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ON THE CURVATURES OF (r + 1)-DIMENSIONAL
GENERALIZED TIME-LIKE RULED SURFACE

MEHMET BEKTAS

ABSTRACT. In this paper, we obtain some relationships between the curvatures
of (r 4+ 1)-dimensional generalized time-like ruled surfaces. We also calculate
the drall of a generalized time-like ruled surfaces when the base curve is taken
as an orthogonal trajectory of the generated spaces.

1. INTRODUCTION
Let R} be n-dimensional Minkowski space with the standard metric given by

(,) = —dad + dz? + dad + - - + da?

n—1

where (xg,21,...,Zn_1) is a rectangular system of R} [2]. Nonzero vectors are
classified as time-like, space-like or null, respectively, according to whether

(v,v) <0, (v,v) >0, (v,v)=0.

Let o € R} is a curve in Minkowski space. If & is a velocity of o and (G, &) < 0
then the curve « is called a time-like curve.

Let R} be n-dimensional Minkowski space and M a submanifold of R} Let D
denote the standard Riemannian connection of R} and let D denote the Riemannian
connection of M. For any vector fields X,Y on M we have the Gauss equation [3].

(1.1) DxY = DxY + V(X,Y)

where DxY, V(X,Y) are tangential and normal components of DxY", respectively.
V is called the second fundamental form of M. We also have the Weingarten
equation giving the tangential and normal components of D x ¢, where € is a normal
vector field of M:

(1.2) Dx¢ = —A¢(X) + Dx€.

Let X,Y be vector fields on M, £ be a normal vector field and (,) be the
Minkowski metric on R}. From (1.1) we have

(1.3) (DxY,§) = (V(X,Y),6)
and then (1.2) implies
(1.4) (V(X,Y),§) = (Ae(X),Y).

Let {&1,&, ..., &0 _m} be an orthonormal basis of x* (M) and the space of normal
vector fields on M. Then there exist smooth functions VJ(X,Y), 5 =1,...,n—m,
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from M into R such that
(1.5) V(X,Y) =) V(XY
j=1
Furthermore we may define the mean curvature vector field H by

" trace Ag,
(1.6) H=) ———
j=1

and the mean curvature function as |H|. At a point p € M, H(p) is called the mean
curvature vector and |H(p)| the mean curvature at p.

If H(p) =0 for each p € M, then M is said to be minimal.

Let I be an open interval and a: I — RY be a time-like curve in Minkowski space.
For each t € I, let {e1(t),e2(t),...,er(t)}, (1 <r < n—2) be an orthonormal set of
vectors spanning the r-dimensional space-like subspace W,.(t) of T ;) RY. We have

(17) <6i,6j> :6ij7 (Z,j: ].,...,7")
and denoting by é; the derivative of the vector field e; along the time-like curve «;
(18) <elv ej) + <€ia e]> =0.

We may then define an (r + 1)-dimensional submanifold of R} as in [5].

Definition 1.1. Let a, {e;} be as above and define ¢: I x R} C R} by
(1.9) o(tu,. . up) = alt) + Y uei(t)
i=1

for all (¢,uy,...,u,) € I x R}. Let M = ¢(G) where G = I x R} C R/**. Note
that

rank (s, Yuyy - - - Pu, ) = rank (d(t) + Zuiéi(t),el(t), ea(t),..., er(t)> =r+1
i=1

so M is an (r+1)-dimensional submanifold of RY'. We call M an (r+1)-dimensional
generalized time-like ruled surface. The time-like curve « is called the base curve of
the generalized time-like ruled surface and the space-like subspace W,.(t) is called
the generating space (or briefly, generation) at the point «(t).

Definition 1.2. The subspace A(t) given by
(1.10) A(t) = Span{e;(t), ea(t), ..., e (t),é1(t), éa(t), ..., é.(1)}

with dimension dim A(t) = r +m, 0 < m < r, is said to be the asymptotic bundle
of the generalized time-like ruled surface.

W,.(t) is a subspace of A(t) and using the Gramm—Schmidt orthogonalization
process, basis of the form;

(111) {61(75), eQ(t)v SERE) er(t)a ar+1(t)v R aT+m(t)}
may be found. Then there exist b;;, c;; such that
T m
(1.12) é; = Z bije; + Z CikOrik
j=1 k=1

with b;; = —bj; by (1.8). The basis {e;(t),ea(t),...,e-(t)} is called the natural
carrier basis of W,.(t).
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Now let Tpp1 = (& (t), @rpmi1), and Ky = (éx(t),aryr) for k. = 1,...,m so
that

é; = Zbijej + Kiaryi, (1 <i<m, K; >0)

Jj=1

j=1
We now define the following:

Tm+1
1.13 op=——, k=1,...
( ) k Kk ) ) ) m
and note that each J; is invariant under a reparametrization t — t* with d[ff* > 0.
dy is called the kth principle drall (principal distribution parameter) of M lying in
W, (t). The drall (distribution parameter) of M is defined by

as in [1].

2. ON THE CURVATURES OF GENERALIZED TIME-LIKE SURFACES

Let M be an (r 4+ 1)-dimensional generalized time-like ruled surface and s the
arc length parameter of the time-like curve a. Let {e1(s),ea(s),...,e.(s)} be an
orthonormal basis of the generating space-like space W,.(s). Let us choose the base
time-like curve a to be an orthogonal trajectory of the generating spaces W,.(s).
M is given by

(2.1) o(s,u1y ..., ur) = as) +Zuiei(s), u; € R.
i=1
Let {eg,e1,...,e,} be a (local) orthonormal basis of the space of vector fields

X(M) and let us choose eg = ¢.(£). By (2.1)

(2.2) ©s = a(s) + Zuiéi(s)7 Ou; = €;(8)
i=1

then
(2.3) D.ej=0, i,j=1,...,r
and using (1.1),
(2.4) Viese;) =0, d,j=1,...,m
Since De,eq L ej and D, eq L eg (for all 4,5) then
(2.5) Deeo =Vieieg), ,5=1,...,m

Let {&1,...,&—r—1} be an orthonormal basis of normal vector fields. Then

{eg,€1,-.-,€r,&1,.. ., €n—r_1} gives a basis of T, R} for each point p € M. Let us
write

n—r—1

T
Deyéy = ajoeo+ D aher+ > buby j=1,...n—r—1
t=1 qg=1

n—r—1

(26) De& = aheo+ Y ahert+ D bl&, i=1...7
t=1 q=1
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where the agt are coefficients of the matrix of Ag;:

J J J

aQO an e aQT

J J J

a a DY a

01 11 1r .

(2.7) Ag; = — : : . : , (J=1,...,n—r—1).

J i a4

Apr Q1 Ay

We simplify this matrix using (2.6),

<ﬁeiet,£j> :—agt, (t=1,...,r; j=1,....n—r—1)

and by (2.3), al, = 0. (2.7) can be written as follows

Gy apy v G,

J

aby 0 -0
(2.8) Ag, = —

a, 0 - 0

Furthermore, (2.6) and (1.4) respectively lead to the relations:
(De,eo, &) = —ad,, (i=1,....r5j=1,...,n—7r—1)
and
(V(ei,eo), &) = (Ag,(ei),e0) = ap;, 1 <i<r, 1<j<n—r—1)
and therefore by (1.5) and (2.5)

n—r—1

(2.9) V(eieo) =Deeo= Y  ah&, (G=1,...,7).
Jj=1

Now, let XY be vector fields on the m-dimensional submanifold M whose cur-
vature tensor field is R. As in [4], we have

(2.10) (X, R(X, YY) = (V(X, X),V(Y,Y)) = (V(X,Y),V(X,Y))
where V' is 2nd fundamental form of M embedded in RY.

Definition 2.1. Let M be any m-dimensional Lorentzian manifold with curvature
tensor R and {e1,...,e,} be an orthonormal basis of T,M for p € M. Then the
Ricci curvature tensor field Ric is defined by

(2.11) Ric(X,Y) = i ei(R(e;,Y)X, e;)

where

The scalar curvature of M is defined by
m

(2.12) r = Ze’:‘i Ric(ei,ei)
i=1

or by (2.11)

(2.13) r= Z Z cig;(R(ej, ei)eq, €5).
i=1 j=1
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In order to calculate the Ricci curvature of M in the direction of the vector fields

er (t=1,...,r), we use (2.4), (2.9), (2.10), (2.11) and we obtain
n—r—1
(2.14) Ric(ey, e;) Z al)? (t=1,...,7),
and

r n—r—1

(2.15) Ric(eo, o) Z Z (ap,)”

t=1 j=1

From (2.14) and (2.15) we can define

T

(2.16) Ric(eq, e9) = ZRic(et,et).
t=1
Now we have proved the following theorem.
Theorem 2.1. Let {e1,...,e,} be an orthonormal basis of the generating space
of the (r+1)-dimensional generalized time-like ruled surface M and {eg, €1, ... €.}

and orthonormal basis of x(M). If the base time-like curve of M is chosen as an
orthonormal trajectory of generating space then the Ricci curvature in the direction
of eg is equal to the sum Ricci curvatures in the directions of the wvector fields
forming a basis of the generating space.

By (2.12), the scalar curvature of the (r 4+ 1)-dimensional generalized time-like
ruled surface M may be expressed as

r = —Ric(eg,eo) + ZRic(et, et),
t=1
r = 0.
Using (1.3), (1.4), (1.5), (2.6) and (2.8) we have
n—r—1
(2.17) V(eo, €0) Z (trace Ag; )&
i=1
Now (1.6) gives
1
H = —ﬁV(eo,eo)
If M is minimal then H is zero and so
(218) V(eo, 60) =0.

We say that X, Y, € T,M are conjugate if V(X,,Y,) = 0. We have the following
theorem.

Theorem 2.2. Let {ey,...,e.} be an orthonormal basis for the generating space
of an (r+1)-dimensional generalized time-like ruled surface M and let ey be an unit
time-like tangent vector field to the base time-like curve, the latter taken to be an
orthonormal trajectory of the generating space of M. Then the minimal time-like
ruled surface M is totally geodesic iff ey is conjugate to each vector e;, i =1,...,r.

Proof. {eg,e1,...,e-} is an orthonormal basis of x(M) and for each X,Y € x(M)
we may write

X = apeo + Zaiei, Y = boeo + Zblel



88 MEHMET BEKTAS
and then

(219) Vv()(7 Y) = aob()V(eo, 60) + Z(aibo + aobi)V(ei, 60) + Z aibiV(ei, ei).
i=1 =1
(=) If M is totally geodesic then V is identically zero, so eg is certainly
conjugate to e;, i =1,...,7.
(«<:) V(eg,e;) = 0 for i = 1,...,r then by (2.4) and (2.18), (2.19) reduces to

V(X,Y) = 0 and this completes the proof of the theorem. O
If trace A¢; = —a}, from (2.8) is substituted into (1.6) we obtain
n—r—1 ]
(2.20) (r+ D HP = ) (ahy)
j=1

Theorem 2.3. Let M be an (r+1)-dimensional generalized time-like ruled surface.
Let the base time-like curve a be an orthogonal trajectory of the gemerating space
be parametrized by arc length. Then kth principle distribution parameter is

(-Xi.m)
)Hﬁeoekw - Z;:1<ﬁeoeka €j)?
(k=1,...,m) and the distribution parameter (drall) is

(-xi, )
[Tie, ‘HﬁeoekHQ - Z;:1<ﬁeoek7ej>2‘
Proof. Using (1.13) and (1.14) we obtain
{]la - Tintaee = @ arsdars

O =

[NIE

0 =

2m

b

(2.21) O =
{llee - Zaatene e}
The base curve « is an orthogonal trajectory so (&,e;) = 0 for j = 1,...,7.
Substituting (&, e;) = 0, (j = 1,...,7) éx = Deyer, and (&, ar44) = 7, (t =
1,...,m) into (2.21), the desired result is obtained. O
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