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STATISTICAL MODELLING OF
DEFORMATION MEASUREMENTS

L. KUBACEK

1. Introduction

Many engineer’s construction works (e.g., bridges, dams, gas holders, crane
runways) before putting into operation and during operation must be tested as far
as the deformations caused by their loading are concerned.

In order to verify that the actual deformations lie within safety limits deter-
mined in advance (e.g., by static experts) replicated measurements have to be
carried out in a network of suitably chosen points whose positions are studied.

The statistical problems of processing this kind of measurements (problems of
determining the first order and second order parameters and testing hypotheses
on existence or non-existence of deformations) are solved in the paper.

2. Notations and Auxiliary Statements

Let Bi, i = 1,...,k, denote parameters whose values must be determined by
deformation measurements. The results of measurements are given by a realiza-
tion y of an n-dimensional random vector Y. The class of distribution functions
connected with Y is F = {F(-,B,9): B CRK,9 I}, where B = (B1,...,Bk)"
(Pdenotes the transposition of a matrix) [CR¥ (k-dimensional Euclidean space),
9= (81,...,9p)P D (an open set in RP); the parameter 9, which characterizes
the accuracy of measurement techniques, is also a priori unknown and must be
determined on the basis of the vector Y. The class F is supposed to have the
following two properties

1

udF (u, B, 9) = XB, B [RK,
RN
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where X is an n x k matrix which is known (so called design matrix, cf. [Ka1,
chpt. 5]) and
.  —

(U= XB)u—XP)dF(u,B, &)= Vi, B[R, 9 [
Rn i=1
where Vy,...,V, are known symmetric matrices.

In the following, for the sake of simplicity, the rank of the matrix X is supposed
to be r(X) =k < n and the set 9 to have the property

r— 1
O & C319) = 9iVi is p.d. (positive definite).
i=1
These assumptions are realistic and have the following meaning. The measure-
ments are not aledted by a systematic influence (cf. [K1]) and thus the mean
value of Y is a known vector function of B only and this fuction can be linearized;
further this function does not depend on 9 which characterizes the accuracy of
the measurement devices used. The assumption that the covariance matrix (8)
does not depend on the measured parameter 3 is sometimes not satisfied (cf. [W]).
Nevertheless, this assumption is accepted because of the following two reasons: In
many cases a deviation of the reality from this assumption has no essential influ-
ence on the estimate of  and further the problems connected with respecting the
fact that the covariance matrix depends also on (3 are di Ccullt and overcome the
framework of this paper.
The just described statistical model is denoted as

1
(Y,XB, 8iVi), B [RK 8 [

i=1
and, in view of the assumptions r(X) = k < n, and Z(8) is p.d. for 8 [, it
is called regular. In this model two kinds of estimators are considered: linear
estimators LY of a given linear function f(B) = f'B, B [CRX, and quadratic
estimators Y "AY (A a symmetric matrix) of a given linear function g(8) = g9,
9 3

Definition 2.1. The 9p-LBLUE (locally best linear unbiased estimator) of a
function

fe)=1B, B LR
in the model (Y, XpB, IE‘ﬁivi), B %“, 9 [T is a statistic LYY such that
() @B R 9 [FELYIR) = Rn LWUdF (u,B,9) =B

and
(i) L, CR", Ly satisfying (i)}
(.

Var(LY [9) = (L% — FB)2dF (u, B, 9o) < Var(LLY [90).
Rn
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Definition 2.2. The 3o-MINQUE (minimum norm quadratic unbiased estima-
tor; cf. p. 304]) of a function g(8) = ¢g¥, 9 [P, in the model
(Y, XB, -, 9Vi), B CRK, 8 [T is a statistic Y "AY possesing the properties

() OB CRK, & CIFE(Y AY B, 9) = gD,

(i) 43 CRKIY + X3)A(Y +X3) =YAY
and

(iii) A : A satysfying (i) and (i), A=A}

tr(AXpAXy) < tl’(KZoKZo).
Here 2o = Z (o).

The motivation of Definition 2.2 lies in two facts: the defined estimator is closely
connected with natural estimators (cf. [R1, p. 303] or [R3]) and in the case of nor-
mality of the vector Y (Y [CNL(XB,Z(d))) it represents the 9o-LMVIQUE (lo-

cally minimum variance invariant quadratic unbiased estimator). The invariance
is characterized by (ii) in Definition 2.2.

Lemma 2.3. In the model
Y1y XnoBk.1y, (@), B [RK, 9 [J
(i) an unbiased linear estimator of a function f(B) = ', B [CRX, exists i [

f CMXY ={X%: u (R"};
(i) the Bp-LBLUE of the function f(:) in the regular model is

I3 =fFX3;1X)"IX 5y,

and its dispersion at 9 is
Var(FIB1So) E (X' T, 1X) 7 f.

Proof. Cf. [R1]. 1

Lemma 2.4. The 9-MINQUE of a function g(8) = g9, & [3J]
(i) exists i gl CM(C™), where

{CM}i; = tr(MxViMx V), i,j =1,...,p,

Mx =1 — X (X)X I is the identity matrix, and
(i) if g CM(CM), the 9o-MINQUE is

1
gl =N AY = AY HMxZoMx)*Vi(MxZoMx) ™Y,
i=1
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with (MxZoMx)* = 35t — SoIX(XEGIX) 71X E T, where A = (Mg, ..., Ap)”
is a solution of the equation

S(MxZoMx)+}\ =g

here
{SMxzoms)+ Fij = UT(Mx ZoMx) " Vi(Mx ZoMx)™V;jl, i,j =1,...,p,

and ()™ denotes the Moore-Penrose inverse (cf. [R2]) of the matrix in the brackets;
(iii) if Y CNKL(XB, =o), the dispersion of the estimator gf$-atl9, is

Var(@t8t8o) = 20'S 5, 5 my+ 0

the expression for the variance does not depend on the choice of the generalized

inverse S, s ms)~ Of the matrix S, somy )+

Proof. Cf. [R3] or [Se2]. 1

Lemma 2.5. Let Y [Nh(X(niB,Z), B CRK. Let = be known; r(X) = k
and r(Z) = n. A null-hypothesis AR = a on 3, where A is a q % k matrix with the
rank r(A) = q < k, and a is a given vector, can be tested against Ap & a using
the statistic

(AB — ) TAXETX)TAT (AR — a),

which has, if the null hypothesis is true, the central chi-square distribution with g
degrees of freedom; ( is the Z-LBLUE of .

Proof. Cf. [R1]. 1

3. Models with Stable and Variable Parameters

One possibility how to design an experiment of deformation measurements is
to decompose the vector B into two parts B; [CR* and B, [CRK2, k; + ky =k,
in such a way that f3; is connected with stable points and 3, with variable ones.
The following example can serve as explanation of the situation.

Example. Let (0,0,0), (y1,0,v2), (Ys3,VYa,Ys) be cartesian coordinates of three
points Py, P», and P3 in R®, respectively, which are located on the river-side in
the neighbourhood of a bridge the deformation of which is investigated; they can
be considered to be stable because a loading of the bridge cannot influence the
coordinates yy,...,Ys. Let

(Ye, Y7.Y8), (Yo.Y10,Y11), (Y12,Y13,Y14)

be coordinates of points A, B, C which are located on the construction of the bridge
at positions determined by a static expert. The problem is to determine the values
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of parameters vs, ..., Y14, influenced by the given loading. If the measurements
are performed in such a way that the horizontal distances among the points Py,
P,, P3, A, B, C and horizontal and vertical angles in di[erknt triangles given by
these points are measured, the parameters vg, ..., Y14 can be estimated only on
the basis of y1,...,Vs.

If B = (V1,...,ys)"and B2 = (Vs, ... ,Y14) then in the most simple case the

model of these measurements is
C 101 1

B y VL + OoVo
B2

where 8 is the dispersion of the angle measurements and 3, is the dispersion of the
distance measurements. Of course this experiment must be replicated for di Lerknt
ways of the loading of the bridge; it is performed in several epochs. During these
epochs the parameters 8; and 9, can be sometimes considered as stable. Therefore
in the following this simple case is considered only.

Y! (Xl, XZ)

Definition 3.1. An m-epoch model with stable and variable parameters with
the same design in each epoch is

I:EYD 1 — 1
1 I:h;:l

HHH Ed tx1 ) BB;) 80 oo
Ym i=1

By LRI, B5) [CRMe, § I

Here Y1,...,Ym are stochastically independent n-dimensional random vectors,
1=(,...,)P”CR™, I is the m x m identity matrix,

X 10 (=]
2 =@, ™)

9) is the value of the parameter (3, in the jth epoch, j = 1,...,m and [Cddnotes
the Kronecker product of matrices.

For the following let us remind the assumption on the regularity of the model

(before Definition 2 i.e., in the model from Definition 3.1 it holds r(Xy, X3) =
k=ki+kand r( {_,;3diVi)=n.

Theorem 3.2. In the model from Defirélition 3.1
(i) the 8o-LBLUE of the vector (Bf!BS)Uis

1 o +_
Bi(Y)  _ XiMx,ZoMyx, )" X1] T X {Mx, ZoMx, ) 7Y

B (I LB, +1 [l !
where Y = (YJ... . YDIY =1 mi:l Yj, B = (X[Eg X)X 55T,

vi=[Y1 =), (Ym =T
Vo = [XH{Mx, ZoMx, )" Xo] X HMx, ZoMx, )Y,
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|\/|)(1 =1 —X]_(XJI_:)(]_)_]'XE sz =1 —Xz(xg)(z)_lxg
(i)
E L 1

o ol

Var =~ = ,
() B° T [z

1 -
[11]= —[X1{Mx;, ToMx,) " Xa] ™,
RT3 1~ - - - -
[12] = —— DA 50 X)X 25 XX 5 (Mo, ZoMx, ) " Xo]

1- _ _ _ _
i CIR{Mx, ZoMx, )" X1] TP X{Eg 1 X (X551 X2) ™t
=[21]"
[22]= Mm COAIE X2) ™ + Py CIXHMx, ZoMx, )" Xo] 2,
where Py = 117m = P2, My, = | =Py, = M2, with P,\Mpy, = 0 = My Pp,.

Proof. WithDrespect to Lemma 2.3 and Definition 3.1 the 99-LBLUE of the
vector (B @S )tis

III% 1 ] I% 1
g e oan oy 3 O ooy
Regarding the assumptions that r(X) = k = k; + ko = r(Xy, X3) and 2y =
2 (o) is p.d., the matrix

1 1 1
I%EXE 0 N XL Expy = T X[, Xy, 1°CXEESMX,
I X3 = ’ 1 CXEESIXg, 1 EXEES X,
is regular, thus its inverse exists. It can be verified that this inverse is
— 1
‘w2
21] [22] -
Here the equalities
1
A B ':*l_
1 BV C B 1
_ Al+aAlB(C-BAIB)IBATL, —AB(C-BAIB)!
N —(C —BA™IB)"IBAL, (C—BA1B)?
(A—BC1BYL, —(A—-BCc™ 1By iBC!

—c1B{YA-BC'BYL, cl+C!BYA—BC !By BC™!
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[ I N

valid for a p.d. matrix are utilized. In our case it is also necessary to use

the equalities

A, B
BY'C

(M, ZoMx)* = 351 — S5 X OGE T X)) IXEq T, 1=1,2,
and

M CXEE5 X5 + Py EXE(Mx, ZoMx, ) X171 =
= Mm CA350X2) " + Pm [T {Mx, ZoMx, )" Xo] 2

which can be directly verified.
The assertion (ii) is a direct consequence of Lemma 2.3 and the assertion (i). (1

Theorem 3.3. The 9-LBLUE of (B} éj)D)D, based on the vector Yj only, is

C1C ]
I?El(YJ) — [XRMXZZOMX2)+X1]_1XRMX2ZOMX2)+Yj
B (vj) [X2Mx; ZoMx, )" Xo] " X5(Mx; ZoMx, ) 'Y

and its covariance matrix is

1
R Ego _ Al s
)

Var ~(i ,
@y C, D

where

A = [X{Mx,ZoMx,)* X1] 7,
B = —[Xi{Mx,ZoMx,) " X1] ' X{E5 1 Xa (X555 1 Xz) "t = .
C = —[X5{Mx;, ZoMx, )" Xl T X555 X (X5 " X)) T = BY)
D = [X{Mx, ZoMx, )" X2 .

1 1
Proof. As E(Y @181, BP) = (X4, X») BB(}) , the 9o-LBLUE of the vector
2
O
(BL B ) is
NI L el
XL 35 (X1, X2) X0 sty @)
The proof can be easily finished using the analogous equalities as in proof of
Theorem 3.2. —1
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Corollary 3.4. Theorems 3.2 and 3.3 form a good basis for comparing results
from separate epochs with results from the experiment in the whole. If the normality
of the vector Y is presupposed and points connected with 3; can be considered to
be stable, then

B1(Y)) = Ba(Ye,- .., Yi—1) CNK, {0, [G)/( — DIXHMx, ZoMx,) X1}

Thus the statistic

[B2(Y;) — Bu(Ya .. ,Yj_l)]ﬂ’% [XHMx, ZoMx,)* X1]
B2(Y;) = Ba(Ya, ..., Yj—)] O,

(distributed as central chi-square with k; degrees of freedom) can be used for testing
the stability after each epoch. Another possibility is given by the following theorem
and corollary.

Theorem 3.5. Under the normality of the vector (Y,7...,Y;J5 j = m, in the

model from Definition 3.1 the joint distribution of the 9o-LBLUE of [39) based on
Yj and (Y{7...,Y{)" respectively, is

L1 o 1 *i 1 (|
. B (Y;) Ny 2_) Wi, Wi
Béj)(Yl,--- Yj) 2 9’ T Wap, Wop

where
W11 = [XHMx, ZoMx, )" Xa] 7,
1 _ 1 _ _
Wi, = J-—[XRMxlzoMxl)+X2] Y- JT)(ngzo X))t = Wy,

1 _ 1 _ _
Wo, = J_—[XZD(MxlzoMxyxz] Ty - JT)(XZEZ0 X)) =Wy =Wa ;.

Proof. Let

A = [XH{Mx, ZoMx, )" Xo] " XHMx, ZoMx, )™,
B = (X325 " X2) X5,

Then, with respect to Theorems 3.3 and 3.2,
R34) — O O O
Y;) = A(el VR A

P27 (Y5) éﬂg‘?\m - ’E [T

~i [}
BI(Y1,....Y)) = A ! ;:U' +B ejD|:|}1jElj (Y25 Y
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Now, if the equalities

(Mx, ZoMx,) " S0(Mx, ZoMx,)" = (Mx, ZoMx, )™,
AZoA"= [X3{Mx, ZoMx, )" Xo]
and
AZoB "= (X;5,1X,) "t = B3,B"
are taken into account, we obtain

1 1
Wi =AZAY Wi, =(1-— JT)AzoEsD+ J_—AZOAD,

Wo,1 = W), W, =(1- %)BZOBD+ JTlAZoAD.
Now it is elementary to finish the proof. 1
Corollary 3.6. If the vector (Y,...,Y) is normally distributed, then
B (Y1) = B (Y1, Y5) [N, (0, K),
where
K=Q1- JTl)(thzElXZ)_lngzo_lxl[XRsz SoMx, ) Xl
X2 X (X201 Xo) T

Proof. With respect to Theorem 3.5
(] I R -

var BV = BP (Y1, Y) [Zo = Wig+Wao —2Wop
1 ] + -1 -1 -1
=(1- JT) [Xa{Mx, ZoMx, ) X2 = (X325 X5)
With respect to the equality
(Mx, ZoMx,) " = 2o — 2o Xa (X125 " X1) "X 25,
we can write
[X2{Mx;, ZoMx, )" Xo] " = [X5E5"Xo — X355 X1 (X155 X1) X 55 Xo] 7
Now, using the equality
(S1 —ASAY T =st+STIAS T - ASTIA) TTATS
where S; = XJ571X,, A = X5E1Xy, S, = (X{Eg1X1) ™, we obtain
[X3{Mx, ZoMx, )Xol = (X355 Xo) ™ + (X355 Xo) X5 Xy
XX = X2  Xo(XaZg X)X E g Xl TIX E g P Xa(XaZg T X2) T
As
[X1Z5 X1 = X{Eg X (XgEg M X2) X3 Eg Xl ™ = [X{{Mx, ZoMx,) Xl ™
the proof is finished. 1
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Corollary 3.7. With respect to Theorem 3.3
) = .
Var B (Yj)IZo = [XHMx, ZoMx, )" Xo]

and with respect to Theorem 3.5,
=) - 1 1 -1
Var B3 (Y1,...,Yj)|Z0 =1 - j—)(x2 o1 X2) Tt + JT[xgl\/lxlzol\/|x1)+x2] .

Thus
. ! . !
var 8P (Y))IZo = Var BP(Y1,...,Yj)IZo
— _
*a-7 [X2{Mx, ZoMx, )" Xo] T — (X555 X2)

The expression [XH{Mx, ZoMx,)* Xa] 1= (X555 X)L is given in Corollary 3.6;
it shows the e [eck of the measurements of the preceding epochs on the estimator of
[39). From this point of view the relationship

) ]
Var BD(Y1,... Y))IZo = (XiE5TXo) ™t

1 _ _ _ - _ _ _
+ JT(ngzo X)X 5T XA [X M, oM, ) X ] T X BT X (X555 T X) T

is instructive.

Theorem 3.8. In the model from Definition 3.1
(i) the 8o-MINQUE of a function g(9) = g9, & I exists i (1
[ [
9 LM (m - l)SMXZ + SM(X1-X2) !

where
{Smx, }i.j = tr(Mx,ViMx,Vj), 1,j =1,...,p,
{SMexy o Hiai = (M, %) ViMx, x)Vi), 11 =1,...,p
and
Mx, = I — Xp(X3X2) "' Xo,
Mx, 3oy = 1= (X1, X2)[(X1, X2) X1, X2)]7H (X1, X2)"
] ]

(i) if g (M = 1)Smyx, *+ SMmx, .x, » then So-MINQUE of the function
9(®) =98, 8 [ is

r I L _ o
L) = N{UA (Y =YY - DT+ mY BV},
i=1 j=1
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where

Y =5, v Db

Ai = (Mx,ZoMx,) " Vi(Mx,ZoMx,)™,

Bi = (M(x1,%2)Z0M(x1,x2)) ™ ViMx1, x2) ZoM (1, x2))
and A = (Aq, ..., Ap)"is a solution of the eguation

] ]
(m - l)S(Mx2 SoMx,)* + S(M(xl,xz)ZoM(xl.xz))+ A= 9,

(iii) if the observation vector Y is normally distributed, then the variance of
Tg(Y) at 9 is
1 1
Var[ty(Y)I90] = 29" (m — DS(Mx, 50Mx)* F S(Mex; xp)ZoMey )" 9
(it does not depend on the choice of the generalized inverse of the matrix in the

last expression).

Proof. Applying in Lemma 2.4 the design matrix and the covariance matrix of
the model from Definition 3.1 we obtain

(i) O O
{CM}ij =tr M san oxay(l DM s oxay (I OF)

i,j=1,...p,
I 1
Ma rxa ixa) = (Mm C13F Py LD (1 X1, 1 £X3) H:;L,%I % 1,%5 '

where (cf. Theorem 3.2)

)= 2 xiMx, X0) ™,
O
[12]|= —% LX) X Xe (XM, X2) ™

0
- _% M, Xa) T X X (X X2) ™

=[21]"
@' = Mm mztxz)_l +Pm mzq\/lxl)(Z)_l.

Thus

— I -
(1 CX1,1 CXb) % %} 1,% = Mm [BX, +Pm [P, x,)-
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Here the equality P(x, x,) = P;"lXZ + P)'ixl, which can be easily verified, is used.
We obtain

M1 rxa,1 tx3) = Mm M, + Py [Mix, x.),
what implies

{CM3ij = (M =D tr(Mx,ViMx, V) + tr(M(x, x») ViMx, .x)Vi)-

(i) Taking into account the equality
LJ
Ma o (I EZ)Ma ey =

=Mm [ZJ1+ Py 71— (M =31 + Py [7H) (1 X1, 1 CX)
Y CX(Eoix,, 100XES X ':'I%EXF?A 1,p 1
1 CXEE; X, | EXBE X, I X3 m L4 m L4

and expressions [11],[12][21],[22] from Theorem 3.2 we obtain

a1
Marxairxay (I EZ)Marxaxay =

= Mm CWIx,ZoMx,)" + Pm T (x, %) ZoM(x;,x2)) "

in an analogous way as in (i). Considering the last expression and the equality

|:Y||:|
1

Y5 YD (M, AR P, [B) |E| =
Y

] R -

™ 1_ _ o
=tr A (Vi=YV)(Yi=-)? +mY BY
i=1
we obtain easily the assertion from (ii).
(iii) is a direct consequence of (ii), the assumption of normality and (iii) of
Lemma 2.4. 1

Remark 3.9. In the following the matrix S(M(xl.xz)zoM(xl,xz))+ will be as-
sumed to be p.d.
This matrix is always at least p.s.d. since it is the Gram matrix of the p-tuple

LMz x2) ZoMxy,%)) T 2Vil(M ¢y ) ZoM i x0)) 1231,
in the Hilbert space M » of n < n matrices with the inner product
@A, BEtr(ABY, A B [M,,.

An important consequence of this assumption consists in the fact that the whole
vector 8 can be estimated by the 8o-MINQUE in each separate epoch; for this
reason it must be fulfilled always in practice. For our purposes this assumption
enables us to compare easily MINQUESs from a separate epoch and MINQUES
from several epochs.
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Corollary 3.10. The 8o-MINQUE of the function g(-) from Theorem 3.8,
based on the observation vector Y; from the j-th epoch only, is

8(Y;) = Squ )9,

(M1 ) ZoMexy ,xz)
where ¥ = (V1,...,9p)"
Vi = YRM(xl,xz)zoM(xl,xz))+Vi(M(xl,xz)ZoM(xl,xz))+Yj,
i=1,...,p, and if the vector Y is normal,

Var(8(Y;)|Zo) = 252

(M(Xl -Xz)ZO M(Xl -Xz))+ '

Corollary 3.10 and Theorem 3.8 give us a tool for investigating a behaviour of
the estimators R R
3(Y1), 9(Y2),...,

the estimators R R
(Y1,Y2), 8(Y1,Y2,Y3),...

and the relations among them.

Remark 3.11. With respect to Corollary 3.10, Theorem 3.8 and Lemma 3.12,
three types of estimators of the parameter 9 can be calculated after m epochs of
measurements:

0
Ll .}

91(Ye, ... Ym) = (M= DSMy, 50Ms ) + SMexe, xmyZoMesey )™ ¥

where § = (Y1,...,9p)5
- 1

™ 1 VAE
Vi =1tr I@IX2ZOMX2)+Vi(MX2ZOMX2)+ (YJ - Y)(YJ - Y)
i=1

+ MY MM 5 Z0M s, x2) Vi (Mo x2) EoM o x2)) Y
(i)

~ _ 1 -1 R
(Y1, ..., Ym) = m (MXZZoMx2)+K'

where R = (Ky, ... ,Rp)"
1 1

R . i — N g
Ri = tr LiVIx, ZoMx,) " Vi(Mx, ZoMx,) Y5 =Y)(Y;—Y)
i=t
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and
(iii)
~ 1 T 1
93(Y1,....Ym) = o 9(Yj),
i=1
where
9(Yj) = S(_'\i(xl.xZ)ZoM(xl.xZ))"G)’ ®=(0,... 'QD)D'

Bi = Y M1 x2) ZoM 1 %)) " Vi(M(x1 x2) Zo0M (x4, x2)) " Yi
i=1,...,p;J=1,...,m.
The estimator 52(Y1, ..., Ym) is based on the following lemma.

Lemma 3.12. In the model from Definition 3.1 for any n < n symmetric ma-
trix A
C 11 C1
C1 pm—— . 1
E &Ii_l(vj -N - =

=(Mm-Dtr(AZ)+ ( 26i —BOYXAX, (B — BY),
j=1
where BS) = i E .

Proof. The proof can be made in a straightforward way and therefore it is
omitted. —1

In our case
A = (Mx,ZoMx,)" ViMx,ZoMx,)", i=1,...,p;

because of (Mx,>oMx,)*" X, =0,
1 1

1
ERi|Z) = (m — 1) tr LNV, ZoMx,) " Vi(Mx,ZoMx, )t 85V

i=1
(- -

=(m-1) S(MXZZOMX2)+ i )
and the last relationship enables us to establish easily the estimator 9.
Remark 3.13. In general it is relatively di Ccullt to compare the variances of
the estimators 91, 9, and J3; nevertheless in the case of normality obviously

Var{81(Ya, ..., Ym)|Zo] =
7 (-

=2 (m - l)S(Mx2 SoMx,)™* + S(M(xl.xz)zoM(xl.xz))+

o 2
< Var[92(Y1,...,Ym)|Zo] = =1 s(dxzzOszr
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and

Var[91(Ys, ... , Ym)|Zo] < Var[Sa(Y1, ... , Ym)|Zo]
— —1
- (Z/m)S(M(X1,Xz)zoM(lexz))+
(=< means the Loewner ordering of p.s.d. matrices).
Further

R 1 4
Tim Vari(Ya,...,Ym)[Zo] Var(Sa(Ys,...,Ym)IZol = lgpy;

thus the estimator 3, is to be preferred to 33 if the number of epochs is su [Ciehtly
large. Itis rather surprising; 9; has been suggested already by B. Scha [Fih ([Sch2],
Chapter 2.1), and similarly by J. Kle [e{[KI]) and others, though in more general
form. It seems that even in the case of a relatively small number of epochs the
estimator 93 is significantly worse than 8 and 9, respectively, c.f. Example in
[Ka4].

It is rather unpleasant when the vector & is unknown and must be estimated.
Therefore it may be of some interest to know a class of such linear functions of
parameteres (3; and Bé') which can be estimated by UBLUESs (uniformly best linear
unbiased estimators). In solving this problem we can start from Theorem 5.7.2 in
[K2]. In our case the following theorem can be stated.

Theorem 3.14. The class of linear functions of 3; and Bé')
. = ol .
F(B1, B = Fifa + £50 BV + ..+ £, By [RIG, 7 [RMe,

estimable by UBLUEs is

I;l —1
C
) 1 g Am— _
F= 1 Efh=mXill = ViMee,x)Vi)T( ViMe xay ViIL.,
n i=1 i=1
7™

) | — g m— _
7 =0-( ViMx,Vi)"( ViMx,V)I(L;—L),
i=1 i=1 -
i L:i. L= (LD LD)D [R™"
m -J - s+ m I\
j=1

j=1...,m L =

Proof. Regarding Theorem 5.7.2 from [K2],

[ @ (| 1
B 1 Exljlzl 1
F=M | X Ker (I G)M (1 a1 xay (I V4D
i=1
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As M@ a1 1xa) = Mm [Mlx, + Py EMkx, x,) (cf. proof of Theorem 3.8) and

1 — —1
(I M1 mxq,1 txa) (I 5D = My 3 ViMx, Vi + Py O ViMx, %) Vi,
we obtain
1 1
1
Ker (I DM a1 xay (I DG) =
e s R (-
s [N S—
=M Mm - ( ViMX2Vi) ( ViMX2Vi)
] =t =1 11
 A— N d—
+Pm 11— ( ViM(Xl,Xz)Vi) ( ViM(Xl,Xz)Vi)
i=1 i=1
Now we can easily finish the proof. 1

Another important representant of the class of m-epoch models with stable and
variable parameters is

—1 1 1 —1
3.1 Y, EX0L1EXY) b DO
2
where D = Diag(o?, ... ,02,) is an unknown diagonal matrix, V is a given n x n
p.d. matrix and the other notations have the same meaning as in Definition 3.1.
In the following the ratio 62 : 03 : ... : 02, is supposed to be unknown.

Theorem 3.15. In the model (3.1)
(i) the 9o-LBLUE of B; based on the observation vector Y = (Y5...,Y ) is

1 1
~ T 11 T 11
Bi(Y1,...,Ym) = 2 Pu(Y5),
" s=1 O-go s=1 O-go !
where 9y = (0%, ... ,02,,)"and

B1(Yj) = XHMsx,V Mx,) " X1 7 X {Mx,V Mx,)*Yj, j =1,...,m,
(ii) the 9o-LBLUE of B9 based on Y is

i 1 ~ 1

BP (Y1, ..., Ym) = X5V 7IXo) T IXV ™1 ¥ — XaBr(Ya, ..., Yim)

and
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(iii) the 99-MINQUE of the function g(8) = g8, 8 [J is

glo=1 o—f [Yi = XiB1(Y1, .-, Ym)]tMx,V My, ) [Yi = XiB1 (Y1, ... , Ym)]
i=1 i

if the system

S =9
is consistent. Here A = (A1,... ,Am)"and
|| 1
L] [l 1707,
Sy (N—k2)Dy? + kg —% o Eados,, ... 1702,)
s=1 %0 1/t
1 [
=2k = D%
s=1 SO
Do = Diag(0%y, - - - , 03,0)-

Proof. Let the notation
Vv, =eMe™ v i=1,...,m,

be used. Then

2 1 T 2 Em) m-
D V1= o;V; = o; (e e V3.
i=1 i=1

Now, regarding Lemma 2.3, it is su Lcieht to reestablish the expression
X'E X)X Y,
where

e e
X =(1 X1 CXp) and Z,=Do [VI=  02e™e™" ).

i=1

The formulae given in the proof of Theorem 3.2 must be used in order to obtain
the expressions from (i) and (ii).
Regarding Lemma 2.4 and the relationships

Dy 11Dyt .
-0 —-0 V Myx,)* X
1®0_11 I15")(2 Xz) 1

XM,V M, ) "X X M,V M, ) ™,

(MxZoMx)™ =Dyt [(Mx,V Mx,)"
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and
(MxZ,Mx)*Y = vo...,vi)Y

where

1 2
Vi=— (Mx,V Myx,)"Y; — 4#?—'0 5 (Mx,V Mx, )" Xy
i0

j=11/0j,
'I‘:% A .
(1/0j0)[XRMX2V sz) ] XRMXZV sz) Yj
j=1
which is applied in its rewritten form

1

Vi = (Mo, V M, ) " [Yi — XaB1(Yis. oY), i=1,...,m,

i0

(the way of rewriting is easy however tedious, therefore is omitted), we obtain
 LI— _ ~

=T A I¥i = XaBa(Ya, o Ym)I MV M) Y = XaBa(Ya, - Yim)]:
i=1 i0

For determining the matrix Sqv, s mx)+ the relationships

D (MX V Mx )+ D EI(MX V Mx )+ I:I
tr (MXZV MX2)+PX1 2 2 V(MXZV MX2)+V =1r le 2 2 :kl

and . 1
tr(Mx,V Mx,)*V (Mx,V My, )*V]=tr 1 —PY. "~ =n—ky,
where
POV M) = 5 IX M,V M, ) Xa] X HMx,V M),
and

Py, = Xa(X5V T1Xp) TIXSY 7,

must be taken into account. After applying them we obtain

1 . .
—ngk 1/0; _ ¢ .-
1 1 B thperiey ~ 3 R, 1=

S + =
(MKZDMé) i E‘ [1/ o2 OJ?O)]Z
'\J.( ljn—lszl 1/020)2 ,

s

=

thus S, s ms)+ has the form given in (iii).
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Example 3.16. Let in Theorem 3.15 m =1, i.e., the first epoch is considered
only. Then MINQUE of 67 becomes the uniformly minimum variance quadratic
unbiased invariant estimator of the well known form

67 = [1/(n — k1 — ka)][Y2 = XaB1 (Y1) tMx;,V Mx,) " [Y1 = X1 (Y1)],

where R
B1(Y1) = [Xi{Mx,V Mx,)* X1] "X {Mx,V Mx,) " V1.

It is to be remarked that after m (> 1) epochs the estimator of g2 given in
Theorem 3.15 is better at least at Jg, cf. A motivating example in [Ka4].

Remark 3.17. Up to now the investigated models are the simplest represen-
tants of the class of m-epoch models with stable and variable parameters. More
complicated models arise when the design matrix (X, X3) is not the same in each
epoch, when nuisance parameters occur in separate epochs, when restrictions on
parameters 3; and Bg), respectively, must be respected, etc. Some investigation
of other models from the mentioned class are in [K&a2] and [K3]; see also [Sch1].

4. Models with VVariable Parameters

Sometimes it is possible to create such a design of experiment that it is not
necessary to measure indirectly the stable parameter [3; from the preceding section.
Then the model

1 1

|
Yo, ., Ym), X(BD, 8@ ... ™) 1 1 8V
i=1

can be considered; here X is an analogue of the matrix X, from Definition 3.1,
B is considered instead of Bé') and I [3;V; is the covariance matrix of the vector
(Y.,B .. YDV

LetY = (Y1,...,Ym), B=D,...,M) and =(9) = E&ivi — we have
the well known model from multivariate statistics (cf. [S])

(4.1) (Y, XB, 1 [Z9));

in contrast of the standard model here I [>{9) occurs instead of ~(8) [Llsee
also [Ko1, p. 301-313]. It is to be remarked that in the model (Y, XB,=(3) DI
there exists the uniformly (with respect to O [3) best linear unbiased estimator
B of B in the form B = (XX)™2X¥ . In our case only the So-LBLUE of the
form B = [XZ1(8p)X] 1X T 1(80)Y exists.

The 99-MINQUE of 9 exists i CThe matrix C(D,

{CM}i; =tr(MxViMxVj), i,j =1,...,p,
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is regular. After m epochs the 99-MINQUE of § is

1 T 1

il s 1 Ui

m (MxZoMx)*+ 11
i=1

S=

¥i = (i ¥ip)5 Vi = Y {MxZoMx) " Vi(Mx ZoMx)™Y;j.
If the matrix Y is normally distributed, then

Var[8(Y)|Zo] = (2/m)s(_l\jl-xZoMx)+'

Thus it can be seen that from the viewpoint of estimation no new problems
arise in this case. Some testing problems are investigated in [K4], which can be
compared with the procedures in [Kol]. However in deformation measurements
with variable parameters the growth-curve model of R. F. Pottho[Z3. N. Roy
(1964) [P], cf. [Ka3], may be better suited than the model just mentioned.

The value of the parameter B in the j-th epoch, i.e., in the time t; is supposed
in the form (the i-th component)

Bi(t;) = bix +bi201(tj) + ... +Dis—10s—1(t;).

Here @1('), ... ,®s—1(-) are known linearly independent functions defined on R?
having the property
(pr(tl)zo, r::l-!--- 13_11

e.g., or(t) = (t—t)", t CRY r =1,...,s—1. Thus the mean value of the
observation matrix Y can be written in the form

E(Y IB) = X,k Bk,5)Z(s,m):

where I?I —1
11, b1, ..., bis
=01 1
bk 1, bk,21 1 bk S
and 1 1
1, 1, e, 1
7 = M), 6u(t2), v 01(tm)
Ps—1(t1), @s—1(t2), ..., @s—1(tm)

Thus the deformation measurements with variable parameters result in the follow-
ing growth-curve model with variance components

—
(4.2) (Y, XBz, 91 [\G).

i=1
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Lemma 4.1. Let P(s ) be a given s <k matrix. The function f(B) = tr(PB),
B [y, is unbiasedly estimable i there exists an m < n matrix L such that
P =2ZLX.

Proof. The proof is obvious: f(B) = tr(PB) = (vec(P Y)™vec(B) estimable in
the model E(vec(Y)) = (Z"CXl)vec(B) = (vec(PH"= (vec(LH(zV X)) =
(vec(XLZH) w P = (XLZH= ZLX. 1

Corollary 4.2. The necessary and su [cieht condition for the unbiased estima-
bility of each linear function f(B), B My, in (4.1) is

r(X)=k and r(2)=s,

which means that the number of the epochs must be equal or greater than s.

Lemma 4.3. Letin (4.1) r(Xn) =k <nand r(Zsmy) =s <m. Then the
Jo-LBLUE of the matrix B is

B(Y) = (XE" X)X E5ty 2 (zz

and OO0 o .3
Var vec B(Y) |20 =@ZzY ! AZE;1 X)L

Proof. The model (4.1) can be rewritten, according to [Sel], as
1 1

| —
Y5 Y DE P Xy vee(B), | L 8V;
i=1

Now it is su [cieht to use Lemma 2.3. 1

Theorem 4.5. Letin (4.1) r(X, ) =k <nand r(Zmy) =s<m. Then
(i) the So-LBLUE of Bo(tj) based on Y;j is

BRAOD=IXZ7 X)X EY;

and

1 1
var BgpeptEd = (XE51x)

(ii) the Bo-LBLUE of B@(t;) based on the whole observation matrix Y_is

1 L1
Bkt =IBdeD) v ,B(P!tﬁ)e%)—!PzE}.j ,

where Pzo=Z2%zz%~1Z and {Pz}; is the j-th column of the matrix Pz

1] []
Var BFe)Ot=l = {Pz};; (X Zg X)L
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Proof. (i) is a direct consequence of Lemma 2.3 if the relationships
E(Yj|B) = XBo(tj) and Var(Yj|Xo) = 2o

are taken into account.
(i) Regarding Lemma 4.3. and (i)

B(Y)Z = B&intrD—F, Bolimrmni o

which implies

Bdtp)O=8kintr—" . Boltmtrmy¥Pz 1 ;.

Further, in consequ:elznce O

Var B&EIOPIER = (XZoX) ™, j=1,...m,
(see (i)) and the fact that the estimators Bt YD) , Boltm)¥rm)-alle stochas-

tically independent
[ 1 1 =)
Var BERGDOIEN = {Pz3; {Pz3; XE;™X) ™! = {Pzdy; XZ X)),

since the matrix Pzois symmetric and idempotent. 1

Corollary 4.6. TheAestimator ofp from Lemma 4.3 is identical with the 8g-
LBLUE of B based on B(t1,Y1),...,B(tm,Ym) in the model

t1, Y1) Bo(ty)
HH : |:Hj; |1F|E(XEZ(;1X)‘1[E|
B(tm, Ym) Bo(tm)

where B(t;,Y;) = (XZ51X)"1XZF;Y; and B is the k x n matrix of unknown
parameters.

Proof. As 1 1
Bo(t1)

IEI(ZD [Tk 1) vec(B),
Bo(tm)
Lemma 2.3 implies
vecksy=—F N 1
! !tl, Y1)

- '@ oo o)) oo 2 ton coyix))

S B(tm, Ym)
I%%tl, Y1)

1
—izzy izt : Fee B va).... B, Yoz %225
- B(tm, Ym) -
=vec (XZEgX)IXE Yy zzzH 1

L1
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1

Remark 4.7. Corollary 4.6 is of great practical importance. During the de-
formation measurements we sequentially obtain the estimates

B(t1,y1), B(t2,y2), ... .

After several epochs we are able to recognize the law of the deformations, over
time, i.e., the proper combinations of functions @o(-), ®1(:),.... In accordance
with Corollary 4.6, the matrix B of the coe [ciehts can be obtained directly from

g(tl, yl)! ree gy ﬁ(tma ym)
Remark 4.8. The matrix Z can be expressed as follows

I:ol(‘)jl:l

1 1
@o(ty), ..., @o(tm) .
z=0L_1 L=Xo(ty),..., (tm)) =
Os—1(t1), ..., O@s—1(tm) I_;l
cDS—l
Thus %D EG
7Z= G(')%)(?: GO% , where G = (@4, ... ,®0s5_1)
and
1 [ R O
Zz571 |, = O — 05G(G'E) G,
— 1 1
= &5, q)[boqaft;(e% G%o e qaft;) G%oq)%o :

Regarding (ii) from Theorem 4.5, we have

R Y~ -
Var BAEIEIEA =0ty 000 % (e var BKEIIED

As
1, —
o) o0 F o) = {Pzhus

and Pzois the projection matrix, it is clear that {Pz3; 1 < 1.
Special cases: If ®g, ®q,...,ds—; is derived for the system of orthogonal
Chebyshev polynomials on the set {t;,...,tm}, i.e.,

%obo, 0, ey 0
27T ﬂ oLy, ..., 0
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then
{PZE}Ll = #QD)
L i i
i=1
If @o(t) =1, i=1,...,n, o) =e = (1,0,...,007CRS (in this case the
functions @o(*), ..., Ps—1(-) are not necesarily orthogonal on the set {t;,... ,tm}),
L1 1
—1 —
%ZZS £ 11T mo1Pnt
where 1 -
(05;1'1) =(®q,...,Ps_1), Pn=HMHH)HT
The last statement is a consequence of the fact that
1 1
- _ 1, 1-
.m 0¢s—1,1) H(E—l,m—l) ,
which implies
= [ o (R =
T 1 T o
Z(zzY 1z . =

L1 1, H H4, HH 0, HO
O O
= m—1HHH)HL .

1
The number ZZZz"~'z | is important, since we want to know how the

accuracy in the estimation of the starting value (t;) increases after m epochs.
:gcpo(-) = I qu(®) = (t— 1), 02(0) = (t— )%, t =ty +1i, i =0,... 4, then

ZXzzY 'z = 0.813, what means a not negligible decrease of variances of
the estimator.

Remark 4.9. The consideration in Remark 4.8 on the value {Z(zzY1Z}11
is justified and has a reasonable meaning if the functions @o(:),... ,@s—1(:), are
chosen adequately. To verify the proper choice of these functions the following
procedure can be used.

Let {TB(t1),...,TBR(tm)} be any trajectory important from the viewpoint of
a static expert. Here T is a q < k matrix with rank r(T) = q < k. This tra-
jectory expresses a law of the deformation over time for which the functions
@o(-),...,0s—1(-) must be chosen properly. If the choice is correct, then the tra-
jectory is {TB®(t1),..., TB®(tm)}.

If vec(Y) is normally distributed and its actual covariance matrix is 1 [},
then

1,1

1,1

vy ' Blyew)
H: HKEH - «(0, Mz (X 'E5X) 1)

B(tm, Ym) B(Y)®(tm)
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and (I CT)v [Ng(0, Mzo CIIXE5 1 X) 1T Y where Mzo= I my — Pzohas
rank r(Mz) = m —s.
Therefore the random variable

—ror 1 Ol - gl
{Mz3ij B(ti,Yi)—Bo(ti) TY
i=1j=1
1 O
: ;I(x FoIX)7IT g B(t;,Y;) — Bo(t)

has the central chi-square distribution with (m—s)q degrees of freedom and it can
be used as a test statistic for the null hypothesis that the trajectory is properly
characterized by {TB®(t),..., TB®(tyn)}. This procedure is to be used for each
trajectory important for the statics expert; simultaneously the Bonferroni correc-
tion (cf. e.g. [Hu, p. 492]) for the significance level must be taken into account (if
f trajectories are taken into account simultaneously, then instead the value a of
the significance level the value a/f must be used).

Theorem 4.10. LetY in the model (4.1) be normally distributed and the actual
covariance matrix be Xo; let Lq ) be any g > k matrix with the rank r(L) = q <Kk
and Rs,ry be any s> r matrix with the rank r(R) =r <s. If LBR+H =0, then

~ ~ 1
(LBR + H)[RZZzY 'R (LBR + H)" [, r,L(X 5251X)‘1LF
(the central Wishart distribution with r degrees of freedom and with the covariance
matrix L(XZ 5t X)7ILY.

Proof. It is necessary and su [cieht to show that
Hu CROJUMLBR + H)[RYZZY'RI™H(LBR + H)WU Ll (X E51 X)L Uy,

where X2 is the central chi-square distributed random variable with r degrees of
freedom.
As
RBLY CNH-HY, (UL (X ;X)L U)R(ZZYIR]

and, with respect to our assumptions, R{ZZY~R is regular and
uB0 CuANXES; X)L >0,

the statement follows from [R1, p. 535]; see also [KoZ2]. 1

Remark 4.11. The Wishart matrix from Theorem 4.10 can be used for testing
a null-hypothesis in several ways; cf. [R1, p. 547]. One of them is given in the
following corollary.
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Corollary 4.12. If U [WW,(r, ¥), where W is p.d., then tr(W~1U) [x§,; the
random variable

1
tr (LBR+H)TLXZ X)L H(LBR + H)[RZzZzY 'R
is distributed as xgr, which can be used for testing the above null-hypothesis.

This test is also a dire sequence of Lemmas 2.5 and 4.3.
If the matrix Z(8) = _; 9iV; in the model (4.1) is not known, the following
theorem can be used (cf. also [Z]).

Theorem 4.13. Letin (4.1) r(X) =k and r(Z) =s. Then
(i) a function g(8) = g, 9 [J] can be estimated by the 99-MINQUE i[]

g ™),
where
{CM}i; = (Mm—s)tr(ViVj) + str(MxViMxV;), i,j =1,...,p;
(i) if g CI(CM), then the 89-MINQUE of the function g(-) is
| E—
o= A (Y Eviz Y Mzo)
=1 11
+tr Y {MxZoMx) " ViMxZoMx)*Y Pz,

where A = (AL ..., Ap)"is a solution of the equation
1 1
(m— s)Szgl +SS(MysoMx)+ A=0.

Proof. With respect to Lemma 2.4,

{CM}ij =tr(MxV;MxV;), i,j=1,...,p,

where
X=Z"CX1 and V;=1 [Vl
Thus
Mx = Igmm) Clhm — (ZVEX(Z CXH(Z7 X2 £XT)
= Mzo [IT# Pzo [Mix
and

tr(MxViMxV ;) = tr[Mz o L4 Vj)] + tr[Pzo LW x ViMx Vj)]
= (m —s) tr(ViVj) + str(MxViMxVj).
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Further

(MxZoMx)" =1 C=J* = (I C=FH)(Z7 LX)
[z =XH( C=ghHZzPEXy) Tz EXH( =3
= Mzo[ZF! + Pzo C(MIxZoMx) ™

and

tri(Mx ZoMx) "V (Mx 2oMx) "V 5] = -
=tr Mzo[(Jy'ViZg'Vj) + Pzo CIMx ZoMx) ™ Vi(Mx ZoMx) ™ Vj]
= (M —s) tr(Zg 1 ViZg V) + str{(Mx ZoMx) " Vi(Mx ZoMx) V1.

Using the fact that
[vec(Y )] (Mx ZoMx) "V i (Mx ZoMx )™ vec(Y ) =
= [vec(Y)]” Mzo EZI__lllVizal + Pzo [IMx ZoMx )™

Vi(MxZoMx)™] vec(Y)
= tr(Y "E5ViZg Y Mzo) + tr]Y (Mx ZoMx) " Vi(Mx ZoMx) ™Y Pz,

the proof can easily be finished. 1
Remark 4.14. Let s = m and Z =1, i.e., the model (Y, XB, 1 [=}) from
the beginning of this section. In this case C() = sSp,.. If Vy,...,V, are linearly

independent (i.e., the matrix X is properly parametrized) the matrix Sy, need not
be regular. However the matrix (m —s)S, +sSwm,, is regular, since S; is p.d. This
fact must be respected in preparing the design of the deformation measurements.

Remark 4.15. Analogously as in Section 3 the estimator of 9 can be based
also either on the terms

tr(Y SoViZotY Mz, i=1,...,p,
or on the terms
tr(Y {Mx ZoMx) " Vi(Mx ZoMx) Y Pz0), i =1,...,p.

Let us compare the e [ciehcy of such estimators for m increasing at least in the
case of normality. For the sake of simplicity let S, s,m,)+ be p.d. The estimator
of 9 based on tr(Y "£51V;Z5 1Y Mzo) is denoted as 91, the other as 9.

Since

[ 1
1
E tr(Y'E;WViZ'YMZIIZ = &V =(m —s){Sy1}i.9, ¥ [

i=1
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the former is

ST 5 VaT Y M)
R S
trlY £5Vp =g Y Mzo)
and in the case of normality of the observation matrix Y_
cov tr(Y EZEV SotY Mzo), trlY St Sty | MZE)|ZOI:|—
=2t (I CZ)Mzol @ Vizg HI( FE)Mzo Vs 2, '
=2(m—25) Szgl -

Thus

- 2
Var(9:1|2o) = 1
( 1| 0) m—s"3; 1
Analogously we obtain

';'tr Y {Mx ZoMx)*V1(MxZoMx)*Y Pz}
'8 S—l .

(MxZoMx)+ :

trlY (Mx ZoMx ) *Vp(Mx ZoMx ) *Y P21
a —1

Var(32|20) S(MxZoMx)+

(realize that it is ipdependent of m).
The estimator 9 from Theorem 4.13 is

9=1[(m- S)Szo—l + SS(MxzoMx )]s
where § = (@1, , %)
gi = tr(Y T3 ViZ5 Y Mzo) + trlY ¥Mx SoMx)*Vi(Mx SoMx) ™Y P,
i=1,...,p,and

Var(§|Zo) = 2[(M = $)S5-1 + SSquczom) ]

Therefore N ~
lim_ Var(91|Zo)[Var(®|Zo)] ™ = I p)
and n ~
lim_Var(91|Zo)[Var(82|Zo)] " = 0
Obviously

Var(9|=o) < Var(8:1|=0)
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and R R
Var(9|Xo) < Var(92|%o).

Concluding remark. It is to be said that there are numerous models of de-
formation measurements which are either not yet investigated or investigations
of them are in “statu nascendi” only. Because of their practical importance it is
desirable to attract the interest of mathematicians to this class of problems.
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