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SOME PROPERTIES FOR INTEGRAL OPERATORS ON
SOME ANALYTIC FUNCTIONS WITH COMPLEX ORDER

DANIEL BREAZ, M. K. AOUF, AND NICOLETA BREAZ

ABSTRACT. In this paper we obtain some properties for two general integral
operators on analytic functions with complex order.

1. INTRODUCTION

Let U = {z € C : |z| < 1} be the unit disk of the complex plane and denote
by H (U), the class of the holomorphic functions in U. Consider A the class
of functions of the form:

f2) =24 an",
n=2
which are analytic in the open unit disk U. In [7] Wiatrowski introduced the

class of convex functions of order b € C' (b # 0) defined as follows:

Definition 1. A function f(z) € A is said to be convex function of order
b,(b e C —{0}), that is, f € C(b), if and only if f'(2) # 0 in U and

(1) Re {1 + %ZJ{(S)} >0,

forall z € U

In [6] Nasr and Aouf introduced the class S(1—b),b # 0, complex, of starlike
functions of order 1 — b, defined as follows:

Definition 2. A function f(z) € A is said to be starlike function of order 1 —b
(b e C —{0}), that is f € S(1 —b), if and only if f(2)/z # 0 in U and

2) Re{l +% (ZJ{U(S) - 1)} >0,

forall z e U.
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In [4] Frasin studied the classes S%(b) and C,(b), where the classes are defined
as follows:

Definition 3. A function f(z) € A is said to be a starlike of complex order
b,(b e C —{0}) and type a, (0 < a < 1), that is f € S’(b), if and only if

(3) Re{l—i—% <ZJ{(<Z§) —1)} > a,

forall z € U.

Definition 4. A function f(z) € A is said to be convex of complex order
b, (b€ C —{0}) and type a, (0 < a < 1), that is f € C,(b), if and only if

(4) Re {1 + %Z]{,”((Z? } > a,

for all z € U.

Remark 1. We note that for &« = 0 we have Cy(b) = C(b) and Si(b) =
S(1 —b). Also we note that S*(cose™™) = SA(||\] < g, 0 < a<l),
the class of A-spirallike functions of order «, was introduced by Libera [5] and
C (coshe™™) = CA(||A| < g, 0 < a < 1) the class of A-Roberton function of
order a was introduced by Chichra [3].

In this paper, we consider two integral operators, the first operator is defined
as follows:

5) R = [ (fT“)) (fT(t))dt (5 > 0).

This operator was introduced by Breaz and Breaz [1] and this second oper-
ator is defined as follows:

(6) Fooon (2) = / O (7 (0 dt (> 0).

This operator was introduced by Breaz, Owa and Breaz [2].
In this paper we shall study some properties for functions belonging to the
classes S(b) and C,/(b).

2. MAIN RESULTS
Theorem 1. Let «;,i € {1,...,n} be real numbers with the properties a; > 0
forie{l,...,n}, and
(7) 0<1-> ;<1
i=1

We suppose that the functions f; € S(1-0) fori={1,...,n} andb e C—{0}.

Then we have the integral operator F,, € C(b), where vy =1— > a;.
i=1
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Proof. We calculate for F;, the derivatives of the first and second order. From

(5) we obtain:
- (4

wwzip(”fﬂj@§m@»
(

and

Then we have
FI() (2R -REY (e =5
4>‘l< h () )+ TR )
S me

1 ! 1
: — (fl()__)_|_..._|_an<fn_(z)__>.

Fr(z)  \fk) = fn(z) 2
Multiply the relation (8) with z we obtain:

2F)(2) _ ¢ (2f’( ?) )
9 - = o —1).
) e - =i
Multiply the relation (9) with § we obtain:
(10)
1zF! (2
rg e (15
The relation (10) is equivalent to:

12F" (2) & 1 (zfl (2
11 14 -—= = i |1 i+ 1.
S T ;““ <fz ZO‘*
By equalising the real parts of the above inequality we obtaln:
12F) (2 z2fl (2

(12) Re{1+bF, } Z Re[l—i— <f )} Z%H

Since f; € S(1 —b) for i = {1, ...,n}, we apply in the above relation the
inequality (2) and obtain:

12F" (2
(13) Re{1+bF, } 1—2041

Because 0 < 1—3" a; < 1, we have that F,, € C,,(b) , wherey =1—->" ;. O

i=1 =1
Corollary 1. Let ay > 0. If 0 < 1—ay < 1 and the function f; € S(1 —b),
then the integral operator Fy € C,(b), where p =1 — ay.

n

)i ()]

=1 i=1

Proof. Putting n = 1 in Theorem 1 we obtain the result. 0
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Putting b = cos e (|| < g ) in Theorem 1, we obtain the following

corollary:

Corollary 2. Let the functions f; € SM(|\| < E ), for all i € {1,2,...,n}.
Then the integral operator F, € C*(v), where v = 1— E a;, a; > 0 and
i=1

i=1
Theorem 2. Let the functions f; € C(b), and b € C — {0}, for all i €
. € CL(b), wheren =1—>

=1

{1,...,n}. Then the integral operator F,

77777

and 0 <1—-> a; <1,

=1

Proof. From (6), we have

F// 1 "
(14) Qaq,..., Qo (Z) = oy 1/ (’Z) ++ f/ (Z)
..... an (2) 1 (2) " (2)
We multiply both sides of (14) with 7, we obtain that
12FG o (2) 1Zf (2) 1zf7 (2)

(15) VE ) Y Re T e

-----

o, n (2) - 1zfi' (2
(16) Re(gm—{—l):;&R <1+ng/ ) Zaz“‘l

777777

12F7 o, (2) .
17 Re (|- —2® 2 2 1 1) >1— -
" R +1) e
Since 0 < 1 — > «a; < 1, the relation (17) implies that the integral operator
=1
Fo,...an € Cy(b), Wheren—l—Zaz O

Corollary 3. Let the function f; € C(b). Then the integral operator F,, €
C,(b), wherec =1 —a3 and 0 <1 —ay < 1.

Proof. Putting n = 1 in Theorem 2, we obtain the result. U

Remark 2. Putting b = cos Ae (|| < g ) in Theorem 2, we have the follow-

ing corollary:
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Corollary 4. Let the functions f; € C*(|\| < g ), for alli € {1,2,...,n}.

Then the integral operator F, .. € Cn), where n = 1— > a; and 0 <
i=1

1—Z@Z<1
=1
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