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SUBLATTICES OF TOPOLOGICALLY
REPRESENTED LATTICES

G. HARTUNG

1. Introduction

In [5], a representation of bounded lattices within so-called standard topological
contexts has been developed. Based on the theory of formal concept analysis
[14] it includes Stone’s representation of Boolean algebras by totally disconnected
compact spaces [10], Priestley’s representation of bounded distributive lattices by
totally order disconnected compact spaces [7] as well as Urquhardt’s representation
of bounded lattices by so-called L-spaces [11].

In the present paper we characterize the 0-1-sublattices of an arbitrary bounded
lattice within its standard topological context. To do so, the concept of a closed
relation of a formal context [16] is generalized to the concept of a topological
relation of a topological context. This is then used to describe finite subdirect
products of bounded lattices. Finally, the idea of a subdirect product construction
for complete lattices [13, 16] motivates an approach to the fusion of standard
topological contexts.

Several examples illustrate the theoretical results.

2. Preliminaries

We briefly sketch the duality between bounded lattices and standard topological
contexts worked out in [5]. For basic notions of the theory of formal concept anal-
ysis see [14]. By (X, 1) we denote a topological space where X is the underlying
set and T is the family of all closed sets of the space.

We start with a triple Kt := ((G, p), (M, 0), 1) consisting of two topological
spaces (G, p), (M, 0) and a binary relation | [GIx M. For A CGland B [CM
we define

A= {m [M | (g,m) Cfor all g CA};
BY.={g Q| (g,m) Cfor all m [H}.
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This establishes a Galois-connection between G and M and we obtain a complete
lattice by setting

B(G,M, 1) :={(A,B)|A [G] B [M, A”=B, B"=A}

where (A,B) < (C,D) := A LCI - B D). The lattice B(G, M, I) is called the
concept lattice of the context (G, M, ). Its elements are called concepts of
(G,M, 1). Aset A [Glis said to be an extent of (G, M, 1) if (A, A is a concept
of (G, M, ). We call a set B an intent of (G, M, 1) if, analogously, (B5'B)
is a concept of (G, M, ). Subsequently, we write B(K") instead of B(G, M, I).
A closed concept of K" is a concept in each component consisting of a closed
set with respect to the given topologies p and 6. The ordered set of all closed
concepts is denoted by B (KY).
The structure K := ((G, p), (M, 0), 1) is called a topological context if the

following conditions are satisfied:

() A Cpl CAYIp] B Ca CBIPCa

(i) Sp:={A G| (A AY CB'(K")} is a subbasis of p and

Sq:={B [M | (BYB) CB"(K")} is a subbasis of a.

If KT is a topological context the lattice B*(K") is bounded but not necessarily
complete. In fact, it is a 0-1-sublattice of B(K"). A topological context is called
a standard topological context if, in addition, the following hold:

(R) KT is reduced, i.e., the map g B (g™g" is a bijection between G and
the completely join-irreducible elements of B(K®) and m @ (m5m™ is
a bijection between M and the completely meet-irreducible elements of
B(K");

(S) For every (g, m) [Ithere exists some (A, B) CB'(K") such that g CA

m [H

(Q) 1°(p>x0)c isaquasicompact space where 1°:= (GxM)\Il and pxo
denotes the product topology on G < M.

For every bounded lattice L a standard topological context K¥(L) can be con-
structed as follows: A nonempty lattice filter F of L is called an I-maximal filter
[11] if there exists a nonempty lattice ideal I of L such that F n 1 = @ and every
proper superfilter E [CElalready contains an element of 1. We denote the set of
all I-maximal filters of L by Fo(L). Dually, the set Io(L) of all F-maximal ideals
of L is introduced. The standard topological context of L is then defined by

K*(L) := ((Fo(L). Po), (To(L), G0), A)

where (F,1) CA := Fnl 8 @ and po and gg are given by the subbasis

Spo = {{F LCEb(L)|a CE}|a L} and Sg, := {{I CL(L) |a I} |a CLT,
respectively. For every bounded lattice L the mapping

L= BY(K'(L)  w(@=(Fala)
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where Fy := {F [Ho(L) | a CH} and 15 :(= {I (L) | a CI}) is an
isomorphism. Moreover, every standard topological context K is isomorphic to
K® (B"(K")) via the following pair of homeomorphisms:

a:G—- Fo(BY(K))  a(9)={(AB) (B (K")|g CA}
B:M— 1o(B'(K)) B(m)={(AB) [B'(K)|m B}

This establishes a dual equivalence between the category of bounded lattices with
onto-lattice-homomorphisms and the category of standard topological contexts
with so-called standard embeddings. In [6], an extended version of this duality is
presented keeping the objects in both categories and taking arbitrary 0-1-lattice-
homomorphisms as morphisms between bounded lattices and so-called multivalued
standard morphisms between standard topological contexts.

3. 0-1-Sublattices

Using the duality described in the previous section properties of lattices can
be reformulated in the language of topological contexts. This idea has already
been successfully used for complete lattices. These are investigated in terms of
their formal contexts (see e.g. [9, 8]) which can be viewed as a kind of spectral
representation. This gave rise to e [cieht algorithms calculating properties by
computer [3, 4, 17, 18]. Understanding data-sets as formal contexts this yields
meanings and interpretations of such properties for reality.

In this section we give a characterization of 0-1-sublattices of B* (K®) where KT*
is a standard topological context. We start by recalling the description of complete
sublattices of concept lattices [16]. Let (G, M, 1) be a context. A relation J [11
is called a closed relation of (G, M, 1) if every concept of (G, M, J) is already a
concept of (G, M, I). There is a bijection from the set of all complete sublattices
of B(G, M, I) onto the set of closed relations of (G, M, I)I_Lnlparticular, for every
complete sublattice S of B(G, M, 1), the relation Js := 5 gy /A > B is closed
and B(G,M,Js) = S. The following lemma [16] gives a useful characterization
for closed relations.

Lemma 1. A relation J is a closed relation of (G, M, 1) if and only if J is a
subset of I and satisfies the following conditions:

(g,m) CINJ implies (h, m) ¥ Tifor some h CQ with g7 Chi and
(g,n) FMfor some n M with m? [Cnd.

The generalization of closed relations for topological contexts are topological
relations.
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I O N N
1’ X X X X X .
1 X X X X X
2 X X X X
3 X X X
. . ]
e B7(K)

w—+1 X

Figure 1. A topological context and its closed concepts.

Definition 1. Let K® := ((G, p), (M, 0), I) be a topological context. A triple
R := (pr,Or, Ir) is called a topological relation of K' if the following conditions
are satisfied:
() pr [pBnd or [a]
(i) IR is a closed relation of (G, M, 1);
(i) K'(R) :=((G,pr), (M, or), Ir) is a topological context.

Note that B (KT(R)) is a 0-1-sublattice of B (K"). But, unlike to the complete
case, we can not hope to get a bijection between 0-1-sublattices and topological
relations. We may have several choices to describe a given sublattice. To see this,
consider the context K in Fig. 1 which is equipped with the topologies p and o
generated by the subbases

S, ={{123,...,n} [ n [N} C51,2,...,n} | n NG} (1, 2,3, ..., 0+ 1},
Se ={{0n,n+1,...,0}|n [N} CLh,n+1,n+2,...,0} | n [Ny} (0.
This yields a topological context, which is already standard, and its closed concepts
form the lattice also shown in Fig. 1. We define two topological relations R; :=
(p1,01, Ir,) and Ry := (p2,02, Ir,) of KT by the closed relations Ig, and Igr,
shown in Fig. 2 and Fig. 3 and the topologies p1, 01, p2 and o, generated by the
subbases

Sp, = Sp, = Sp V{13, {171}, {171, 23},
So, =S, =S\ {{0,1,2,...,0},{1,2,3,...,0},{2,3,4,... ,0}}.

But though R; and R, are di[erknt they establish the same 0-1-sublattice.

In the following we investigate the case of standard topological contexts. This
still includes the general situation in bounded lattices because of the duality de-
scribed in Section 1. Moreover, for every topological relation, quasicompactness is
available.
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Figure 2. The topologica
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B (K (R1))

| relation R; and its corresponding 0-1-sublattice.

N

B (K (R2))

Figure 3. The topological relation R, and its corresponding 0-1-sublattice.

Proposition 1. Let KT be a standard topological context and R := (pr, Or, IR)

be a topological relation of K'. Then K'(R) fulfils (Q).

Proof. A subbasis of (pr > Or)j1¢ is given by

S={{(g.m) LT} | g CA}| (A A) [B" (K'(R)}
(9. m) LI} | m B} | (BYB) [B' (K'(R)}-

Now, let A be a subset of S having the finite intersection property. We define

A :={(A A [B" (K'(R)) | {(g. m) [T} | g CA} LA},
Az :={(B"B) [B" (K'(R)) | {(3.m) LI} | m B} LA}.
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For any finite collection (A1, AD,... ’(AT;%I‘D) A, and (B By), (BfB)) 1
A; there is a pair (g, m) I such that _, (Ai, A}) [alg) and j=l(BJ-D, Bj) [
B(m), i.e., the filter F generated by A; in B' (K*(R)) and the ideal | generated
by A in BT (KT(R)) are disjoint. Hence there exists a pair (§, M) CI% such that
(a(®@), B(%s a maximal pair of B" (K'(R)) with a(§) [CEland B(M) I hn so
@, m) CJA. 1
If S is a 0-1-sublattice of B* (K") then there are two canonical topologies coming
along with S, namely the topology ps on G generated by the subbasis {A [GI|

(A, AN [T} and the topology os generated by the subblas_is]{B ™M | (B5B) [
S}. Furthermore, S yields the canonical relation Is := = A g (A % B).

Proposition 2. Let K' bhe a standard topological context and S be a
0-1-sublattice of BY(KT®). Then the following are equivalent:
(i) R :=(pr,0R, IR) is a topological relation of K* and B (K'(R)) = S.
(i) pr =ps, Or =0s and Ir is a closed relation with Is [I4.

Proof. The implication (i) [_(ii} is obvious. Conversely, let R := (ps, 0s,J)
be a triple where J is a closed relation with I [Jl First we prove that R
is a topological relation. The crucial point is to identify K'(R) as a topological
context. To see this, let A [pg, i.e.,

C 11
A= Ay where (A, AY) [ and Re={1,...,n}.
tOF¥ Ry

. J— I;I AJ
We claim and prove further below that A Argy A (Dwhere

|:|I:|I:|
ABr : Al= Awo for some finite E [T1

o R, tLE
t[E1l

Since J is a clospd-rplation (AA,&)_FSIor every A [Br,i.e., Bt [pa. Then (O
implies A = "2 5 AM = g5 A [Cpk. Similar arguments show BYY [ak
for every B [Cak. Thus, K'(R) is a topological relation.

Now we prove (DJ Let m AP for some A [Br and g CA. Forevery t [TI
there exists ¥ Rl such that g [Aks. Let E be the finite subset of T corresponding
to AA£|1en there exists § [, 2 R¢ such that Aegry = Aee for all t [CE and so
9 [T, 2Aww LAl Hence (g,m) [Jland therefore m [CAP.

Now, let m FAP for EH:SIEBT' (Fhen, for every finite E [T] there is some
¢ CHX i eRewithm 1 cAww . i-e., for every finite E [T] there exists a
function —1
fe 1 E— {Awr | 7 (R}

trEl
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Lo A i
such that fe(t) [({Ay | r [Re}forallt CHand m 1 Ffe(t) ~. Using
Rado’s Selection Theorem [1] we get the existence of a global function

 —
F:T—  {Ac|r [R}

t11

such that f(t) [C{A | r R} for all t [T. Moreover, for every finite E [CT]
there is some finite F [Tl such that E ["H and fg = frg. Let F be the
filter of B (K") generated by {(f(t),f(t)) | t I} For Ay, . torn 1
fl@l and E =|_—{1|1 ..., ta} there is some finite F [ El such that  ;_, Ayr;, =

maf&)j: crefE () L e (). Since m 1, f=(t) = we conclude
m r{ i:1Atnrn)J. Hence F and B(m) := {(A,B) CB"(KY) | m R} form a
disjoint filter-ideal pair and, by [5, Lemma 2.1.5], there exists a maximal filter-
ideal pair (F, 1) such that E CEland I CRdm). By [5, Theorem 2.2.4], E = a(q)
for some § @ and 1= B(m) for some M CM. Then § CA and M A imply
m A, Thus, (Ddis proved.

It remains to show B (K'(R)) = &'Clgarly, S B (K'(R)). If (A,B) [
B' (K'(R)) with A E @ then A = ;A for some suitable B C{A Q|
(A AY I% Suppose that, for every finite E [, the extent A is a proper
subset of 5 =4A. We define a nonempty family of closed sets by N := (Ng)g
where Er ;= {E [BI| E is finite } and

—1
Neg :={(g,m) I |g C1 Aand m [B}.
ALE]

Since Ng n Ng = Ng 18 9 the family N has ‘hi_flinite intersection property. By

quasicompactness, there exists some (§, M) 1IN, i.e., § CAand m hi§
is a contradiction. Hentig;Lrllere exists some finite E such that A= 3 A
which proves (A,B) = £ (A, AY [S. 1

Of course, | is a closed relation and therefore Fs := (ps,0s, ) is the great-
est topological relation among all topological relations describing a given 0-1-
sublattice S. On the other hand, given a topological relation R := (pr,0Or, 1),
we immediately conclude pr = pgr(kr(r)) and Or = Ogr(kr(r)) Since in both
cases the generating subbases coincide. Let us call a topological relation R :=
(Pr,OR, Ir) full if Ir = 1. We proved the following theorem.

Theorem 1. Let K" be a standard topological context. Then there is a bijection
from the set of all 0-1-sublattices of B*(K") onto the set of all full topological
relations. In particular, for a 0-1-sublattice S, the relation Fs := (ps,0s,1) is a
full topological relation with S = B* (K*(Fs)).

In fact, there is also a smallest topological relation among all topological rela-
tions describing a given 0-1-sublattice S.
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Proposition 3. Let S be a 0-1-sublattice of B*(K") where K' is a standard
topological context. Then Is is a closed relation.

Proof. We use the characterization given in Lemma 1. Let (g,m) [CINIs and
define

Neg.my :={{(h,n) CI | h A} |g CAand (A, AY S}
[((h,n) CIf |n CB}|m and (BYB) [3}.

Then N m) is a nonempty family of closed sets. Moreover, Ny m) has the finite
intersection property because otherwise

{(h,n) CTf | h CAY n {(h,n) CI§|n (B} =0

for some A fulfilling g CA and (A,AY 3 and for some B fulfilling m B
and (BYB) 3. This implies (A,AY < (BYB) which is a cor@iction to
(9,m) I'Tks. By quasicompactness, there exists some (h,f) 1 N my, i.e.,
a(h) Cafg) n S and B(fi) CRIM) n S which means h's gl and fi's Cml's.
Thus, by Lemma 1, Is is a closed relation. 1

We call a topological relation R := (pr, Or, Ir) separating if K'(R) satisfies
condition (S). Clearly, given a 0-1-sublattice S, the topological context K'(Ss) is
separating where Ss := (ps, 0s, Is). Conversely, separating topological relations
are characterized by this construction.

| [0J0 1T 2 3 w \
1’ X X :
1 X X X X
2 X X X X \
3 X X X
: : // (K7(R3))
: : . ETKTR
w—+1 X / ’

Figure 4. The topological relation Rz and its corresponding 0-1-sublattice.

Proposition 4. Let K be a standard topological context and R := (pr, Or, Ir)
be a separating topological relation. Then R = Sgrr (r))-

Proof. The family {A [GI| (A,AY [B" (K'(R))} is a subbasis for both, pr
and pgr(kr(ry), and {B | (BYB) [B" (K'(R))} is a subbasis for or and
0BT (K*(R))-
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Clearly, Ig~(kr(ryy [I&. Since R is separating, for every (g, m) [k, there
is a concept (A,B) [B' (K'(R)) such that g A and m [CH. Hence (g,m) [
AxB E@T(KT(R)). 1

Theorem 2. Let K" be a standard topological context. Then there is a bijection
from the set of all 0-1-sublattices of B* (K) onto the set of all separating topological
relations. In particular, for a 0-1-sublattice S, the relation Ss := (ps, 0s, Is) is
a separating topological relation with S = B" (K*(Ss)).

For every closed relation J of a standard topological context KT we obtain a
0-1-sublattice of B*(K®) by S; := B"(K')nB(G, M, J). Hence R; := (p3,03,J)
is a topological relation where p; is generated by {A [GI| (A,AY [S;} and 0,
is generated by {B M | (B/B) [S;}. We call a closed relation J of a standard
topological context separating if R is separating.

Corollary 1. Let KT be a standard topological context. Then there is a bijection
from the set of all 0-1-sublattices of B (K') onto the set of all separating closed
relations. In particular, for a 0-1-sublattice S, the relation Is is a separating
closed relation with S = B' (K'(R)4))-

| [0]0 1 2 3 w \
1’ X X X o o
1 X X X X .
2 X X X X -
3 X X X

: : : / BT (K7 (Ry))
w41 X

/

o

Figure 5. The topological relation R4 and its corresponding 0-1-sublattice.

The only full and separating topological relation is (p, g, 1). Of course, every
full topological relation satisfies (R). Separating topological relations may or may
not satisfy (R). There are topological relations being neither full nor separating.
Among these some fulfil (R) and others do not. For illustration we consider some
examples. The topological relation R; in Fig. 2 is separating and reduced. The
relation Ry in Fig. 3 is neither full nor separating but reduced. The topological
relation Rz shown in Fig. 4 is separating but not reduced whereas R, in Fig. 5
is neither full nor separating and, in addition, not reduced. (Rs := (ps, 03, Ir;)
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and R4 := (p4, 04, Ir,) are topological relations of the context K® in Fig. 1. Their
topologies ps, 03, p4 and o4 are generated by

Sps = Sp. = Sp, \ {1},
So. = So, == So, \{091,2,...,0}.)

4. Direct Products

Before we can start to investigate subdirect products it is necessary to char-
acterize direct products of bounded lattices within the corresponding standard
topological contexts. For an arbitrary family of contexts (K¢)t it is well-known

(see e.g. [16]) that 1 1
L1

XBK)EB K
t [T T

where

— |(_| ) Le— 1 a1 , )':'
Ky = Gi, My, Iy) = Gy, M, le L, (Gs X My
- - tm tTl trl o

is called the sum of the contexts (K¢)¢r3 An isomorphism is given by

1 1
g — e s T .
Ilc: tmﬁ (Kt) — E tD___IKt e ((At, Bt))tm = tht, tht

Let us define the sum of the topological contexts (K} )t by
I 1 1 1

Ki = (Gt pt), (M, 00), 1)
t 11
Eﬁb LIg— L— —
tl:EIGt, P, . Mt, S It :IS“:D(GS x Mt)

sEt

where A [pl:= AnG¢ [Cpf forall t CTland B [Cal: = B n M [aj for all t CT1.
It is straightforward to see that this definition yields again a topological context.
Moreover, we get a description for the direct product.

Proposition 5. Let (K{), 1 be a family of topological contexts. Then

—1 1
X BY(K!) £ BF KT
t[T] tm
Proof. An isomorphism is given by
1 L1 1
L: XB'(K) - B K{ 1 ((A By)) ': A B
b- T t D t b 't Pt))tm - Tl T ] t

t[T]
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Taking a family of standard topological contexts their sum satisfies (R) and (S).
But unfortunately, if the given family has infinite cardinality (Q) is no longer valid.
Therefore, the infinite sum is not isomorphic to the standard topological context
of the direct product. As an example we take the countable direct product 2N
where 2 is the two-element lattice. The set G of the standard topological context
K™ (2) consists of exactly one element and therefore the set G of the sum contains
countably many elements. On the other hand, every element of the set G of the
standard topological context of 2N is an I-maximal filter of 2N. But this lattice
has uncountably many I-maximal filters since those are exactly the ultrafilters.
However, if we restrict ourselves to finite families of standard topological contexts
the sum stays standard.

Proposition 6. Let (K})i=1,..,n be a family of standard topological contexts.
Then 1

||:-l|—4_d < B (K))

L 3 e
Proof. The set ;— lilC Jim...m(Gj xMi) = (1) is a finite dis-
i
joint union of quasicompact spaces and therefore quasicompact. 1

5. Subdirect Products

The last two sections suggest a method how to find finite subdirect products of
bounded lattices within the sum of the corresponding standard topological con-
texts. We have to look for certain topological relations. For two reasons we
concentrate on separating topological relations. Firstly, they give a minimal de-
scription of 0-1-sublattices providing the existence-property (S). Secondly, they fit
in with the theory of bonds [16] which we briefly review in the following.

A bond from a context (Gi, Mj, I;) to a context (Gj, Mj, I;) is a subset J;j of
Gi % Mj such that for every g [CQ; the set ¢d := {m [M; | (g, m) [Jl;} is an
intent of (Gj, Mj, 1j) and for every m [M; the set m' := {g [G; | (g, m) Cj;} is
an extent of (G, Mj, ;). If Jj is a bond from (G;, M, I;) to (Gj, M;j, I5) and Jjk
is a bond from (G;j, Mj, Ij) to (Gk, My, Ik) then Jij = Jji := {(g, m) CG; x My |
g CmP} is a bond from (Gj, M, ;) to (G, My, Ik).

Now, let (Kot %milﬁ of contexts and 1. be the isomorpl“lis_m] from

B (K¢) onto B K¢ . Furthermore, let J be a subset of Gt %
crMe and let Jse := J n (Gs < My) for s,t LTI Then the following conditions

are equivalerl%see [16, Theorem 6]):

—
) gt B 1Pt MeJd is a complete subdirect product of the

BK)¢

1
(ii) J is a closed relation of | K¢ with J¢¢ = ¢ for all t [CT1.
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(iii) The Js¢ are bonds from (Gs, Mg, Is) to (G¢, Mg, It) with Ji = 1t and
Jrt T  Jg¢ for all r,s,t [CT1

| [ 0 3 w | .
1 X X X X )
2 X X X ;
3 X X
. B (k)
w—+1

Figure 6.

If we consider the finite sum of standard topological contexts closed relations
fulfilling those conditions may occur which are not separating. Fig. 6 presents a
standard topological context KT and its lattice of all closed concepts where the
topologies p and ¢ are given by the subbases

Sp = {{1}{1,2}.{1,2,3}.. .3},
So ={{1,2,3,...,01{2,3,4,... ,0}{3.4,5,... ,0},...}.

Now, there is a sublattice of B(K"® + K1), boldface in the line diagram in Fig. 7,
corresponding to a complete subdirect product of (B(K™))? which does not induce
a subdirect product of (BT (K))?. But then this yields a closed relation which is
not separating (Fig. 8).

Let us call a bond J;j from a topological context K} to a topological context
Kj topological if (g, m) [.Jj; always implies g < m [.J§ where g and m are the
topological closures of g and m in (G;, pi) and (Mj, 0j), respectively.

Proposition 7. Let Jij be a topological bond from K{ to Kj and Jjx be a
topological bond from Kj to Ki. Then Jij ° Jjk is a topological bond from Kf
to K.

Proof. Let (g,m) g o Jjk. For h [glwe conclude ¢J since Jij is a
topological bond and so giik [CR¥MX. On the other hand, gli ¥ is equivalent
to m Cglk. Since Jjk is a topological bond we obtain n [gii* for every n [T
showing n [ChRIP% which is equivalent to W [Call. Hence g xm I < Jjk. This
proves that Jjj  Jjk is a topological bond. 1
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Figure 7. B(K® + KT).

| [ o 3 wl|0 1 2 3 w
1 X X X |X X X X X
2 X X X |X X X X X
3 X X |X X X X X

w+1 X X X X -+ X
1 X X X X -+ X
2 X X X - X
3 X X - X

w+1 X

Figure 8. A closed relation of Kt + KT which is not separating.

37
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I:F.E»_eflore we can give the characterization of the separating closed relations of

i, (KT) corresponding to subdirect products of the (B* (KY)); rgm,... ,n3 We prove
a result about standard topological contexts which needs similar arguments as we
have already used in the proof of Proposition 2.

Lemma 2. Let KT be a standard topological context, let S be a proper
0-1-sublattice of BY(K™) and let (A,B) CB"(K')\S. Then A Ipk and B Y ak.

Proof. Suppose A [p§, i.e.,

101
A= Ay where (Agr, A) C3 and Re={1,...,n¢}.

tTF [(RY

For every finite E [Tlwe find A [, | g, At because otherwise

CIT 1 — 1 I:II:I
A= A = IEI Ato(t) IEI
tIEY R orX, g, tE

would be an extent belonging to a concept in S which is contrary to our assump-
tion. Hence, for every finite E [T] there is a function

| I |
fe . E— {Ay | r (R}

trEl

L1
such that fe(t) (A | r (R} for all t [CH and A [, fe(t). By Rado’s
Selection Theorem [1] we get the existence of a global function

—
F:T—  {Av|r [R}

tTl

such that f(t) [{A¢ | r [R} for all t [TI. Moreover, for every finite E [T]
there is some finite F [Tl such that E ["H and fig = frg. Let F be the

filter of BT (K™) generated by {(f(t),f(t)) | t C1}. For Agry,- thr, L1
fl(_'l_'_)I and E = I{th .o th} therle__is] some finite F [CH such that ;Z, Agr; =
aef® = 5 @ I:~| cefr () CEA Therl (A,~B) rF. B~y
[5, Lemma 2.1.5], there is some F CEL(B"(KY)) such that F [CFland (A, B) Y Fl
By ﬁtﬁ&?m 2 4] F = a(g) for some g [IG. But then,
T roeg At and g I"A which is a contradiction. Analogous arguments

show B rak. 1

Theorem 3. Let (K])i=1,..,n be a family of standard Iﬁpﬂloglcal contexts and
let 1, be the isomorphism from X[_, BT (KT) onto B ( i—1 KT). Furthermore,
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[0l ol
let J be a subset of ,_;Gj x ;_;M; and let Jj; := J n (G; x M) for i,j 1
{1,...,n}. Then the following conditions are equivalent:

(i) J is a separating closed relation and lb_l (BT (K*(R3))) is a subdirect prod-

(i) J is a separating closed relation of i=1 Ki with Jii = I and py|g, = pi
and oy, = 0j for all i [C{1,...,n}.
(iif) The Jj; are topological bonds from Kf to Kj with Jii = Ii, Jik .33 ° Jjk
and py g, = pi and oy, = 0i for all i, j,k [L1,...,n}.
(—

Proof. (i) L[(i): For a closed relation J of ~ ;_; Ki we always have p;|g, [pil
and o3y, [a] for all i CL,...,n}. Now, ;! (B (K'(R;3))) is a subdirect
every (A, B) [CB"(KY}), there is some (C,D) [B' (K'(Rj)) suchthat CnG; = A
and D n M = B. This implies py|g, [-pland ayn, ol forall i [41,...,n}
and since KT satisfies (S) we get J;; = I; for all i [C{1,...,n}.

(i) C_(): Since J is closed the Jij are bonds from K} to Kj satisfying
Jik 3§ ° Jji for all i,j, k A, ... ,n}. Leti,j C1,...,n} and (g,m) ;.
Since J is separating there is some (C,D) [B" (K'(R3)) such that g [Q and
m [O. Theng xm (G n G;) < (D n Mj) LIk and J;j is a topological bond.

(iii) [C—(Q): Certainly, J is a closed relation. First we show that
BY(K}) for some i [{1,...,n}. Then A Lpd|g,- This topoldgy is generated by
the subbasis

Si:={CnGj|(C,C7) B (K'(Rs))}

Then Jjij = |; yields that
Ti ={(CnG;i,C’ nMj)|(C,C’) [B" (K(Ry))}

is a 0-1-sublattice of B*(K}) and therefore, by Lemma 2, (A,B) [T;. Hence
there is some (C,C”Y) [B" (K'(R3))} such that (A,B) = (C n G;,C’ n M;) and
the lattice lb_l (BT (K*(R3))) is a subdirect product.

Finally, we prove that J is separating. To see this, let (g, m) [_J; for some
i,j CJL,...,n} and suppose that there is no (C,D) [CB" (K'(Rj)) such that
g [Qand m [CO. We get a nonempty family of nonempty closed sets by

Ngg,my :={{(h,n) LI h [T} | (C,CY [B" (K'(Ry)) and g LCl}
C{{(h,n) CO| n (DO} | (D/D) [B' (K'(Ry)) and m [D}.

~ 1 ~
Quasicompactness yields the existence of a pair (h, A7) 1N m), i.e., h [gland
n [Cm. This contradicts the fact that J;j is a topological bond. 1
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6. Fusion of Standard Topological Contexts

Subdirect products are of course not uniquely determined by their factors.
Nevertheless, uniqueness can be obtained if some additional conditions about
the linkage of the factors are required. This has been studied extensively (e.g.
[12, 13, 16]).

We follow this idea and give a finite subdirect product construction for bounded
lattices in terms of standard topological contexts. We introduce some notions
which are similar to those in [16]: For a set P the pair (L, a) is called a bounded
P -lattice if L is a bounded lattice and a maps P onto a generating subset of L.
Given bounded P -lattices (L1,0d1),...,(Ln,dn) their (finite) P-product is de-
fined by (L, a) where a(p) := (a1(p),...,an(p)) for all p and L is the 0-1-
sublattice of X?zl L; generated by a(P).

For a given topological context KT let us call the pair (K', a) a topological
P-context if (B"(K"),a) is a bounded P -lattice. In the following, (AP, B) de-
notes the concept a;(p). Now, let (KT, ay),..., (K}, an) be standard topological
P -contexts. We define their standard topological P-fusion to be

e = =

=1GilpJ 3 ileiaoJ 1\] 1a

where J and a are determined by the following conditions:

() Jii=\forali {,...,n};
(i) Foralli&j [{1,...,n}, the relation J;; is the smallest topological bond
from KF to KT containing the set (A} x BF) for every p [P},
(i) a(p) == ( o, AP, —,BP) forall p [P
The relations J;j in (ii) are well-defined since the intersection of topological bonds
is again a topological bond.

O Chgy I

=1GilpJ 3 ileiaoJ 1\] 1a

isa topol@a{ﬁ%ntext, J is a separating c% relation of the context ;_, K
and lb_l B ( i=1Gi,pa). ( ;=;Mi,05),3 is the P-product of the bounded
P-lattices (B (KY), 0i))i=1,... n-

Proof. We check (iii) of Theorem 3. Let i,j,k [f1,...,n} and A} x B [CIik.
Then, for any (g,m) A} x Bf), we have gl [AF oM. Hence (g,m) [

Jij L%u—L' Propositio ields Jik %ij. In paﬂfular, J is a closed relation
of i, K{ and B ( i—=;Gi,p3),( j=;Mi,03),d is a complete sublattice of
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B( IEIK}) containi@ia%P). If (A, BIﬁIEET(KiT) fﬁome i C{1,...,n} there

is some (C,D) [B' ( ;—,Gi,pa).( ;=;Mi,03),3 such that A=C nG; and
B = D n M; because ai(P) is a generating set of B*(KT). This shows P3G, = Pi
and o3m, = 0i. Theorem 3 yields that J is a separating closed relation such that

e s TR B s — L
l_l ET N Gi;pJ y . MiIOJ IJ
b i=1 i=1

is a subdirect product of the (B*(KY))i=1,....n containing their P-product (L, ).
Since J L]y we obtain equality. 1
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