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A TOPOLOGICAL REPRESENTATION
OF POLARITY LATTICES

G. HARTUNG, M. KAMARA and C. SACAREA

1. Introduction

In [Ha92] a representation of bounded lattices within so called topological con-
texts has been developed, representation which gives rise to a duality between
the category of bounded lattices with onto homomorphisms and the category
of standard topological contexts with the so-called standard embeddings. This
representation includes Stone’s representation theorem of Boolean algebras by to-
tally disconnected compact spaces [St37], Priestley’s representation of distributive
0-1-lattices by totally order-disconnected spaces [Pr70] as well as Urquhart’s rep-
resentation of arbitrary lattices by so-called L-spaces [Ur78].

This duality was extended in [Ha93] to arbitrary 0-1-lattice homomorphisms
while the appropriate morphisms in the category of standard topological contexts
were defined using the idea of multivalued functions [HW81].

In the present paper we consider bounded lattices with an additional unary
operation called polarity, generalizing orthocomplementation, and we give a repre-
sentation by standard topological contexts where the polarity operation is captured
in a convenient matter.

We characterize the congruence lattice of a polarity lattice within its standard
topological polarity context, obtaining in a diferent way the well known result that
the congruence lattice of a polarity lattice is distributive. As another application,
we prove Varlet’s conjecture, that a distributive polarity lattice has a Boolean
congruence lattice if and only if the given polarity lattice is finite.

Further we prove that in the polarity case, the representation of polarity lattices
by polarity contexts captures the representation given by Urquhart in [Ur79].

We extend then the duality to arbitrary 0-1 polarity lattice homomorphisms
recapturing the polarity operation within the standard topological context as a
multivalued polarity pair.
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2. Preliminaries

A polarity lattice is a pair (L, p) where L is a bounded lattice and p is a unary
operation on L satisfying
() p*=id;
(2) p(x Ly) = p(x) Cpty);
(3) p(x Ly) = p(x) Cpty), for all x,y [Tl
We call a map ¢: (L,p) - (M,q) between polarity lattices a polarity homo-
morphism if @ is a 0-1-lattice homomorphism which in addition fulfills

O(P(x)) = q(@(x))-

We briefly sketch the duality between bounded lattices and standard topological
contexts developed in [Ha92]. This approach is based on the theory of Formal
Concept Analysis. We recall some definitions and basic facts, for other definitions
and results we refer to [GW96].

By (X, T) we denote a topological space, where X is the underlying set and
T is the family of all closed sets of that space. We start with a triple KT :=
(G, p), (M, 0), 1) consisting of two topological spaces (G, p), (M, ) and a binary
relation | [CGIx M.

For A [Gland B M we define two derivations by

A= {m M | glm for all g CA}
BY={g Cd|glm for all m CHI}.

These form a Galois-connection which gives rise to a complete lattice
B(K"):={(A,B) |A [G] B [M, A”=B, B"=A}

which is known as the concept lattice of the context K. The elements of
B(K") are called (formal) concepts. If (A, B) is a concept of KT, the sets A and
B are called the extent and the intent of the concept (A, B). For two concepts
the relation subconcept-superconcept is given by

(A,B) < (C,D) -~ A [BI(~ B [B).

A closed concept is a concept consisting in each component of a closed set with
respect to the corresponding topology. The set of all closed concepts is denoted
by
BT (K"):={(A,B) [B(K") | A [pland B [a}.

The triple KT :=((G, p), (M, 0), 1) is called a topological context if the fol-

lowing two conditions are satisfied:
() A Cp CATpIB Cal CBYCal
(i) Sp == {A L3 | (AJAY [ B'(K")} is a subbasis of p and Sy :=
{B | (B,BY CB" (KT)} is a subbasis of a.
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Under these assumptions, BT (KT) with the induced order is a 0-1-lattice in
which infima and suprema can be described as follows

(A1,B1) [(A2, B2) = (A1 n Az, (B1 [Bh)");
(A1,B1) (A, By) = (A1 CAL)"B1 n By).

For each g [Q, the concept yg := (g™'g") is called the object concept of G
and for each m [CM the concept pm := (m5'm™Tj is called the attribute concept
of m. We call a context clarified if g,h G with g”= hYimplies g = h and
m, n with mY= n"implies m = n. A clarified context is called reduced
if each object concept is completely join-irreducible and each attribute concept is
completely meet-irreducible. For each context K := (G, M, 1), g C@and m M
we define:

g Cml- gkm and (g~ ChY CmiCht;
g [Cml- gkm and (m" Cnf CgIab);
g Cml- g Cmhbnd g [Cml

We call two contexts K; and K; isomorphic if there are bijective maps
a:G; - Gy and B: M1 — M, such that for all g [ G; and m [CM; the fol-
lowing condition is fulfilled:

glim < a(g)12p(m).

If (L,<) is a lattice we shall denote by L3 the dual of this lattice, i.e., the
lattice (L, =). If K := (G, M, I) is a context, by K¢ we mean the context obtained
by permuting G and M and having as incidence the inverse of I, namely K9 :=
(M, G,171).

For each H 3 and N [CM, the context (H,N, I n (H % N)) is called a
subcontext of K. This subcontext is compatible if (A,B) [CB(K) implies
(AnH,BnN) CB(H,N,I n(HxN)).

Proposition 1. A subcontext (H,N, 1 n (H x N)) of K is compatible if and
only if
Man:B(K) - B(H,N,I n(H xN))with (A,B) 3 (AnH,BnN)

is a surjective complete lattice homomorphism.

A subcontext (H, N, I n(H xN)) of a purified context K is called arrow-closed
if for h [CH the relation h Cmlimplies m [N and for n [N the relation g [l
implies g [CH.
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A topological context is called a standard topological context if in addition
the following hold:

(R) KT is reduced;

(S) glm [I(A,B) CB' (K") withg CAand m [B;

(Q) (I°,(p < 0)ysc) is a quasicompact space where 1°:

denotes the product topology on G < M.

Let now L be a 0-1-lattice. A nonempty lattice filter F of L is called a
I-maximal filter [Ur78] if there exists a nonempty lattice ideal I of L such
that F n 1 = [Cand every proper superfilter F CEl already contains an element
of 1. We denote the set of all I-maximal proper filters of L by Fo(L). Dually the
set Io(L) of all F-maximal ideals is introduced. The dual space of L, called the
standard topological context of L is defined by

KT (L) := ((Fo(L), po). (To(L), 00), )

where FAL: = F n | 8 [@nd the topologies po and g are given by the subbasis

Spo :={Fala [Ll}; Fa:={F CEb(L)|a CFI},

Soo :={lala CH}; l1y:={1 CI}(L)|a 1J.
KT (L) is the reduced context of all filters and ideals of L and it is a standard
topological context. The 0-1-lattice L is isomorphic to BT (KT (L)) via the iso-
morphism 1a: L - BT (KT (L)); 1a(a) = (Fa, l2).
Conversely, every standard topological context KT is isomorphic to KT (BT (KT))
via the pair of homeomorphisms

Ycr: G~ Fo(BT(KT)), 9B {(AB) [B"(K")|g A},
o i M — 1o(BT(KT)), mD {(A,B) [B"(K")|m B}
Let K] and K] be standard topological contexts. A pair of maps (o, B) with

a: G; - Gy and B: M; — My is called a context embedding of K] into K] if

the contexts Ki and ((a(G1), p2jq(cy)): (B(M1), 021p(my)): 12 0 (A(G1) % B(M1)))
are isomorphic as topological contexts with respect to (a, B).

If KT is a topological context, a subcontext ((H, pjn), N, ojn), I n H x N)) is
called weakly compatible if

(A,B) CBT(K") C@nH,B nN) CB(H,N, I n(H xN)).

A context embedding (a, B) between two standard topological contexts K] and
K] is called a standard embedding of K] into K] if the following conditions
are satisfied:

(@) ((a(G1), P2ja(cy)): (B(M1), 021 3(my)), 12 1 (a(G1) > B(M1))) is a weakly
compatible subcontext of K ;
(b) For (A,B) [B" (K]) there exists (C,D) [CB" (KJ) such that

(a(A), B(B)) = ((C na(G1)), (D n B(My))).

(GxM)\l andpxgo
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We briefly sketch the extended duality developed in [Ha93]. Since preimages
of I-maximal filters (resp. ideals) are not maximal again, we have to define appro-
priate morphisms between standard topological contexts to improve a categorical
dual equivalence between the category of bounded lattices and the category of
standard topological contexts.

A multivalued function F: X - Y from aset X toasetY is a binary relation
F X <Y such that prx(F) = X, where prx denotes the projection onto X.
For A [ Xland B [Ylwe define

FA:=pry(F n(AxY))={y [Yl| (a,y) CH for some a A},
F™IB := prx(F n (X x B)) = {x [X| (x,b) CFIfor some b [B};
FEUB := {x [X | Fx [B}.
Note that FA= _ Faand F'B = IEIB]F_lb. IfF:X -YandG:Y - Z
are multivalued functions their relational product
GeF = I%(I,z) [XxZ]|(x,y) [Fland (y,z) QA for somey [YI

is a multivalued function from X to Z.

We shall call a multivalued standard morphism from K] to KJ a pair
(R,S): KI - KI, where K] and K] are standard topological contexts, R is a
multivalued function from G; to G, and S is a multivalued function from M, to
M, satisfying the following conditions:

(i) (RFUA,SHUB) LB (K]) for every (A,B) LB (K});
(i) Rg = Rg™= Rg for every g [G; and Sm = Sm™= Sm for every
m [M;.

Every multivalued standard morphism induces a 0-1-lattice homomorphism and
viceversa. In order to make this assignment functorial we have to modify the rela-
tional composition of multivalued standard morphisms, since the relational com-
position of two multivalued standard morphisms is not necessarily a multivalued
standard morphism.

Let (R1,S1): KI - K] and (R2,S2): KI - KI be multivalued standard
morphisms between standard topological contexts. We define

(R2,S2) [{R1,S1) = (R2 [RY, S, [Sy)
where
(Rz [R1)g: = ((Rz > R1)g1)™and (Sz CSdhmy = ((Sz » Sp)my)™
and - denotes the relational product, i.e.,
(R2 > R1)g1 :={gs [ Gs | g3 [RLg, for some g> [Rhg1} and dually
(S2 °S1)91 :={m3 M3 | mz [Spm; for some m, [Skm;}.

The class of all standard topological contexts together with the multivalued
standard morphisms with [—a$ composition builds up a category which is dually
equivalent to the category of 0-1-lattices with 0-1-lattice homomorphisms.
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3. The Polarity Operation

For every standard topological context, we call a pair (a, ) of mappingsa: G -
M,B : M - G a polarity pair if it satisfies the following conditions:

() a,p are homeomorphisms;
(i) glm = B(m)la(g);
(iii) Bea=idg,a°B =idm.
Let (L, p) be a polarity lattice and let KT (L) be the standard topological context
of L. Then the polarity p is captured in KT (L) as a pair of mappings (0, Bp)
defined by
ap: Fo(L) - lo(L), F B3 p(F),
Bp : lo(L) - Fo(L), 1B p(l).
Proposition 2. For every polarity lattice (L, p), the pair of mappings (o, Bp)
as defined above, is a polarity pair.

Proof. By the duality between 0-1-lattices and standard topological contexts,
since p can be viewed as an isomorphism between L and L?, (op, Bp) is the induced
standard embedding between KT (L) and KT %(L), which proves (i) and (ii).

(iii) is obvious since p? = id. —1

A standard topological context KT together with a polarity pair (a, B) is called
a standard topological polarity context and denoted by (KT, (a, B)). Every
such context establishes a polarity lattice.

Proposition 3. Let (KT, (a,B)) be a standard topological polarity context.
Then (BT (KT), pagp) is a polarity lattice where

Pap: BT (KT) - B" (KT),
(A,B) B (@7'(B), B (A)).

Proof. Since the polarity pair (o, B) acts as a standard embedding between KT
and KT ¢, Pop is an isomorphism between BT (KT) and B (K™ )? and therefore

Pap((A, B) [T, D)) = pop(A, B) Pep(C, D)
= Pap(A, B) [pdp(C, D).
Pap((A, B) [T, D)) = pop(A, B) Pep(C, D)
= Pap(A, B) [pdp(C, D).

Moreover

Pag (Pap (A, B)) = (a1 (B7H(A)), B~ Ha(B)))
= (B> (A), (a-B)"H(B))
= (A,B). 1
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Polarity lattices correspond to the standard polarity contexts, as the following
two propositions show.

Proposition 4. For every polarity lattice (L, p), the following diagram

L —2, BT (K))
p% Bp

L - BT (KT (L))

VN

commutes.

Proof. For every a [CLthe following holds:

(Poppp © 1a)(@) = Payp,(Fas 1a)
= (Ggl(la), Bp_l(Fa))
= (Fo@ lo@)
= (1a ° p)(a). L1

Proposition 5. For every standard topological polarity context (KT, (a,B)),
the following diagram

KT Ml KT (Eé-r )
(a,B) ap ’BpaB)
KT — KT9BT(K"))

Wt ,0T)

commutes.
Proof. We have to prove the following relations:
) Opgp © Wkt = QT ° Q,
2 Bpap © Okt = Ykt ° B.
Let g be an arbitrary object of the context KT, then
(Opes © Wk )(@) = Pop " ({(A,B) B (K")| g CA)
={(C,D) [B"(K")| g Car*(D)}
={(C,D) [B"(K")| a(g) (D}
= (pxr © a)(9).

Analogous arguments yields the second equality. 1
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4. Polarity Homomorphisms

The correspondence between polarity lattices and standard topological polarity
contexts can be extended to a dual equivalence between categories. As morphisms
between polarity lattices we restrict ourself to surjective polarity homomorphisms,
since the preimage of a I-maximal filter (resp. F-maximal ideal) is no longer I-
maximal if the 0-1-lattice homomorphism is not surjective.

So we are starting with a surjective polarity homomorphism

f:(L.p) - (M,0).
By [Ha92, Prop. 3.1.5] the pair (o, Bf) where
ar: Fo(M) - Fo(L), F B f7(F),
¢ 1o(M) - Io(L), 18 f71(1)
is a standard embedding of KT (M) into KT (L).
We call a standard embedding (a, B) between two standard topological polarity

contexts (K] , (a1, B1)) and (K], (02, B2)) (where a: G; — G, and B: My —» M)
a standard polarity embedding if

0] (az > 0)(9) = (B > 01)(9), forallg LGy,
(i) (B2 = B)(m) = (a = B1)(m), for all m [M;.

Proposition 6. For every surjective polarity homomorphism

Lk (L,p) - (qu)

the pair (o, Bf) defined as above is a standard polarity embedding.

Proof. We have to prove the following equations
() (ap ° ag)(F) = (Br ° ag)(F), for all F LEH(M),
(i) (Bp © Be)(1) = (af = Bg)(1), for all I [IH(M).
Let F CEH(M), then

op(ae(F)) =p H(FH(F)) = p(F*(F)).

On the other hand B¢ (0q(F)) = F1(q71(F)) = F1(q(F)).

Now

a [(f 1(F)) CIXICH:a [Cp{f 1(x))

CE@) CEp(F109)) = q(F(F (X))
=q(x) Cg(F) CaXfri(g(F)).
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Conversely,
a [T (q(F)) CIACE: f(a) =q(x)
CF() = q(f()) = ¢°(x) = x
[Cp@) CFT(x)
[p’ta) Cp(f~(x)) Cptf~*(F)).
Dually the second equation can be verified. 1

Proposition 7. For every standard polarity embedding (a, ) between two stan-
dard topological contexts (K7, (a1, B1)) and (KT, (02, B2)), the map
fop : BT (K3) - BT (K])
(AB)B (a7'(A),B7(B))
is a surjective polarity homomorphism.

Proof. By [Ha92, Prop. 3.1.6], fag is a surjective homomorphism. Moreover,

(fap © Pazp.) (A, B) = fap (0 (B), B (A))
= (0t eaH)(B), (B e B (A
= ((0z2 > @) 71(B), (B2 = B) ' (A))
= ((B = a1)7'(B), (0 = B1)T(A))
= ((a; = B7H(B), (Bt e a H)(A)
= Paups (@A), B7H(B)) = (Poup, © Fap) (A, B). L1
In order to establish a dual equivalence between the category of polarity lat-
tices with surjective polarity homomorphisms as morphisms and the category of

standard topological polarity contexts with standard polarity embeddings as mor-
phisms, we have to show the commutativity of two more diagrams.

Proposition 8. Let f: (L,p) — (M, q) be a surjective polarity homomorphism.

Then £ £d,5,, i.e., the following diagram commutes:

T
(L% . (M
1w

(B" (K" (L)), Payp,) P (BT (K" (L)), Pagpa)

afBr

Proof. For a [CIOwe have
(im = F)(@) = wm(F(@)) = (Fray, lra):
(Farpe © 1L)(@) = Farpe (Far 1a)) = (05 (Fa), Br (1))
Since of *(Fa) = Frcay and By 1(la) = l¢ay, the relation f L4 5, is proved. [
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Proposition 9. Let (a,B): (K], (a1,B1)) - (KT, (a2, B2)) be a standard po-
larity embedding between two standard polarity contexts. Then the following dia-
gram commutes:

(a,B)
(K, (O(; , rl)) - (K3, (GE, fz))
(llJKI , (pKI) T (PK;)

(KT (B (K] ), (Opey 5, - Bpeys, )~ (K3 (BT (KY)), (Opeyp, + Boys, )
(0rgp Brgp
where (LlJ,q, (p,q) and (q),q, Lp,q) are context isomorphisms as defined in Sec-
tion 2.

Proof. We have to prove the following two relations:
0 kg © O = Qg © Wi
(i) Oz ©B = Brop © P

We only show the first equality. The second is true by analogous arguments.
For g [G; we get

Wiy = @) = iy (@(@))
= {(C,D) CH' (K}) | a(g) CTH,
(O = W1 )(©) = O, ({(A,B) CB' (K]) | g CA})
= fL1({(AB) [B" (K]) | g [AY)
={(C,D) CH' (K})|g Ca*(C)}
= {(C,D) CH' (K}) | a(g) LTI} 1

Summarizing the precedent discussion we get the following Theorem.

Representation Theorem. The category of polarity lattices with surjective
polarity homomorphisms is dually equivalent to the category of standard topological
polarity contexts with standard polarity embeddings.

5. Congruences

Now we are ready to describe the congruence lattice of a polarity lattice (L, p)
within its standard topological polarity context (KT (L), (0p,Bp)). As we have
seen in the previous section, the surjective polarity homomorphisms with domain
L and therefore the congruences of (L, p) correspond to special subcontexts of
KT (L). In the following, we are going to characterize these subcontexts. Fixing a
polarity lattice (L, p), each surjective polarity homomorphism f: (L,p) - (M,q)
induces a subcontext of KT (L) which is defined by

Me = ((Hf, Pojr,)s (N, Ooyng)s Af)
where Hg := Gf(Fo(M )), N¢f := Bf(IO(M )) and Af :=An (Hf x Nf).
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Proposition 10. Let f be a surjective polarity homomorphism with domain L.
Then
(i) Mg is arrow-closed;
(ii) A% is quasicompact in AS;
(iii) Mg is (op,Bp)-closed, i.e., F [CH¢ implies ap(F) CNf and | CNit
implies Bp(1) CH¢.

Proof. (i), (ii) follow from [Ha92, Prop. 4.1], since f is a surjective lattice
homomorphism.

To prove (iii) let F [CH¢. Thenthereis E CEH(M) with F = ar(F). According
to [Ha92, Prop. 4.1], we get

ap(F) = ap(a(F)) = Br(og(F))
=B (p(F)) = e (1) [Ng.

Dually, I [N implies Bp(1) [Br. 1

Conversely, if we consider a subcontext M := (H, N, An) of K™ (L) having the
properties (i)-(iii) of Proposition 5.1 then by [Ha92], (i) and (ii) guarantee the
existence of a surjective lattice homomorphism

fi:L-B'(m alB (FanH,l;nN)

such that N = M¢,. Moreover (M, (cp;. Bpy)) is @ standard topological polarity
context by (iii).
Proposition 11. Let I be an arrow-closed, (op,[p)-closed subcontext of

(KT (L), (0p, Bp)) having a quasicompact nonincidence. Then f is a surjective
polarity homomorphism.

Proof. It remains to show the polarity equation
fr(p(a)) = p(fr(a))

where = Potp, Bo -
By definition fr(p(a)) = (Fp@ N H, lp@ N N). Now we claim
(i) F CEh@ nH = F =p(l) for some I I n N.
(i) 1 CIiay nH = 1 =p(F) for some F [CEL n H.
To prove (i) let F [CE}y nH. Then p(a) CEland so a [p(F) = ap(F) CIdnN,
which implies p(0p(F)) = p?(F) = F.
Conversely, let I [T} n N, it follows that a 11 Applying p we have p(a) [
p(l1) =F [CEIE}y.
I LI nN CBell)=p(l)=F [(H CEXTFELy nH.
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Dually (ii) is proved. Hence

fr(p(@) = {p() I T n N} {p(F)| F CELn H})
= (Bp(la n N), ap(Fa n H))
= (Bp|N(|a nN), C‘p||_|(|:a n H))
= p(fr(a)). L1

If we denote the set of all arrow-closed, (0p, Bp)-closed subcontexts of KT (L)
having a quasicompact nonincidence, endowed with the order

My <My « H CHp and N; CNp

by SP(KT (L)), we can summarize the previous observations within

Theorem 12. For every polarity lattice (L, p), the lattice SP(KT (L)) is anti-
isomorphic to ConL.

Proposition 13. SP(KT (L)) is a distributive lattice for every polarity lattice
(L. p).

Proof. By [Ha92, Prop. 4.4] it remains to show that for My, M, CSP(K' (L)),
My n M CSP(KT(L)) and My [Tk [CIP(KT (L)) are (0p, Bp)-closed, which is
obvious. —1

We obtain in this way as an immediately corollary the following well known
results.

Corollary 5.1. The congruence lattice of a polarity lattice is distributive.
Corollary 5.2. The variety of polarity lattices is congruence distributive.

Another application of the methods developed here is the proof of Varlet’s con-
jecture, namely the following Theorem giving a necessary and su [cieht condition
to a polarity lattice to have a Boolean congruence lattice.

Theorem 14. The congruence lattice of a distributive polarity lattice (D, p) is
a Boolean algebra if and only if D is finite.

Proof. Let D be a distributive lattice. Then the only arrows in KT (D) are dou-
ble arrows, in every row and column exactly one, indicating the prime filter-prime
ideal pairs of D. Therefore the arrow-closed subcontexts of K™ (D) correspond to
all subsets of Fo(D). Suppose D is finite, then every subcontext of K™ (D) has a
quasicompact nonincidence.

If M:=(H,N,A) CSP(KT (D)), so is M¢ = (Fo(D)\H, 15(D)\N, Arc), by the
definition of (ap, Bp)-closeness. It is obviously that IM°¢ is a complement of 1 so
SP(KT (D)) is a Boolean algebra, hence Con D is Boolean.
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Conversely, suppose SP(KT (D)) is Boolean. We denote by (D(KT (D)),
(p > 0)p(kT (Dy)), the double arrow space of D, where -
D(K"(D)):= (F,1)|F CEKD), | [I}D),F CIdAndF 1]

By [Ha92], the double arrow space is compact and D is isomorphic with the
lattice of all clopen order-filters of 15(D).
Let now M := (H,N, An) CSP(KT (D)). It follows that

X := SP(KT (D)) n A®
is compact in D(KT (D)) and so topologically closed. Since H = Preq,(oy X and

N = pry, oy X, the sets H, N are closed too. Since (F, op(F), An.) CSP(KT (D))
and its complement

(Fo(D)MF}, 1o(D)Mop(F)}, Ac) LSP(KT (D)),

it follows that the set {F} is open in Fo(D) and so, the topology on Fo(D) is
discrete. A similary argument proves that 1o(D) is discrete too. Since D(KT (D))
is compact and discrete it is finite and so is also D. 1

6. Connection With Known Representations

In [Ur79] a topological representation of distributive lattices with a dual homo-
morphic operation is studied. These lattices are called Ockham lattices and the
dual space is proved to be a totally order disconnected topological space, where
the dual homomorphism is captured in a convenient way.

We will prove that in the polarity case, the representation of polarity lattices
by polarity contexts captures the representation made by Urquhart. It turns out
(see also [Ha92]) that the dual topological space of this representation can be
recovered within the double arrow space in the underlying standard topological
context of a polarity context.

Definition 1. Let KT be a topological context. Denote the product topology
on G x M by (p < g). The topological space

D(K") := (D(KT), (p % 0)jpkT)y)
where D(KT) := {(g,m) C@x M | g Cmlin K"} is called the double arrow
space of KT,

In the topological duality established by Urquhart the dual space S(L) :=
{X, 1, =, c} of every Ockham lattice is defined as follows:
(a) X is the set of all 0-1-lattice homomorphisms from L into the two element
distributive lattice {0, 1},
(b) T is the product topology of {0, 1}-,
(c) X is ordered by defining f < g i[fi(a) < g(a) for every a [L]
(d) cf(a) =1—f(p(a)), where p is the dual homomorphic operation on L.
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It turns out that X is a compact totally order-disconnected space and c is a
continuous order-reversing map from X into X. For all f in X, the sets f~1(0)
and £71(1) are prime ideals, resp. prime filters, and the pair (f~1(0), f~1(1)) 1
D(KT (L)).

For a given distributive 0-1-lattice L we can order D(K' (L)) by

F.D<. FAY: « F CEfC- 1| D!

Proposition 15. Let L be a bounded distributive lattice. Then X and
(D(KT (L)), <L) are order homeomorphic.

Proof. Let @: X — Fo(L) % lo(L) be defined by @(f) := (F~1(1), F~1(0)). Itis
obviously that ¢ is bijective and, moreover, an order-isomorphism. That ¢ is an
homeomorphism follows by [Ha92]. 1

If the dual homomorphic operation of the Ockham lattice is a polarity, an easy
computation shows that ¢ e ¢ = 1x. The polarity operation on L is captured in
the standard topological space as a pair (Op,Bp), Op: Fo(L) - lo(L),0p(F) =
p~1(F) and Bp: lo(L) - Fo(L),Bp(1) = p~1(l), having the properties mentioned
in Section 3.

Proposition 16. Let (L,p) be a polarity lattice, X the set of all 0-1-lattice
homorphisms from L into {0, 1}. The following diagram is comutative:

C

X s X
o =
(Fo(L), To(L)) ~=22. (Io(L), Fo(L))
where Q(f) := (F71(0), F~1()).
Proof. Let f X be arbitrary chosen. Then
(0p, Bp) = 9(F) = (0tp, Bp)(F (1), F1(0))
= (P ETIQ), pHETHO)).
On the other hand, denoting 1 —f - p by &, we have
Peoc(f) =y —Ffeop)=E7(0),E(1)
and
) ={x O] 1—f(p()) =1}
={x O] f(p(x)) = 0}
=p H(FH(0)

In a similar way we obtain that £~1(0) = p~1(f~1(1)) and so the diagram
commutes. L1
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7. Multivalued Polarity Pairs

Since the natural morphisms between polarity lattices are arbitrary polarity
morphisms, it is quite naturally to ask how can we extend the duality established
above, to this case. We built on the results obtained in [Ha93].

Let (L, p) be a polarity lattice and KT (L) its corresponding standard topological
context. We define a pair (Rp, Sp) of multivalued functions where R, [CE4(L) <
lo(L) and Sp [CIJ(L) < Fo(L) by

(F! I) EBD < p_l(F) I:I_—,_l
(1,F) CSp = p~ (1) CE]
Proposition 17. For every polarity lattice, the pair of multivalued functions
(Rp, Sp) as defined above, satisfies:
() (RE B, shA) CBT (KT (L)), for all (A,B) LB (KT (L));
(if) For arbitrary F [CEb(L) and I CI§(L), RyF is a closed intent of KT (L)
and Syl is a closed extent of KT (L);
(i) (Sp [RY)ITU(A) = A, (R, [SHIU(B) = B, for all (A, B) [BI'(KT(L)).

Proof. By the extended duality between 0-1-lattices and standard topological
contexts, since p can be viewed as a 0-1-lattice homomorphism between L and
L3, (Rp, Sp) is the induced multivalued standard morphism between KT (L) and
KTd(L), which proves (i) and (ii).

(iii) Let (A, B) [CB" (KT (L)), we have to prove that (S, [R})[TU(A) = A and
(Rp CS91(B) = B.

Since every closed concept in BT (KT (L)) is of the form (Fa, 1) for some a [L]
it follows that (A, B) = (Fa4, 13). Then

(Sp LRPITH(A) = (Sp LRY)TH(Fa)
= REYS{(Fa)
=RE(lp@) = Fpp@) = Fa-
Dually one can prove that (R, CSFHH(1,) = Ia. 1
For every standard topological context KT :=((G, p), (M, 0),1) we call a pair
(R, S) of multivalued functions R: G - M and S: M - G a multivalued po-
larity pair if it satisfies the conditions (i)—(iii) of the preceding Proposition:
() (RCUB,SFUA) CBT (KT), for every (A, B) [BT (KT);
(i) Rg=Rg™=Rg for allg CE@and Sm = Sm™=Sm, for all m [M;
(i) (S (R)IU(A) = A, (R CSYY(B) = B, for every (A,B) CB" (K").
A standard topological context KT together with a multivalued polarity pair
(R, S) is called a standard topological multivalued polarity context or sim-

ply topological polarity context and is denoted by (KT, (R,S)). Every such
context establishes a polarity lattice:
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Proposition 18. Let (KT, (R,S)) be a topological polarity context, defined as
above. Then (BT (KT), prs) is a polarity lattice, where

prs : BT (KT) - B" (K"),
(A,B) B (R(CUB, sIA).

Proof. By the duality established between 0-1-lattices and standard topological
contexts, prs can be viewed as a 0-1-lattice homomorphism between BT (K™ ) and

BT (K™)° and therefore

prs((A, B) (T, D)) = prs(A, B) @RS(C, D)
=prs(A, B) [pks(C, D).
Prs((A, B) [{T, D)) = prs(A, B) Crs(C, D)
=prs(A, B) [pks(C, D).
Moreover, prs(Prs (A, B)) = prs(RITUB, S[TUA) = (RIFUSITUA, SFURIIB).
By [Ha93, Prop. 6],
(S (R YA =RCUSUA  and
(R ) UB = s[FURMHB,

We conclude that

prs(Prs (A, B)) = (RCISEUA, SEURUB)

= (s (BUA, (R S B)
= (A,B). 1

Polarity lattices correspond to the topological polarity contexts, as the following
two Propositions show:

Proposition 19. Let (L, p) be a polarity lattice, (KT (L), (Rp, Sp)) the corres-
ponding topological polarity context. Then p £pd s, i.e., the following diagram

commutes: . T
L —. B'"(K'(L
S =
[ |
p | PRbsp

L BT (KT (L))

A

where 1a: L — BT (KT (L)) is the isomorphism defined by a B (Fa, 12), for every
al[ll
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Proof. For every a [CLJ we have
(Prps, © 1a)(@) = PRr,s, (Fa, la)
= (R5H1,, SF1F,)
= (Fpea: Inca)
= (ta > p)(@)
which proves the commutativity of the above diagram and hence p J_%psp. 1

Proposition 20. For every topological polarity context, the following diagram
commutes:

KT RSy (EéT ))
(R,S) % RS'RPRS)
KT d L, KT(BT(K"))"

(SBvRor)

where Ry: G — Fo(BT (KT)) and Sg: M — 1o(BT (KT)), defined by Rqg :=
ok (g), for g G and Sgm = Byr (M), for m is a standard multivalued
polarity context isomorphism. The pair (okr,Bkr) is the context isomorphism
defined in Section 2.

Proof. We have to prove the following two relations:

Rpre (R4 = Ry [R]
Sprs 59 = Sp [S1

We only prove the first relation, the second follows in a similar way.
Rprs [R& = Rq [Rlis equivalent to (Rq [R)g = (Rpes [RA)g, for every
g G, By the definition of [, (Rq [R)g = (Ra(Rg))™

— —
Ra(Rg) = Ra@) = (okr (h)™
h[Ry h[Rg

= {E (@ (h))™ h CRg}
= {E [ (h))™] ok (h) Cpds(axr (@)}
={E CH" F pds(okr (9)}
= I_—I_I F”J?S
F [R}gs (0T (9))

On the other hand, (Rpzs [CR&)9 = (RpRS(Rag))EED and Rpne(Rag) =
Rprs (O (9)1), for every g [CG.
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Since Rpgs (akT (9)) is a closed extent, we have
(Ra(R9)'Ra(RY)T = (Rpes (kT (9))" Rprs (AT (9)))-
We have to prove that
Rprs (0kT (@) ™= Rprs (0 (9))™
which is equivalent to
Rprs (kT (9)) = Rprs (A (9) g LG

Since for an arbitrary g [Q, Rpne(0kr (9)) [CRheg (akr (g)T™we only want
to prove that Rpgs (0kt (9)™) [Rpes (akT (9))-

E [Rpee = H Cokr @)VE [Rpgs(H)
- [H Cakr (9)%prs(H) ) LE]

- H Cakr (g)WE 1 Fa.
alpds(H)
Thus we have that
1 [ 1
RpRS (GKT (g)llg = Fa and
H [T (9) & [Pl (H)
RpRS (GKT (g)) = Fa-

apds (o (9))

If L is a 0-1-lattice, F [Ho(L), then H CH™= FA%) if and only if F [
H. By this, and the considerations above we conclude that Rp.c(0kr (9)T 1
Rprs (0 (9)) and so the diagram commutes. 1

8. Multivalued Polarity Morphisms

In order to give a categorical characterization to the correspondence established
above between polarity lattices and standard topological multivalued polarity con-
texts, we have to study some properties of the involved morphisms.

Let f: (L,p) - (M,q) be a 0-1 polarity lattice homomorphism. By [Ha93]
this gives rise to a multivalued standard morphism between standard topological
contexts

Rf: Fo(M) - Fo(L), (F2,F1) [Rf = F; CITH(F)

and
Se: 1g(M) = Io(L), (I2,11) CSk = 11 CETY(1,).
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Proposition 21. For every 0-1 polarity lattice homomorphism

f: (L!p) - (M,q)

the following holds

(1) (Rp [RH)(F) = (S¢ [RY(F), for all F CEL(M);
(i) (Sp CSA(1) = (Ry CSP(1), for all 1 CIH(M).

Proof. Let us consider the following diagrams:

KT (M) Be29) rdgyy CeRo o yrdq
KT (M) B0 yr ) BeSo) erdgy

Since p and q are polarities, by [Ha93, Lemma 9], we have

I LRy, [RH(F) = (F 1) [R, [R}
= | C(#-p)~X(F)
o | E@eH)7F)
= | (3¢ CRY(F).
A similar argument proves the second part of this Proposition. 1

Let (R, S) be a multivalued standard morphism between two standard topologi-
cal multivalued polarity contexts (K{ , (R1,S1)) and (K7, (R2, S,)). We call (R, S)
a standard polarity morphism if the two conditions of the Proposition 21 hold:

() (R2 [RY(9) = (S [RI)(9), for all g [Gy;
(i) (S2 S)(m) = (R CSa)(m), for all m [CM;.

Proposition 22. For every standard polarity morphism (R,S) between two
topological polarity contexts (K{ , (R1,S1)) and (K7, (R2,S>)), the map

frs: BT (K]) - BT (K])
(A,B) B (R[FUA, sFUB)

is a 0-1 polarity lattice homomorphism.

Proof. Since every standard polarity morphism (R, S) gives rise to a lattice
homomorphism, it follows that frs is indeed a 0-1-lattice homomorphism.

Moreover, by [Ha93, Prop. 6], if (R1,S1): K] - K] and (R2,S2): K] - KI
are multivalued standard morphisms between standard topological contexts, then
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((R2,S2) [(H1,S1)): K] - K] is again a multivalued standard morphism and
f(Rzysz) [(R:1,S1) — leSl ° fRZSZ' So we have

Trs ° Pr.s, = T(r,.s,) r@Ls) = TR, RIS, )

=fs iR rs9) = F(s.R) (RLS)
=0r;s; ° fRS- 1

In order to establish a dual equivalence between the category of polarity lat-
tices with 0-1 polarity lattice homomorphisms and the category of topological
polarity contexts with multivalued standard polarity morphisms, we have to show
the commutativity of two more diagrams:

Proposition 23. Let f: (L,p) - (M,q) be a 0-1 polarity lattice homomor-
phism. Then f £ <, i.e., the following diagram commutes:

f
(L% - (M
o

(BT (KT (L), Prs,) ——= (BT (KT (M), Prys,)

RfSe

Proof. By [Ha93, Prop. 4]. 1

Proposition 24. Let (R,S): (K], (R1,S1)) - (KI,(R2,S2)) be a standard
polarity morphism between two topological polarity contexts. Then the following
diagram commutes:

T (R.S)

K <, KJ
(Rdlrsﬁl) % gledz)
KT(B'(K])) ———— KT (BT(K}))
frs ' frs

Proof. We only prove the fact that the pair (Rq,, Sg,) is an isomorphism in the
category of standard topological polarity contexts, the rest of the proof can be then
obtained easily, by adapting the proof of the Proposition 20 to the requirements
of this Proposition.

Since axr and By are bijections, we claim that

(R01_1' 8[31_1) IIBGI’ 8[31) = (R(-h 86)1

where Re [GIx G, Reg :=g™and S [M x M, Sem := m™
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By the definition of [, {Rq,-1,Sp,-1) [{Ra,,Sp,) = (Ra,—1 [R,,Sp,—
[Sd,) and we shall only prove that Rq,—2» [R), = Re, the other equality is
then similar.

Forevery g [Q, (Rq,—1 [R&,)d = (Rqg,—1(Ra,9))™ For the sake of readability,
let us denote Oy (9) by H, where g is an arbitrary element of G.

Now R, -1(Re, 8) = Rey—1(HD = ¢ aiit (F))™ which implies that
1

1
(Ray—1 (R, 9)) = (Of;f G
F [

The following equivalences are true: m [Cg- - Oy (g)ABKI (m) - [E 1
HTFABi(m) - [Fl EHl”],]a;Il(F)Im - [F CHm lj;f(F)Da m [

Fnajﬂﬂ;f (A~

This proves that Ral—l (R, = Re. 1

Summarizing the precedent observations, we can state the following represen-
tation theorem.

Representation Theorem. The category of polarity lattices with 0-1 polarity
lattice homomorphisms is dually equivalent to the category of standard topologi-
cal multivalued polarity contexts with standard polarity morphisms as categorical
morphisms.
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