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RESTRICTED CONGRUENCE REGULARITY OF ALGEBRAS

I. CHAJDA anp H. LANGER

ABSTRACT. An algebra A is called restricted regular with respect to a subset M
of its base set if every single class of some congruence © on A determines ©|M.
A variety is called restricted regular with respect to a unary term t if every of its
members (A, F) is restricted regular with respect to t(A). The well-known results
on (weak) regularity are generalized to the "restricted case”.

Definition 1. Let A = (A, F) be an algebra and M C A. A is called re-
stricted regular with respect to M if for all « € A and ©,% € ConA the
following holds: If [a]® = [a]® then O|M = ®|M. For an arbitrary set M let wpy
denote the least equivalence relation on M.

Remark 1. The case M = A yields the concept of a regqular algebra (see [2],[5]
and [7]). FEvery algebra is restricted reqular with respect to every at most one-
element subset of its base set.

Lemma 1. If A= (A, F) is an algebra, M C A, A is restricted regular with
respect to M and © is a congruence on A having a singleton class then ©|M = wyy.

Proof. If [a]® = {a} for some a € A then [a]® = [aJws and hence O|M =
(UAIM = WM - O

Definition 2. Let V be a variety and ¢ a unary term of V. V is called restricted
regular with respect to ¢ if every member (A, F') of V is restricted regular with
respect to t(A).

Remark 2. The case t(x) = x yields the concept of a regular variety (see [2],[5]
and [7]). Every variety V is restricted reqular with respect to every constant unary
term of V.

Theorem 1. Let V be a variety and t a unary term of V. Then V is restricted
regular with respect to t if and only if for each member A= (A, F) of V and each
congruence © on A having a singleton class it holds O|t(A) = wy(a).
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Proof. If V satisfies the condition of the theorem, A = (A, F) € V, a € A,
0, € ConA and [a]© = [a]P then
[lal(©@Nn®)[(©/(0N@))| = [[[a](©NO)|(2/(ONT))| =
and hence
(©/(6Nne))t(A/(©N D)) = (2/(OND))[tA/(OND))
which implies ©t(A) = ®|t(A). The rest of the proof follows from Lemma 1. [

Theorem 2. For an algebra A = (A, F), a,b € A and M C A? the following
conditions are equivalent:

(i) (a,b) € O(M).

(ii) There exists a positive integer n, ag,...,an € A, (b1,¢1), ..., (bn,cn) € M
and unary polynomial functions p1, ..., p, over A with ag = a, {a;—1,a;} =
{pi(bi),pi(ci)} fori=1,...,n and a, =b.

(i) There exists a positive integer n, (bi,c1),...,(bn,cn) € M and binary
polynomial functions qi,...,q, over A with qi(b1,c1) = a, qi(ci,b;) =
Giv1(bix1,¢i01) fori=1,...,n—1 and g,(cn,bn) = b.

Proof. (i) = (ii):
See [4] (p. 55) or [6] (Theorem 4.19).
(il) = (iii):
For i = 1,...,n define ¢;(z,y) := pi(x) if pi(b;) = ai—1 and ¢i(z,y) = pi(y)
otherwise. Then ¢,...,q, are binary polynomial functions over A and for i =
1,...,n — 1 it holds:

q1(b1,¢1) =pi(b1) = ap = a if p1(b1) = ao,
(

qi(b1,c1) =m1 C1) = a otherwise,
qz(cla 2) (Cz) 3 fpz(bl) = Qj—1,
q:(ci, b;) = pi(b;) = a; otherwise,

b
Git1(bit1, civ1) = pit ( it1) = a; if piy1(bis1) = a4,
) = Pit1(ciy1) = a; otherwise,

Git1(bis1, Cia
Qn(cna bn) = pn(cn) =a, =bif pn(bn) = an_1 and
dn (Cnv bn) = pn(bn) = a, = b otherwise.
(iii) = (i):
a = Q1(b1, Cl) G(M) ql(Cl, bl) = qg(b2762) @(M) e @(M) Qn(cnvbn) = b D
Theorem 3. For a variety V and a unary term t of V the following conditions
are equivalent:

(1) V is restricted regular with respect to t.

(ii) There exists a positive integer n, ternary terms ty,...,t, and 5-ary terms
81, ..,8n satisfying the following conditions:
t(.’L‘) = t(y) Zmphes tl(x7y7 Z) == tn(x7y7 Z) =2z,

31(t1($7ya2)727$ay72’) = t($>7
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Si(27ti($7ya 2)7%.% Z) = 5i+1(ti+1(xa Y, Z)a Zax7yaz) fO’f’ 1= 17 R 1
and sy (2, tn(7,y, 2), 2,y, 2) = t(y).

(iii) There exists a positive integer n and ternary terms ti,...,t, such that
ti(z,y,2) =+ =tp(x,y,2) = z is equivalent to t(x) = t(y).

Proof. (i) = (ii):
Consider the free algebra Fy(z,y, z) of V generated by the free generators z,y, z.
Then

[210(t(2), t(y)) = [z]0({z} x [z]O(t(x), 1(y)))
implies, according to (i),
(t(x),t(y)) € Ot (), t(w)[t(Fy(x,y,2)) = Oz} x [2]O(t(x), t(y) [t(Fy (2, y, 2))-

In virtue of Theorem 2, there exists a positive integer n, t1,...,t, € [2]O(t(x),t(y))
and binary polynomial functions ¢i,...,q, over Fy(z,y, z) Wlth q1(z,t1) = t(z),
ql(tu Z) = Qi-‘rl(za ti+1) for i = 1...,n— 1 and QTL(t'fH Z) = t(y)

Now there exist 5-ary terms si,...,s, with s;(u,v,z,y,2) = ¢;(v,u) for i =
1,...,n and the elements ¢y, ..., t, of [2]O(t(z),{(y)) can be considered as ternary
terms t1(2,y,2),... ... tn(2,y, 2). These terms satisfy the identities of (ii). Since
t1,...,tn € [2]O(t(x),t(y)) one obtains ti(x,y,2) = - -+ = t,(z,y,z) = z provided
Ha) = ty).

(i) = (iii):

ti(x,y,2) =+ =ty(x,y,2) = z implies

( )_81( ): e sn(z,z,m,y,z)zt(y).
(iif) = (1):

IfA=(AF)eV, abce A O € ConA, [a]® = {a} and (¢(b),t(c)) € © then
ti(b,c,a) € [ti(b, ¢, a)]© = £;([b]©, [c]©, [a]©) = [a]© = {a}

for alli =1,...,n according to (iii) whence t(b) = ¢(c) again by (iii) which shows
O[t(A) = wia). In virtue of Theorem 1, V is restricted regular with respect to
t. O

Example 1. The variety V of pseudocomplemented lattices (L,V,N\,*) is re-
stricted regular with respect to * but not regular (cf. [1]). This can be seen as
follows: The terms

t1(z,y,2) == (2" Ay)" Az,
ta(x,y,2) == (" Ay) V 2,
ts(z,y,2) := (x Ay*)" Az and
ta(x,y,2) = (x Ay*)Vz
satisfy condition (iii) of Theorem 3: If 1 (z,y,2) = - -+ = t4(x,y, z) = z then

*ANy<z<(@*Ay)fandz Ay <z<(xAy*)"
which implies

ANy < (" AYA (@A) =0and z Ay < (2 Ay )A(xAy")" =0.
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From this it follows z* < y* and y* < z* and therefore z* = y*. If, conversely,
x* = y* then

t1<$,y72) (y*/\y)*/\'z:z7

t2($7yaz) = (y* /\y) Vz= 2,

ts(x,y,2) = (x Az*)* Az =z and
)

ta(x,y,2z) = (@ ANz*)Vz =2z

That V is not regular can be seen from the following example: The equivalence

relation on Ny
1

*k

0

having the classes {0}, {a,a**}, {a*} and {1} is a congruence on the pseudocom-
plemented lattice s which has three classes in common with wy,, but is different
from wy,.

Definition 3. An algebra with 0 is an algebra with a distinguished element
0 of its base set. A variety with 0 is a variety with a constant unary term 0.

Definition 4. Let A = (A, F) be an algebra with 0 and M C A. A is called
restricted weakly regular with respect to M if for all ©,® € ConA, [0]© =
[0]® implies O|M = §| M.

Remark 3. The case M = A yields the concept of a weakly regular algebra
with 0 (see [3]). Fwvery algebra with 0 is restricted weakly regular with respect to
every at most one-element subset of its base set.

Lemma 2. If A= (A, F) is an algebra with 0, M C A, A is restricted weakly
reqular with respect to M and © is a congruence on A with [0)© = {0} then
@|M = WM -

Proof. [0]© = {0} = [0]wa implies O|M = wa|M = wyy. O

Definition 5. Let V be a variety with 0 and ¢ a unary term of V. V is called
restricted weakly regular with respect to t if every member (A, F') of V is
restricted weakly regular with respect to ¢(A).

Remark 4. The case t(x) = x yields the concept of a weakly regular variety
with 0 (see [3]). Every variety V with 0 is restricted weakly reqular with respect to
every constant unary term of V.

Theorem 4. A wvariety V with 0 and with unary term t is restricted weakly
reqular with respect to t if and only if for each member A = (A, F) of V and each
© € ConA with [0]© = {0} it holds O[t(A) = wy(a).
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Proof. If V satisfies the condition of the theorem, A = (A, F) € V; 0,9 €
ConA and [0]© = [0]® then

[[i(en®)(©/(0Nn))| = |[[0)(EN)(@/(©ne)) =1
and hence
(©/(0Nn®))|t(4/(0N @) = (2/(OND))[t(A/(© N D))
which implies ©t(A) = ®|t(A). The rest of the proof follows from Lemma 2. O

Theorem 5. For a variety V with 0 and a unary term t of V the following
conditions are equivalent:

(i) V is restricted weakly reqular with respect to t.

(ii) There exists a positive integer n, binary terms dy,...,d, and 4-ary terms
S1,---,8n satisfying the following conditions:
t(x) = t(y) implies di(z,y) = - = dp(z,y) =0,

Sl(dl (‘Ta y)7 Oa €, y) = t(l’),
si(oa dz(l'vy)a x»y) = Si+1(di+1(x7y)7071'7y) fO’f‘ 1= ]-7 ceey— 1 and
$n (0, dn(2,y), 2, y) = t(y).
(iii) There exists a positive integer n and binary terms dy,...,d, such that
di(z,y) =+ =dn(x,y) = 0 is equivalent to t(x) = t(y).

Proof. (i) = (ii):
Consider the free algebra Fy(x,y) of V generated by the free generators z,y. Then

018(t(z), t(y)) = [0]©({0} x [0]O(¢(x), t(y)))

implies, according to (i),
(t(2), t(y)) € O (), t(y)) [t(Fv(2,y)) = O({0} x [0]0(t(x), t(y)))[t(Fv(z,y))-
t(y))

In virtue of Theorem 2, there exists an integer n > 1, d1,...,d, € [0]O(¢(x),
and binary polynomial functions ¢y, ..., g, over Fy(z,y) with

q1(0,dy1) = t(x),

qi(di,O) = qH_l(O, di—i—l) for i = 1, ey, — 1 and

Qn(dnvo) = t(y)
Now there exist 4-ary terms s1, ..., s, with s;(u,v,z,y) = gi(v,u) fori=1,...,n
and the elements dy,...,d, of [0]©(¢t(z),t(y)) can be considered as binary terms
di(z,y),...,dn(x,y). These terms satisfy the identities of (ii). Since di,...,d, €

EO])@(t(?:),)t(y)) one obtains dy(z,y) = -+ = dp(z,y) = 0 provided t(x) = t(y).

i) = (iii):

di(z,y) = -+ = dp(z,y) = 0 implies t(z) = 51(0,0,x,y) = --- = 5,(0,0,z,y) =
t(y).

(iil) = (i):

IfA=(AF)eV, abe A © € ConA, [0]© = {0} and (t(a),t(b)) € O then
di(a,b) € [di(a,b)]© = d;([a]®, [b]©) = [0]© = {0}

for all i = 1,...,n according to (iii) whence ¢(a) = ¢t(b) again by (iii) which shows
O[t(A) = wy(ay. In virtue of Theorem 4, V is restricted weakly regular with respect
to t. ]
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Example 2. The variety V of pseudocomplemented semilattices (S, N\,*) is re-
stricted weakly reqular with respect to * but not weakly regular (cf. [1]). This can
be seen as follows: The terms di(z,y) := z* Ay and da(z,y) := x A y* satisfy
condition (iii) of Theorem 5: If di(x,y) = da(z,y) = 0 then z* < y* and y* < z*
which yields z* = y*. If, conversely, 2* = y* then di(z,y) = y* Ay = 0 and
da(z,y) = x Ax* = 0. That V is not weakly regular can be seen from the example
mentioned in Example 1.

Remark 5. The results obtained in this paper are natural generalizations of
the corresponding results on (weak) regularity (see [2],[3],[5] and [7]).

REFERENCES

1. Chajda I. and Eigenthaler G., A remark on congruence kernels in complemented lattices
and pseudocomplemented semilattices, Contr. General Algebra 11 (1999), 55 — 58.

2. Csékdny B., Characterizations of regular varieties, Acta Sci. Math. (Szeged) 31 (1970), 187
— 189.

3. Fichtner K., Eine Bemerkung tuber Mannigfaltigkeiten universeller Algebren mit Idealen.
Monatsber. DAW 12 (1970), 21 — 25.

4. Gratzer G., Universal algebra, Van Nostrand, Princeton, New Jersey 1968.

5. Gritzer G., Two Mal’cev-type theorems in universal algebra, J. Comb. Th. 8 (1970), 334 —
342.

6. McKenzie R. N., McNulty G. F. and Taylor W. F., Algebras, lattices, varieties I, Wadsworth,
Monterey, California 1987.

7. Wille R., Kongruenzklassengeometrien, Springer Lect. Notes Math. 113, Berlin 1970.

I. Chajda, Palacky University Olomouc, Department of Algebra and Geometry, Tomkova 40, CZ
— 77900 Olomouc, e-mail: chajda@risc.upol.cz

H. Langer, Technische Universitat Wien, Institut fiir Algebra und Computermathematik, Wied-
ner Hauptstrafie 8 — 10, A — 1040 Wien, e-mail: h.laenger@tuwien.ac.at



