we don’t know if τ is a contraction in Lq(Ω′) = Lq(lqK)
when T is in Lq(X). For this reason in the case ”X has 1-projection”, we cannot
obtain an extension of Akcoglu-Chacon’s theorem.
2. If P1(X) is singleton and if T is a contraction in Lq(X), then τ is contraction

in Lq(Ω′), 1 < q <∞.

Now, we can find the results of [7] and [8] as corollary:

Corollary 1. Let T1, . . . , Td be d commuting linear surjective isometries on
L1(X) and power bounded in L∞(X). Then, for f ∈ Lp(X) we have the almost
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everywhere convergence of the averages

An(T1, . . . , Td)f =
1
nd

n−1∑
i1=0

. . .

n−1∑
id=0

T i1 . . . T idf

as n→∞.

Corollary 2. Let X be a reflexive Banach space and let θ1, . . . , θd be d preserving
measure transformations on a σ−finite space. If Tjf = foθj , j = 1, . . . , d, and
if the transformations are commuting then the averages An(T1, . . . , Td)f converge
a.e. for all f ∈ L1(X).

In the following we give an example of vector operator which is not majorizable
by a dominated positive operator contraction in L1.

Example 1. Let Ω = {1, 2} be probability space, µ(1) = µ(2) = 1/2, and let
X = R2 (reflexive Banach space) with norm ‖(x, y)‖ = |x| + |y| . The Banach
space L1

(
{1, 2},R2

)
will be of dimension 4. The operator T will be represented

by a square matrix of order 4. Let T = (aij)1≤i,j≤4 if such an operator (DPO) τ
exists then it will verify for all ϕ ∈ L1

τ0ϕ = sup {‖Tf‖ ; ‖f‖ ≤ ϕ} ≤ τϕ.

We shall prove that for an operator T, τ0 is not contracting in L1. From this we
deduce that τ is also not contracting. The condition ‖Tf‖1 ≤ ‖f‖1 implies that∑4

i=1 |aij | ≤ 1 for j = 1, . . . , 4. The operator τ0 is contracting in L1 if

|a11|+ |a21|+ |a32|+ |a42| ≤ 1(∗)
|a12|+ |a22|+ |a31|+ |a41| ≤ 1.(∗∗)

But if we take a11 = 1/2; a21 = a31 = a41 = 10−1 and a12 = a22 = a32 = a42 = 1/4
and 0 elsewhere then while the operator T is L1(X)−contraction we have the
conditions (∗) and (∗∗) are not satisfied. This implies that τ0 is not L1-contraction.
Consequently, τ is not L1-contraction. A similar calculation shows that τ0 is not
Lp-contraction although the operator T is. Since X = l12 has two projections, by
its definition, DPO and as τ0 is not contraction in L1(Ω′), we then get that T does
not have a DPO. By Chacon’s theorem the Cesaro averages An(T )f converge a.e.
for all f ∈ L1(X) while the operator T is not majorilized by a DPO.

Remark 4.

1. By a similar argument of that of Brunel [4] Theorem 1 remains true when X is
a reflexive Banach lattice space and the operators T1, . . . , Td are positive linear
operators contraction in both L1(X) and in L∞(X).

2. The commutation of τ1, . . . , τd is not needed to the construction of the Brunel
operator U .

3. If X is without1-projections the contraction of the operator T in L∞(X) assumed
in [5] can be replaced by the contraction in some Lq(X) with q ∈]1,+∞[.
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