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ON COMPLETE MEASURABILITY OF
MULTIFUNCTIONS DEFINED ON PRODUCT SPACES

G. KWIECINSKA and W. SLEZAK

1. Introduction

In the present note we occupy ourselves with the cases in which we can say that
a multifunction of two variables is jointly measurable. In particular we generalize
onto the case of multifunctions the Theorems 2 and 3 from paper [6, pp. 150-151].
We start with the concept of “measurable space with negligibles” which is intended
as a common generalization of the two principal examples: (S, M(S), N (S)), where
(S, M(S), ), is a measurable space and N (S) is the o-ideal of p-measure zero
subsets of S and (S, B(S), 1(S)), where (S, T (S)) is a topological space, B(S) is
the o-algebra of subsets of S with the Baire property and 1(S) is the o-ideal of
meager subsets of S.

2. Preliminaries

Definition 1 ([1, Definition 1]). A measurable space with negligibles is a triple
(S, M(S), J (S)) where S is a set, M(S) is a g-algebra of subsets of S and J (S) [
P (S) is a o-ideal of the Boolean algebra P (S) generated by J (S) n M(S).

Such space (S, M(S), J (S)) is said to be complete if J(S) CIM(S).
If (S, M(S),J(S))is an arbitrary measurable space with negligibles, we can
determine its completion (S, NS J (S)) by putting:

L] .
NKS)= H ST there exist two I\/I(S)—meas%ble sets A and B such
that A CHI [CBland A\B [J(S) .

Let (X, M(X),d (X)) and (Y,M(Y),J(Y)) be two measurable spaces with
negligibles. Let M(X) [CM(Y ) be the c-algebra generated by M(X) x M(Y)
and let J (X) [LIJKY ) denotes the o-ideal generated by all the sets of the form
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X xJand | xY where | CI(X) and J CI(Y). Let the product X x Y be
endowed with the o-ideal J (X [Y), including J (X) CJXY ), with the following
“Fubini’s property”:

For any set A CIWXJLY) the following implications hold:

1) {x [X : A, LJ(Y)} CI(X) =CAICI(X [Y) and
) {y OV AY FO(X)} CI(Y) =CAICI(X CY),

where A, = {y [Y : (x,y) LA} and AY = {x [LX : (x,y) A} denote the
x-section of A and y-section of A respectively and M (X [YJ) denotes J (X [Y])-
completion of M(X) CIM(Y).

3. The Abstract Baire Category Concepts

Following [8] a pair (S, C(S)), where C(S) [PXS) is a family of subsets of S,
is called a category base, if the nonempty sets in C(S), called regions, satisfy the
following axioms: ]

C.1. Every point of S belongs to some region, i.e. S = {A:A [CCI[S)}.
C.2. Let A be a region and let D(S) be any nonempty family of disjoint regions
which has cardinality less than the cardinality of C(S).

(@ If An( {D : D [D(S)}) contains a region, then there is a region
Do uch that A n Dg contains a region.
(b) If An( {D: D [I(S)}) contains no region then there is a region B Al
which is disjoint from every region in D(S).
Notice (see [9]) that parts (a) and (b) of C.2 can be rewritten in the following
form:

(c) If An B contains no region@each B [CIS) then there is a subregion
of A which is disjoint from  D(S).

A set E is singular if every region contains a subregion which is disjoint from E.
A countable union of singular sets is called a meager set. A set which is not meager
set is called an abundant set. The family of all singular sets forms an ideal and
the family Jc(S) of all meager sets forms a o-ideal.

A set E is meager (resp. abundant) in a region A if E n A is a meager (resp.
abundant) set.

A set E has the abstract Baire property if every region A [LC[S) has a subregion
B [CAlin which either E or X \E is a meager set. The sets which have the abstract
Baire property form a g-algebra B¢ (S), which contains all regions and all meager
sets. Thus the triple (S, Bc(S), Jc(S)) creates a complete measurable space with
negligibles.

A family A of C(S)-regions with the property that each abundant set is abun-
dant everywhere in at least one region A in A (i.e. it is abundant in every subregion
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of A) is called a quasi-base. A category base is called separable if it has a countable
quasi-base.

Let (X,C(X)) and (Y,C(Y)) be category bases. It is known that (X x Y,
C(X) < C(Y)) is not necessarily a category base (see Example 2A, p. 110 in [7]).

If (X xY,C(X) xC(Y)) is a category base, then it is called a product base.
A general theorem concerning the existence of product bases and many examples
are given on pp. 112-114 in [7].

Assume that (X x<Y,C(X)xC(Y)) is a product base and (Y, C(Y)) is separable.
Among the properties involving separability there is the following:

(3 IfA [BE(X LY) X A ILIE(Y)} EIE(X), then A [IE(X LY),

where Jc (X [Y) means the o-ideal of meager sets with respect to C(X) < C(Y)
and B¢ (X [Y], including Bc(X) CBJ4(Y ), the o-algebra of sets with the abstract
Baire property with respect to C(X) < C(Y).

4. Main Results

Let S and Z be some sets and let F: S — Z be a multifunction (i.e. F(s) [ZI
for s [S1). Then two counterimages of G [“Zlmay be defined:

4 F'(G)={s[Sl:F(s) [GF and F (G)={s [SI:F(s)nGE [}
It is clear that
5) F7(G)=S\F"(Z\G) and F7(G)=S\F*(Z\G).

Definition 2. Let (S, M(S)) be e measurable space and let (Z,T (Z)) be a
topological space. We say that a multifunction F: X - Z is lower (upper)
M(S)-measurable if the counterimage F ~(G) (F*(G)) is a M(S)-measurable set
for each G [TI(Z).

We describe the relationships between lower and upper M(S)-measurability
without any metrizability assumptions in contrast to the corresponding results
from [2].

Proposition 1 (cf. [2, Theorem 3.1, p. 55] in the metric case). Let (S, M(S))
be a measurable space, (Z, T (Z)) a topological space and let F: S - Z be a mul-
tifunction. Then

() If (Z,T (2)) is a perfect space and F is upper M(S)-measurable, then it
is lower M(S)-measurable.

(i) If (Z,T(Z)) is perfectly normal and F is a compact-valued lower
M (S)-measurable multifunction, then it is upper M(S)-measurable.
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Proof. Part (i) is obvious because we have

1
(6) F(G)= F~(Bn) LIMI(S),
n [N

where Z\ B, [TI(Z), whenever G [TI(Z).
Let B be a closed subset of Z. By virtue of perfect normality of (Z, T (Z)) there
is a sequence (Gn)n o Of T (Z)-open sets such that

1 1
(7 B = Gn = Cl(G,) and
n [N n [N
) Gn+1 [CI(Gp+1) LG} forn=1,2,...,.
By (7) and (5) we have
Ci— 1 Ci— 1
9 F7(B)=S\F™* (Z\Gn) =S\F™" (Z\CI(Gp) .
n N1 n [N

The family {Z \ CI(Gp) : EISI} forms an open covering of compact subset
F(s) for each fixed s CH™( ,(Z \ Gn)). By (8) this covering is increasing.
Consequently we have

—1
(10) F(s) 1 (Z\Gy) if and only if there exists n(s) [N such that
n N1

F(S) EZ]\C'(Gn(S) CZN\ Gn(s)+1-

Applying (10) we infer that

[ L1
(11) F* (Z\Gn) = FY(Z\Gp).
n [N n [N
So (9) completes the argument and proof is finished. 1

Proposition 2. Let (S, M(S)) be a measurable space and let (Z,T (Z) be a
second countable Hausdor CSpace. Let F1,F>: S - Z be two compact-valued lower
M(S)-measurable multifunctions. Then

(12) {s [Sl: F1(s) 8 F,(s)} C\(S).

Proof. Observe that

(13) F1(s) & Fx(s) if and only if there exists z [Z] such that
z CEL(s) = F2(s), where = denotes the symmetric di Lerknce.



MULTIFUNCTIONS ON PRODUCT SPACES 297

Let zo [CEh(S) and zg Y Fh(s). For each z [CFL(s) let U(z) and V (z) denote
open sets with the property:

(14) z [UI(z) and zo CYI(z) and U(z) nV (z) = [

The family {U(z) : z [CEbk(s)} forms an open covering of the compact set F»(s).
Thus

1
(15) there exists n [N and {z1, 22, ...,zn} [Zsuch that F»(s) 1 U(z).
i=1

Moreover
L1 L1
(16) _V(@zi)n _U@z)=L]
i=1 i=1
There is a basic open set V in Y such that:
17 zo V1 CMAZ1) nV (22) n - nV (zZn).
From the fact that zo CEL(S) n V we infer that:
(18) s[EL (V) and s [SN\F, (V) =F,"(Z\V).
Consequently,
(19) s CEL (V) nF"(Z\V) CIWM(S).
If on the contrary, zo [Fb(S) \ F1(s), then symmetrically
s CEb (V) nF1 " (Z\V) CM(S)

for chosen in a suitable manner basic open set V. [Z]
Thus, if {V1,V2,...} create a countable basis of Z, we have

1 O —1 .
(0)  SISEREEFRGS) = | JF (V)R Z\W)
L2 (Vi) n Fa (Z\Vi))] LIMI(S)

completing the proof. 1

Let as remark that:

(21) the equality (20) holds also in the case when F; and F,
are closed-valued and Z is regular and second countable.
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Let (S, M(S),J (S)) be a measurable space with negligibles and let Na{S)be
the J (S)-completion of M(S). Let Z be a topological space and let Bo(Z) denotes
the Borel o-algebra of the space Z.

We define the following “projection property”:

(22) If A CII(S) [CB3(Z), then
Ms(A) = {s CSI: there exists z [ZI such that (s,z) CA} CINHS)!

Among examples of spaces fulfilling “projection property” (22) are complete
measure spaces (S, M(S), ) ( see [1, 6B(f)]) and the (S,Bo(S),J (S)), where
S is an arbitrary topological space (see [1, 7C, p. 67]). Such spaces are proto-
decomposable in the meaning of Definition 1B(h), in [1], and thus, by [1, 1D(b)(iii)
and 1H, p. 10], their completions have g-algebras closed under Souslin’s operation,
which in turn insures (22). Note that the notion of proto-decomposability of mea-
surable spaces with negligibles were oLered by D. H. Fremlin as a generalization
of the localization principle of Banach, which also applies to the most important
measure spaces. An abstract measurable space with negligibles (S, M(S), J (S))
which is also w;-saturated, that means:

(23) If for every A [CIM(S) card A = w1, then there exist two sets
A [CAand B A such that A& B and A n B [LJI(S),

is also known to be proto-decomposable and thus its completion (S, NKSY J (S))
has the required property (22).

Proposition 3. Let (S, M(S),J (S)) be a measurable space with negligibles
and Z let be a separable metrizable space. Assume that property (22) holds.Let
forn N F,:S - Z be a sequence of closed-valued lower M(S)-measurable
multifunctions. Then multifunction F: S - Z given by formula:

(I I
(24) FO= Fa®= _ Fu(®

is upper N(S)Lmeasurable.
Proof. Define functions f,: S xZ - R as follows:
(25) fn(s,z) =dist(z, Fn(s)) for (s,z) [SIx Z,

where (denoting by d a metric on Z) dist(z, B) = inf{d(z,b) : b [HI}.
Then observe, that the graph of F,, is the kernel of f,:

GrFn ={(s,z) CSIx Z : z CEs)} = ., 1(0).
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All the sections (fn)*, z [Z1, are M(S)-measurable and all the sections (Fr)e:
s [9, are continuous on Z. Thus, by virtue of the known theorem (see e.g.
Theorem 2, p. 65 in [5]) f, is M(S) [Bd(Z)-measurable, so that, by (26) we have:

(27) GrF, CII(S) CBI(Z).

Hence

(I i Y N
(28) GrF=Gr  Fn = (GrFn) CMI(S) [BY2).

Let B [Bh(Z) be a closed subset of Z. By virtue of (22) we obtain

(29) F~(B) = Ms(GrF n (S x B)) CW{S)!

as a projection of the intersection of two M(S) [CB4(Z)-measurable subsets of
S x Z, which finishes the proof. 1

In context of Proposition 3 let us remark that there is an example (see Exam-
ple 2, p. 166 in [3]) showing, that the intersection of two lower M(S)-measurable
multifunctions F; and F, with closed values may fail to be lower M(S)-measurable,
even if Z is Polish, S is the unit interval endowed with the Borel g-algebra and
dom(Fl N Fz) = {S [(S:FnF B m: S.

Definition 3. Let (S,T(S)) and (Z,T (Z)) be two topological spaces and
F:S - Z let be a multifunction. F is called lower semicontinuous at a point
So [Slwhen for each U [CTI(Z) we have:

(30) If F(sp) n U & [then there exists a set G [TI(S) such that
so C@and F(s) nU B [Ibr each s CG.

Dualy, F is called upper semicontinuous at a point s, [3 when for each
U [CTI(Z) we have:

(31) If F(sp) U] then there exists a set G [TI(S) such that
sp @ and F(s) [Ulfor each s Q.

F is lower (resp. upper) semicontinuous if it is lower (resp. upper) semicontin-
uous at each point s [Sl1

Let U(sp) denotes a filterbase of open neighborhoods of the point sg Sl The
grill of U(Sp), denoted here by U™{sy), is defined as follows:

1 1
(32) UTso) = A(so) CSI A(so) nU B [for each U [CUKsp) .
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Observe that:
(33) If A CUso), then so CQ(A).

Following [4] we define the upper and lower limit of a multifunction F: S - Z
as follows:

1 i 0O

(34) p-lenguD F(s) = U [cmso)CI SECDF (s) ,
1 ([
(35) p-I;Lnl(:nf F(s) = AED:I(SO)CI sma': (s) .

Our multifunction F is lower semicontinuous at sg if and only if F(sg) [
p-Liminf ¢ ¢ F(s). If the space Z is regular, F has closed values and it is contin-
uous at sg [SI(that means it is simultaneously lower and upper semicontinuous),
then

(36) p-Liminf F(s) = F(so) = p-Limsup F(s).

S-S0 s
Let B be a basis for S. Let us replace U™sp) in (35) by equality:

(37) UTso) n B ={U [BI:s, CAI(U)}

and denote the resulting operation by g-Liminf. We have:

(38) p-Liminf Cgdiminf Cpdimsup .
At each continuity point s of F we have also

39) g-Liminf F(s) = F(sp) = p-Limsup F(s).

S—So S—So

Thus the set {so [SI: g-Liminfg_ ¢ F(s) 8 p-Limsupg_ ¢, F(s)} is contained
in the set D(F) of all discontinuity points of F.

Propositon 4. Let (X, M(X)) be a measurable space, (Y, T (Y)) a second
countable topological space and let (Z, T (Z)) be a second countable perfectly nor-
mal topological space. Let F: X xY - Z be a closed-valued multifunction with
lower M(X))-measurable all sections FY, y [Yl.Denote by J (X [Y]) a o-ideal in
X =Y including J (X) C.JXY) such that (22) holds. Let P be a countable dense
subset of Y. Then multifunction G5 X %Y - Z defined by formula:

(40) Grx,y) = g-Liminf (Fx)(t)
(Ka1=A|

t-y
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is upper NBOILY)-measurable, where NACXILY) denotes J (X [Y)-completion
of M(X) CEI(Y).

Proof. Let B denotes a countable base of Y. We have

1 Le— 1
(41) Grx,y) = UEBiL)_LI]I:](U)CI tmthF(X’t)'

Define for each U [CBla multifunction Hy by formula:

(42) Hu(x,y) = F(x,t) LZ)

t[UhP
and observe that for V. [T1(Z) we have:
_ L1 . L1
(43) Hy (V) = (xg :thereist CUInP such that F(x,t) nV 8 [
P({x X:FXt)nV 8 FXxY)
((FY (V) xY) CM(X) CBY(Y)

tUhP

since U n P is countable and F! are lower M(X)-measurable. So by the well
known fact (see [2, Prop. 2.6, p. 55]) multifunction Hy: X xY - Z defined by

equality:
(44) Hu(x,y) = CI(Hu(x,y))

is also M(X) [B4(Y )-measurable.
Observe that

C_1
(45) Gx,y) = {Hu(x,y):U CBILYICCI(U)}.
Define multifunction Gy : X xY - Z by formula:

o o UGGy ify COIU),
v = if y ITCI(U)

and observe that
(46) Gy (V) =Hyu (V) n (X xCI(U)) LX > (Y \CI(U)) CIM(X) CBI(Y).

We have

1
(47) Cx.y) = | gBukxy).
By virtue of Proposition 3 multifunction G—is upper N4<J[CY)-measurable
(according to Proposition 1 it is also lower NHOXIY)-measurable) and the proof
is finished. —1
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Proposition 5. Let X, Y, Z, P and F be the same as in Proposition 4. Define
multifunction G='X x Y - Z as follows:

(48) G'(k,y) = p-Limsup (Fx)(1).
t-y dnPl

Then multifunction G™is upper NHXIY)-measurable.
Proof. The proof of this proposition is very similar to the preceding one. 1

We are now in position to state and prove our main theorem, serving as a
unification and generalization in several aspects of Theorems 2 on p. 150 and 3 on
p. 151 from famous paper [6].

Theorem 1. Let (X, M(X),J (X)) be a measurable space with negligibles,
(Y, T (Y)) a second countable topological space and (Z, T (Z)) a second countable
perfectly normal topological space. Let J(Y) [Bb(Y) be a Borel c-ideal in Y
such that there exists a o-ideal J (X [Y) including J (X) [LIXY) fulfilling (1)
and (22). Assume that F: X xY - Z is a closed valued multifunction with the
following three properties:

(i) All the sections FY, y Y], are lower N4O<J-measurable.
(if) For all x X the set D(Fx) of discontinuity points of the section Fx is
J (Y )-negligible.
(iii) For all (x,y) X xY the inclusions

(49) G(x,y) CEIx,y) [GlX,y)

hold, where G—and G™A&re multifunctions constructed from F according
to (40) and (48) by using some fixed countable dense subset P [Y], the
existence of which we assume. Then F is lower measurable with respect
to the J (X [Y)-completion of M(X) [CB4(Y).

Proof. Let us consider the set:
(50) A={(xy): Gx,y) B Gk, y)}

Both multifunction G—and G are upper N4 [Y)-measurable by virtue
of Propositions 4 and 5 respectively. Therefore by the remark (21) (Z being
perfectly normal is also regular) we infer that A CINA<ILY). Observe that by
the assumption (ii) all x-sections of the set A are J (Y )-negligibles:

(51) Ax={y [Y1: Getx,y) & G'(k,y)} [DIFx) CI(Y).
Consequently we have

(52) {x X A ILI(Y )} = CILI(X)},
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which, by using (1), insures the appartenancy of A to the J (X [YJ). The double
inclusion (49) entrains, by transitivity, implication:

(53) If Grtx,y) = G'tk,y), then Grtx,y) = F(x,Y),

which, in tour, guarantees the J (X [Y)-negligibility of A;:

(54 A1 ={(x,y) : Grtx,y) B F(x,y)} LAILI(X LY).

Next, let U be an arbitrary open subset of Z. G is upper NeOXX Y} measurable
and thus, by Proposition 1 it is also lower NHO<JLY }-measurable. So that we have:

(55) GH(U) = (B\Ay) [As CXILY)

for some B CIMI(X) [CB4(Y) and A,, Az CII(X [Y).
Next let us remark that by (53) and (54):

FTU)=F " U)n(XxY \A)) LE(U)nA)
=(GOU) n(X <Y \A)) [AL = (B\As) LA,

where A, = F_(U) nAy, As = A4 Emz n (X xY \Al)]

All the sets A;, i = 1,2,...,5, are J(X [YI)-negligibles members of
NI YD), Therefore F is lower measurable with respect to the J (X [Y)-
completion of M(X) [CB4(Y) and if it is moreover compact-valued also upper
N1OIY)-measurable. The proof of theorem is finished. 1

The same proof works in the case of multifunctions defined on product category
base (X xY,C(X) x C(Y)) (cf. [7]), where (Y,C(Y)) is a separable category base.
We use (3) instead of (1), we take as P a subset obtained by selecting a point
from each member of countable quasi-base of Y, and we generalize the notion of
continuity by taking in all Definitions 3 the set all members of this quasi-base
containing yo [Yl instead of the filter base U(yp). The thesis of Proposition 3
holds in the presence of proto-decomposability of product space X %Y endowed
with the g-algebra of sets with the abstract Baire property. This version seems to
be new even in the single-valued case of real functions defined on the product of
category bases.

Question 1. Let (Y, T(Y),S(Y),M(Y),J(Y)) be a bitopological space which
is simultaneously a measurable space with negligibles J (Y ).

Two topologies T (Y) and S(Y) are assumed to be related modulo o-ideal J (Y)
namely the symmetric dilerknce Cly (A) = Cls(A) is J (Y )-negligible for each
subset A Y1 From Th. 2 in [10] it follows that for each multifunctionH: Y - Z
(where Z is a second countable Hausdor [_Space) which is at every point y [Yl
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either T (Y )-continuous or S(Y )-continuous the set T n S-D(H) CJI(Y). Under
what conditions imposed on T (Y) and S(Y ) we have

(56) T nS-g-Liminf H(t) CHKy) CT1n S-p-Limsup H(t)?
t-y dnPl t-y E0P1

Let (X, M(X), J (X)) be a (complete) measurable space with negligibles. Un-
der what conditions a multifunction F: X <Y - Z, whose all x-sections are
at each y Yl either T (Y )-continuous or S(Y )-continuous and all y-section are
N#O<J-measurable, is NHOXIY)-measurable. Evidently (Y, T (Y) n S(Y)) is as-
sumed to be second countable Baire space and M(Y) is related with the T (Y ) n
S(Y )-Borel g-algebra Bo(Y, T (Y)nS(Y )).Is the condition T —LimH(y) CHIKy) 1
S — LimH(y) su Lcieht for the double inclusion (56)?

In that manner we have the possibility to obtain many applications of Theo-
rem 1, e.g. for multifunctions whose x-sections are monotone in certain generalized
meaning.

Question 2. Let Y be a (finite dimensional) Euclidean space with the scalar
product [] -[JLet us consider the unit sphere

L= —
(57) Sl=yV:yIF <y|y>=1

endowed with the metric [(M;,y») = arccos [y} | y.[IBy an angular region in Y is
called the subset of the form

1 y 1
(58) QYo,V) =Yo + yﬂl:ﬁﬂﬂl ,

where V St is a [=dpen subset of the unit sphere St (cf. [11, p. 318]).

A multifunction H: Y - Z, where Z is an arbitrary topological space, is called
lower semicontinuous at yo Yl from the angular region Q(yo, V) if for each open
subset G [ such that G n H(yo) 8 [the big inverse image H™(G) contains
Q(Yo,V) n{y [Y]: Ly yo = r} for some r > 0.

Analogously, H is called upper semicontinuous at yo Yl from Q(yo, V) if for
each subset G [Zlsuch that H(yo) [Glthe small inverse image H™(G) contains
Q(Yo,V) n{y [Y]: Ly yo = r} for some r > 0.

A multifunction H is said to be Q-lower (resp. upper) semicontinuous on Y, if
for each y [CY1 there is an angular region Q(y,V (y)) such that H is lower (resp.
upper) semicontinuous at y from Q(y, V (y)).

A multifunction simultaneously Q-lower and Q-upper semicontinuous is called
Q-continuous.

Under what conditions a multifunction F: X xY - Z, where Y is as above,
X is a complete measurable space with negligibles and Z is a second countable per-
fectly normal topological space, with Q-continuous X-sections and M (X)-measur-
able y-sections is NHO<XILY))-measurable with respect to the J (X [YJ-completion
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of M(X) CB4(Y). The o-ideal J (X [Y) including J (X) CIXY ) means here
an o-ideal fulfilling the conditions of Theorem 1, where J (Y) is a Borel o-ideal
in Y, e.g. of subsets of Lebesgue measure zero or of the first category. Is the
finite-dimensionality of Y essential?

9.
10.
11.
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