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A NEW LOOK AT FINSLER CONNECTIONS AND SPECIAL FINSLER
MANIFOLDS

JOZSEF SZILASI AND CSABA VINCZE

ABSTRACT. Continuing GRIFONE’s pioneering work, we present a systematic treatment of
some distinguished Finsler connections and some special Finsler manifolds, built on three
pillars: the theory of horizontal endomorphisms, the calculus of vector-valued forms and a
“tangent, bundle version” of the method of moving frames.
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INTRODUCTION

The forthcoming investigations are partly based on GRIFONE’s theory of nonlinear connec-
tions (whose role is played in our presentation by the so-called horizontal endomorphisms)
and the coordinate-free, “intrinsic” calculus of the vector-valued differential forms established
by A. FROLICHER and A. NIJENHUIS. The main purpose of the present work is to insert
the theory of Finsler connections and the foundations of special Finsler manifolds in the new
approach to Finsler geometry built on the above two pillars. The first, epoch-making steps in
this direction were done by J. GRIFONE himself, our work can be considered as a systematic
continuation of the program initiated by him. Technically, we enlarged and — at the same
time — simplified the apparatus by using the tools of tangent bundle differential geometry.
This means first of all the consistent use of a special frame field, constituted by vertically and
completely (or vertically and horizontally) lifted vector fields. Thus the third pillar of our
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approach is the method of moving frames. It has a decisive superiority in calculations over
coordinate methods: the formulation of the concepts and results becomes perfectly transpar-
ent, and the proofs have a purely intrinsic character. Nevertheless, coordinate-calculations
will not be avoided completely. In Section 6 we felt that an indication of the connections to
the traditional theory will be useful, while in Section 7 the nature of the problem forced us
to use a suitable coordinate-system.

The paper is organized as follows: In the first two sections we present a quite detailed
exposition of the conceptual and calculative background to make the paper self-contained
as far as possible. In Section 3 basic facts on Finsler manifolds can be found. An important
novelty is a generalization and a careful investigation of the so-called second Cartan tensor.
It plays a crucial role in the theory of Finsler connections, as well as in the tensorial charac-
terization of some special Finsler manifolds. Section 4 is devoted to an invariant, axiomatic
description of three distinguished Finsler connections: the Berwald, the Cartan, and the
Chern — Rund connection. We hope that our approach helps in better understanding the role
of the different axioms, and also opens a path for further, essential generalizations. In Sec-
tion 5 we derive some important (partly well-known) relations between the curvature data
of the different Finsler connections, these will be indispensable for a tensorial description
of the special Finsler manifolds studied in the last two sections. Section 6 concentrates on
the characterizations of Berwald manifolds; some of them (e.g. 6.5 and 6.7) are new, and all
of the proofs are original. We believe that the compact, elegant and efficient formulations
presented here demonstrate the power of our approach. In the concluding Section 7 the key
observation is given in Proposition 7.2; this provides a very simple proof of the classical
characterization of locally Minkowski manifolds.

1. NOTATION AND SOME BASIC FACTS

1.1. M is a connected, paracompact, smooth (i.e., C*) manifold of dimension n, where
n € N\ {0,1}. C>*(M) is the ring of real-valued smooth functions on M, the C*°(M)-
module of vector fields on M is denoted by X(M).

1.2. Vk € {0,...,n}: QF(M) is the module of differential k-forms on M; by convention
QUM) := C®(M). QM) := & ,QF(M) is the graded algebra of differential forms with
multiplication given by the wedge product. To each vector field X € X(M) correspond two
derivations of Q(M): the substitution operator 1x of degree —1, and the Lie derivative Ly, of
degree 0. These are related to the operator d of the exterior derivative through H. Cartan’s
magic formula

[,X:[Zx,d] —iyod+douy.

1.3. A wvector k-form on M is a skew-symmetric k-multilinear map [X(M)]* — X(M) if
k € N\ {0}, and a vector field on M, if £k = 0. They constitute a C°(M)-module, denoted
by W¥(M). In particular, the elements of W'(M) are just the (1,1) tensor fields on M.

1.4. The Frolicher- Nijenhuis bracket of a vector 1-form K € U'(M) and a vector field
Y € X(M) is the vector 1-form [K,Y] defined by

(1.4a) K, Y](X) = [K(X),Y] - K[X,Y], X eX(M).
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The Frolicher - Nijenhuis bracket of the vector 1-forms K, L € W¥(M) is the vector 2-form
[K, L] € U%(M), given by
(K, LI(X,Y) = [K(X), LY)] + [L(X), K(Y)] + K o L[X, Y] +
(1.4b) + Lo K[X,Y] - K[X,L(Y)] - K[L(X),Y] —
— LIX,K(Y)] - LIK(X),Y]; X, Y € X(M).

In particular,
(1.4¢) %[K, K|(X,Y)=[K(X),K(Y)]+ K*X,Y] - K[X,K(Y)] - K[K(X),Y].

(1.4d) NwngK]

is said to be the Nijenhuis torsion of K.

1.5. The adjoint operator K*: Q(M) — Q(M), w — K*w of a vector 1-form K € ¥'(M)
is defined by the value of K*w on k vector fields Xi,... , X} € X(M) through the formula

(1.5) K*'w(Xq, ..., Xp) = w(K(X1),...,K(Xy))
if k#0,and Vf € C®(M): K*f:=f.

1.6. m: TM — M is the tangent bundle of M; it is also denoted by 7ps. mo: TM — M is the
subbundle of 7, constituted by the nonzero tangent vectors to M. The kernel of the tangent
map Tm (or Tmp) is a canonical subbundle of 77y, (or 75y), called the vertical subbundle
and denoted by 77,, (and 7%,,, resp.). The sections of the bundles 7,, and 7%,, are called
vertical vector fields; the C* (T M)-modules of vertical vector fields are denoted by X" (T'M)
and X"(T M), respectively.

1.7. Tangent bundle geometry is dominated by two canonical objects: the Liouwville vector
field C' € X*(TM), and the vertical endomorphism J € U'(TM). We shall frequently use
the following properties:

(1.7a) Im J = KerJ = X*(TM).
(1.7b) J*=0.

(1.7¢) Ny := %[J, J)=0.

(1.7d) [J,C] = J.

1.8. A differential form w € QF(TM) (k # 0) is semibasic, if for each vector field X on TM,
17xw = 0. Analogously, a vector k-form K € U¥(T M) is said to be semibasic, if

(1.8) JoK =0 and VX € X(TM): i;xK =0.

1.9. The vertical endomorphism .J determines two derivations of Q(T'M). The wvertical
derivation 1y is defined as follows:

(1.9a) VfeC®(TM): v;f =0

k
(1.9b) (X, Xe) = w(X, L J(X), . X
=1

(we QFTM); X; € X(TM), 1<i<k).



36 JOZSEF SZILASI AND CSABA VINCZE

1y is a derivation of degree 0. The wertical differentiation d; is the mapping

(1.9¢) dy:=liy,d] :==150d—douy;

it is of degree 1. In particular, we get

(1.9d) Ve C®(TM): d;f =udf = J"df.
The following formulas are easy consequences of the definitions:
(1.9e) dody=—djyod.

(1.9f) wody+dyoi=1y.

1.10. A semispray on the manifold M is a mapping
S: TM —TTM, v+ S(v) € T,TM,

satisfying the following conditions:

(1.10a) S is smooth on TM;
(1.10b) JS =C.

The semispray S is called a spray, if

(1.10c) S is of class C' on TM
and

(1.10d) [C,S]=S.

1.11. The vertical lift of a function f € C®(M) is f' := fonm € C°(TM), the complete
lift of f is the function

[ TM - R, v f(v) :==df (v) = v(f).

Vector fields on T'M are determined by their action on { f¢| f € C*°(M) } (see [20]). Thus
for any vector field X € X(M) there exist vector fields X?, X¢ € X(T'M) such that

(1.11a) VEeC®(M): X°f=Xfor=(X[)"
(1.11b) VfeC®(M): X°f = (Xf).
X" and X°€ are called the vertical and the complete lift of X, respectively.
1.12. Lemma. If S is a semispray on M, then
(1.12) VZ e X(TM): J[JZ S| =JZ.
For a proof, see [10], p. 295.
1.13. Lemma. For each vector fields X,Y € X(M) we have

(1.13a) (X", Y] =0, [X",Y] = [X,Y]", [X°, Y] =[X,Y]%
(1.13b) [C,X"] =—X", [C,X*] = 0;
(1.13¢c) JX¢=X" [J,X]=0.

1.14. Lemma (1st local basis property). If (X;)i, is a local basis for the module X(M),
then (XY, X¢):_, is a local basis for X(T'M).

1.15. Lemma. A vector field Y € X(T M) is
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(a) a vertical lift <= JY =0 and [J,Y]=0;
(b) a complete lift <= JY #0 and [J,Y] = 0.

1.16. Lemma. A wvertical vector field Y € X"(TM) is a vertical lift if and only if for each
vector field X on M [X",Y] = 0.

Proof. We first remark that the vector 1-form [.J, Y] is semibasic. From this by Lemma 1.14
it follows that [J,Y] is completely determined by its action on { X¢ | X € X(M) }.
Necessity. Assume Y € X"(T'M) is a vertical lift. Then by Lemma 1.15(a) [/,Y] = 0. If
X € X(M), then [X¢ Y] is vertical since

(X~ X and Y ~0) => [X¢,Y]~0.

™

Now we conclude that

(1.4a) 1.13c)

VX € x(M): 0=[J,v]xe "2 7(x0), v] - Jixe, v] U2 [xe v,

Sufficiency. Suppose that for each vector field X on M we have [ X", Y] = 0. Then [J, Y]X* =
[X?, Y] =0, hence by Lemma 1.14 [J;Y] = 0. This means by Lemma 1.15(a) that Y is a
vertical lift. O

2. HORIZONTAL ENDOMORPHISMS AND FINSLER CONNECTIONS

2.1. In the sequel we shall introduce some important vector forms over T'M. In conformity
with the demands of Finsler geometry, their smoothness will not be required or assured a
priori on the whole tangent manifold 7M.

2.2. Definitions.
(i) A vector 1-form h € W'(T'M), smooth only on TM, is said to be a horizontal endomor-
phism on M, if it is a projector (i.e. h* = h) and Ker h = X(TM).

(ii) Assume h € W'(TM) is a horizontal endomorphism. The mapping

(2.2a) XecX(M)— X":=hXc X(TM)

is called the horizontal lifting determined by h. The vector 1-form

(2.2b) H :=[h,C] € Y(TM)

is said to be the tension of h. If H = 0, then h is called homogeneous. The vector 2-form
(2.2¢) t:=1[J,h] € V*(TM)

is said to be the torsion of h. The curvature of the horizontal endomorphism h is the vector
2-form

1
(2.2d) Q:=—-N, = _i[h’ h)].
2.3. Remark. We emphasize again the condition of differentiability about a horizontal

endomorphism is prescribed only on TM. As a consequence, the smoothness of the tension,
the torsion and the curvature is also guaranteed only over TM.
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2.4. Remark. The following relations are easy consequences of the definitions:

(2.4a) hol=0, Joh=.J
(2.4b) VX € X(M): JX" = X"
(2.4c) VXY € X(M): JX" Y =[X,Y].

2.5. Lemma and definition. Suppose that h is a horizontal endomorphism on M.

(a) If X"(TM) :=Tm h, then X(TM) = X*(TM) ® X"(TM) (direct sum). X"(TM) is called
the module of horizontal vector fields. v := lyirary — h is also a projector, the vertical
projection on X*(TM) along X"(TM).

(b) (2nd local basis property.) If (X;);_, is a local basis of X(M), then (X7, Xih):.;l is a local
basis of X(T'M).

Proof. Trivial. O

2.6. Lemma. The curvature form 2 of a horizontal endomorphism h is a semibasic vector
2-form, consequently

(2.6a) VX, Y € X(TM): QX,Y)=Q(hX,hY) = —v[hX,hY];
(2.6b) VXY € (M) : QX" Y") = Q(X¢, Y% = —u[X", Y.
Proof. Straightforward calculation. O

2.7. Lemma. If h is a horizontal endomorphism on M, then there exists a unique almost
complex structure F (F? = —lxray) on TM, smooth over TM, such that

(2.7) FoJ=h, Foh=-J.
For a proof, see [10], p. 314.

2.8. The following formulas can be obtained easily:

(2.8a) JoF=v, Fov=holF.
(2.8h) voF=F—Fov=F—hoF =—].
(2.8¢) JIC,F]=v—[C,hl].

2.9. Definitions. Suppose that h is a horizontal endomorphism on M and consider the
almost complex structure F' characterized by Lemma 2.7. Let, furthermore, D be a linear
connection on the manifold TM or TM. The pair (D, h) is said to be a Finsler connection
on M if it satisfies the following conditions:

(2.9a) Dh =0 (D is reducible);

(2.9h) DF =0 (D is almost complez).

The mappings

(2.9¢) D": (X,Y) € X(TM) x X(TM) — D%Y := D, Y € X(TM),
(2.9d) D”: (X,Y) e X(TM) x X(TM) — DYY :=D, Y € X(TM)

are called the h-covariant and the v-covariant differentiation with respect to (D, h), respec-
tively. The h-deflection of (D, h) is the mapping

(2.9e) h*(DC): X € X(TM) — DC(hX) = D, C,



A NEW LOOK AT FINSLER CONNECTIONS AND SPECIAL FINSLER MANIFOLDS 39
while the v-deflection is v*(DC'). The covariant differential DC' is called the deflection map.

2.10. Remark. Assume that (D, h) is a Finsler connection on M. Applying (2.9a) we get
immediately that

(2.10a) YeX'(TM) = VX e X(TM): DY € X°(TM),
(2.10D) Y e X"TM) = VX € X(TM): DY € X"(TM).

Owing to the condition (2.9b) it follows that D is completely determined by its action on
X(TM) x X"(TM). Namely, for each vector fields X,Y on TM,

(2.10¢) D,«hY =FD,\JY,
(2.10d) D, hY = FD,JY.
We show that D is almost tangent as well:

(2.10e) DJ=0

To see this, let X,Y € X(TM) be arbitrary. If Y is vertical, then JY =0, DY € X"(TM)
(by (2.10a)), hence JD Y = 0 and

DJ(Y,X) = DyJY — JDyY = 0.
Now suppose that Y is horizontal. Then hY =Y and
DJ(Y,X)=DyJY —JDyY "2 D FhY + FhD,Y "2”

— _DFY + FDY = —DF(Y,X) “2 .

2.11. Lemma and definition. Let (D, h) be a Finsler connection on M. Then the torsion
tensor field T of D is completely determined by the following mappings:

(2.11a) A(X,Y) := hT(hX,hY) — (h)h-torsion,
(2.11b) B(X,Y) := hT(hX,vY) - (h)hv-torsion,
(2.11¢) R'(X,Y) := vT(hX,hY) — (v)h-torsion,
(

2.11d) P'(X,Y):
(2.11e) SYX,Y):

vT(hX,vY)

— (v)hv-torsion,
vT(vX,vY) - (v)v-torsion.

2.12. Lemma and definition. If (D,h) is a Finsler connection on M, then curvature
tensor field K of D is uniquely determined by the following three mappings:

(2.12a) R(X,Y)Z :=K(hX,hY)JZ — h-curvature,
(2.12Db) P(X,Y)Z :=K(hX,JY)JZ - hv-curvature,
(2.12¢) QX,Y)Z :=K(JX,JY)JZ — v-curvature.

2.13. Example 1: horizontal lift of a linear connection. Suppose that V is a linear
connection on the manifold M. It is well-known that V induces a homogeneous horizontal
structure h € W'(T'M), which is smooth on the whole tangent manifold 7M. In this case

VXY € X(M) : (VXY>U — X", Y").
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h
It is also known (see e.g. [8]), that there exists a unique linear connection V on the manifold
T M, characterized by the following rules of calculation:

h h v

VY =0, Vin¥? = (vXY> — (X" YY),
(2.13) ) ) )
VY =0, VY= (vXY> . X,Y e X(M).

h h

V is called the horizontal lift of the linear connection V. Now it is easy to check that (V,h)
h

satisfies the conditions (2.9a), (2.9b); therefore (V,h) is a Finsler-connection on M.

2.14. Example 2: Berwald-type connections. Let a horizontal endomorphism h on the
manifold M be given. Define the mapping

(e}

D: X(TM) x X(TM) — X(TM), (X,Y) = DxY
as follows:

2.14a) DyxJY = JIJX,Y],

2.14b) Dix JY = o[hX, JY],

(
(
(2.14c) DyxhY := h[JX,Y],
(2.14d) DixhY := hF[hX, JY]
and

DxY := Dyx0Y + DpxvY + DoxhY + DpxhY.

[e]

Then 5 is obviously a linear connection on TM. It is easy to check that (D,h) satisfies
(2.9a) and (2.9b). For example:

lo)F(vY, vX) = lo)vXFUY _ FZODUXUY (2.8a),(2.14a)

(2.140),(2.7)

— D,xhFY — FJ[uX,FY]"
= h[uX,FY] — h[vX, FY] =0.

o

Thus (D, h) is a Finsler connection on M, the Finsler connection of Berwald-type induced
by h.

2.15. Proposition. Suppose that (D h) ZS a Finsler connectzon of Berwald type on M.

Then the h-curvature ]R the hv-curvature IP’ and the v-curvature Q of D are semibasic and
(2.15a) VXY, Z € X(M) : R(XC, YZ¢ =[], QX Y))Z"
(2.15D) VX,Y,Z € X(M): P(X°,Y%)Z° = P(X", Y") 2" = [[X",v"], 2°];

o

(2.15¢) Q=0.
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Proof. Tt is obvious from (2.12a)—(2.12¢) that R, P and Q are indeed semibasic. Hence, in
view of Lemma 1.14 and Lemma 2.5(b), they are completely determined by their action on
the triplets of form

(XY Z% or (X" Y, ZM):  X,Y,7Z € X(M).
(a)Taking into account that for any vector fields X,Y, Z € X(M),
(X" Y], [Xh, [Yh,Z”]], ... are vertical; h[ X" Y] = [X, Y],
JXh = JX¢= X" (see (2.4b) and (1.13c)), J o F = v (from (2.8a));

and applying the rules of calculation (2.14a), (2.14b) and the Jacobi identity for the Lie
bracket of vector fields, we obtain:
R(XC, V) Z¢ := K(hXC, hY*)JZ¢ = K(X*,Y")Z® = DynDys Z° —

— DyrDxi Z" — Dixnyn Z° = Dya[V*, 2] — Dy[X*, 27] —

— Dixypr 2" — Dypxnym 2" = v[ X" [V, 2] —

—o[Y" X" 2] - [[X, Y], 2"] — J[u[X", Y], Z"] =
= [xh v 2] = YR [X 2] - (X, Y] 2] -

— J[X" VM, 2" = -[Y" (2", X"]] - [Z2",[ X", Y"]] +

+ [Y" [z, XM] - [[X. Y], 2°] — J[o[x", Y"), 2"] =
=—[2°,[X,Y)"] - [2°, 0] X", YM] + [2°, [ X, Y]] -

— J[o[X" YY", ZM = = [JZ" o[ X" Y] + T [ 2" 0] X" Y] =

2.6b)

= [ u[xX" Y] 2t P2 g a(xe, vy 2.

Since R is semibasic, this proves (2.15a).
(b) Computing and arguing as before, we find that

o}

P(XC,Y)Z" = K(hX, JY)JZ¢ = DpxeDyyed Z¢ — Dyye Dpxe JZ° —
— Dixny JZ° = Dyxe JY", 2" = D yyev[ X", 27] —
— Dypixny 20 = —Dyye JEIX, 27] — J[[X",Y"), 2] =
= —J[Y", FIX" z"]] - J[[X",Y"], Z°].
Since by (1.13¢) [J, Z¢] = 0, we can write
0=[J,Z9X" Y] = [JIX" Y], Z] — J[[X", Y], Z] =
= —J[[X" Y], Z,
and so
P(X*,Y*)Z° = J[F[X", 2], y"].
Now applying Lemma 1.15(a), we obtain that
0=[JY'|F[X", 2" = [JFIX", Z°],Y"] = J[F[X" Z"],Y"],
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and thus
TIFIX", 27, 7"] = [[X%, 2], v"] = = [[2", V"], X*] -
~[y, x", 2] = [[X", Y], Z"];
hence our assertion.
(c) A quick and easy calculation yields the relation (2.15¢) and we omit it. O

2.16. We recall that if A is a horizontal endomorphism on M then there always exists a

semispray on M, which is horizontal with respect to h. To see this, consider an arbitrary
(2.4a

semispray S’ on M. If S = hS’, then JS = J(hS') "= ) JS' = C and hence S is a semispray.
Since hS = h?S" = hS' = S, S is horizontal with respect to h. It is also clear that S does
not depend on the choice of S’.

The spray S constructed in this way is called the semispray associated with h (c.f. [10],

p.306).
2.17. Proposition. Suppose that h is a homogeneous horizontal endomorphism on M and

let (lo?, h) be the Berwald-type Finsler connection induced by h. If S is a semispray on M,
then

o}

(2.17) VXY € X(TM): R(X,Y)S =Q(X,Y).

Proof. Since R and 2 are semibasic, it is enough to check that

o}

(2.17a) VXY € X(M): RX"YMS=q(X" vh).

We can also assume that S is the semispray associated with h. Then hS = S and (2.15a)
yields the relation

[¢]

R(X" Y™MS = [J, QX" YM)]S = [C, X" Y] — J[S, QX" Y]

(2.6b),(2.8a)

=7 XM vM, O] + J[JFQ(X", Y™, S]
lemm:al.12 [U[Xh,yh],C] —|—Q(Xh,Yh).

It remains only to show that the first term on the right hand side vanishes. In view of the
homogeneity,

[v,C] =0 and [X",C] =0,
thus, in particular,
0=[v,C[X",Y"] = [o[X",Y"],C] — o[[X",Y"],C].
Finally, using the Jacobi identity and the homogeneity of h over again, we obtain that
0=[[xX"Y",C]+ [[Y" O, X"] + [[C, X", Y"] = [[X",Y"],C]
which completes the proof. O
2.18. Corollary. Hypothesis as in Proposition 2.17. Then

(e}

R=0 <<= Q=0.
Proof. 1f Q vanishes, then R also vanishes by 2.15(a). Conversely, it follows from (2.17) that
R=0 = Q=0. U
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3. FINSLER MANIFOLDS. THE CARTAN TENSORS

3.1. Definitions. Let a function E: TM — R be given. The pair (M, E), or simply M, is
said to be a Finsler manifold, if the following conditions are satisfied:

(3.1a) Va € TM: E(a) >0; E(0)=0.

(3.1b) E is of class C' on TM and smooth over TM.

(3.1¢) CFE = 2FE; i.e. E is homogeneous of degree 2.

(3.1d) The fundamental form w := dd;E € Q*(TM) is nondegenerate.

The function E is called the energy function of the Finsler manifold. A horizontal endo-
morphism on M is said to be conservative if d, E = 0.

3.2. Metrics. Assume (M, E) is a Finsler manifold with fundamental form w.

(a) The mapping

(3.2a) g: X" (TM) x X°(TM) —» C®(TM), (JX,JY) = g(JX,JY) :=w(JX,Y)

is a well-defined, nondegenerate, symmetric bilinear form which is said to be the Riemann —
Finsler metric of (M, E). The Finsler manifold is called positive definite if g is positive

definite.
(b) Suppose that h is a horizontal endomorphism on M, v =1 — h. Then

g: X(TM) x X(TM) — C®(TM),
(X,Y) = g(X,Y) == g(JX, JY) + §vX, vY)

is a pseudo-Riemannian metric on TM, called the prolongation of g along h.

(3.2b)

3.3. Remark. It follows at once from (3.2b) that

(3.3a) VX,V € X(TM): g(hX,JY) =0.
3.4. Lemma. Hypothesis as in 3.2. (b).
(3.4a) g(C,C)=g(C,C) =2E.
(3.4D) VXY € X(M):  g(X',Y?) = g(X", V") = X°(Y'E).
Proof. (a) Let S be an arbitrary semispray on M. Then
g(C,C):=g(JC,JC) + g(vC,vC) = g(C,C) = g(JS,JS) =
"2 0(0.8) = (1ow)(8) P2 1edd, B(S) =
U2y dB(S) "2 (dy1edE — 1,dE)(S) =
"2 (2, —1,dB)($) "2 (1dE)(S) =
= (dE)(C) = CE "2 2.
(b)
S(X0 1) = (XU yo) (29 2 pxe pyey B2 ey

—

3.1d

Ld(dyB) (X, Y°) = X7 (dy B(Y9)) — V(dsB(X"))
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— d;E[x", v "2 XV (dE(JY)) - Y(dE(JX"))

(1. 13a ,C)

— dE(J[X", YC]) X"(dE(Y")) = X"(Y'E).

O

3.5. The Cartan tensors. Let a Finsler manifold (M, E) be given. Suppose that h is a
horizontal endomorphism on M and let g be the prolongation of g along h.
(i) There exists a unique tensor

C: X(TM) x X(TM) — X(TM)
such that J oC =0 and
(3.5a) VX,Y,Z e X(TM): ¢g(C(X,Y),JZ)= % (LixT ) (Y, Z).
The tensor C, as well as its lowered tensor C, defined by
(3.5b) VX, Y, Z e X(TM): C(X,Y,Z):=g(C(X,Y),JZ),

is called the first Clartan tensor of the Finsler manifold.
(ii) Analogously, we introduce a tensor

C': X(TM) x X(TM) — X(TM)
by the conditions J oC' = 0 and

(3.5¢) VX,Y,Z € X(TM): g(C'(X,Y),]Z) = % (Laxg) (JY,JZ).

Then C’ is well-defined; it is called the second Cartan tensor of the Finsler manifold, belong-
ing to the horizontal endomorphism h. We use the same terminology also for the lowered
tensor CY.

3.6. Remark. C and C’ are clearly semibasic. We shall see soon that C is independent of
the choice of the horizontal endomorphism h, it depends on the energy function alone (i.e.,
on the Finsler structure). On the other hand, the second Cartan tensor C' strongly depends
on the horizontal endomorphism!

3.7. Lemma. Let (M, E) be a Finsler manifold and (lo?, h) a Berwald-type Finsler connec-
tion on M. Then for each vector fields X,Y,Z on M,

(3.7a) 20,(X°¢, V¢, Z¢) = (f)Xv g) (Y, 2%) = X[V (Z°E));

(3.7b) 20/(X°,Y°, 2°) = (f)xhg> (v", 7% = [Y*,[X", 2| E +

+Y'[Z"(X"E))
(C' is the second Cartan tensor belonging to h).

Proof. (a) On the one hand

20,(X¢,Y¢, 2¢) P27 2g(C (X<, V), Z°) = (Lxn J*g) (Y, Z°) =
(3.4b)

= x0g(, 2%) " ez,
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since J[ X", Y = J[X,Y]" =0, J[X", Z¢] = 0; on the other hand
<z°)ng> (Y, 2%) = X"g(Y", Z) — g(Dxo Y, Z%) — g(Y", Dxo Z") =
— X1, 27),
since e.g. DXUY = DJXCJYC (2 12) J[X?, Y] =0. Thus (3.7a) is proved.
(b) Computing as before, we find that
2017, 7 = (D) (1, 27) = X190, 2°) = (X, 7], 2°) -

—g(v", (X", 2) "2 XMy (2°E)] - X", Y')(2°E)

—g(IX", 2),Y") = YV'[X"(2"E)] - [X*, 2"|(Y"E) =
=Y (X", Z'|E + Z"(X"E)) — [X", Z°|(Y'E) =
= [Y", [ X" Z]|E + Y'[Z"(X"E)).
O

3.8. Corollary. The first Cartan tensor is symmetric, the lowered first Cartan tensor is
totally symmetric.

Proof. We infer this immediately from (3.7a): since the Lie bracket of vertically lifted vector
fields vanishes, X"[Y?(Z"E)] does not depend on the order of the vector fields. O

3.9. Lemma. If S is an arbitrary semispray, then 1sC = 15C, = 0.

Proof. Due to symmetry, it is enough to check that for each vector fields X, Y on M we have
G (S, X,Y) =0. From (3.7a)

2C,(S, X%, Y°) = <DJ59> (X, Y") = Cg(X", V") — g(De X", Y") —

—9(X", DeY?) = CIX"(Y"E)],
since e.g.

(2.14a) (1.13b)

DeX? = DygJX¢ Jic, X ¢

We next show that C[X?(Y"E)] vanishes. Use for a moment the abbreviation F := Y'E.
Then

CIX*(Y'E)] = C(X'E) = [, X"|E + X°CE "2Y _X'E 1+ X°CE

= -X"(Y'E) + X"[C(Y'E)] = - X"(Y"E) +

+ X" ([C,Y']E + Y"(CE)) (1.13b),(3.10)

=—-X"Y'E)+ X"(-Y"E +2Y"E) =0,
which ends the proof. O

3.10. Proposition. Let (M, E) be a Finsler manifold. If h is a conservative, torsion-free
horizontal endomorphism then the lowered second Cartan tensor is totally symmetric.
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Proof. Since h is conservative, for each vector field X on M,
o (1.9d)
0= (d,E)(X°) =
so it follows from (3.7b) that

VX,Y,Z € X(M): 2C)(X° Y, 2% =[Y"[X" Z"|E.

(indE)(X¢) = (dB)X" = X"E,

We easily see from Definition (2.2¢) of the torsion
(3.10) VX,V € X(M): (XY =[X"Y"]-[Y" X"]-[X,Y]".
Now, using the Jacobi identity and the condition ¢ = 0, we obtain

[Y'u, (X" Zv] [Xh, [Z'U,Yv]] n [Zv, [Y'u,XhH (1.13a)

= X, 2] + 2,7, X = [, %, 2] +

+ 20, =YX+ [20, - [X, Y] = [V X 2 - (20 Y X
therefore [V?,[X" Z°]] = [Z7,[V", X"]]. This means that

Cl(X Y Z%) =C(Y", 7% X°).

The other symmetries of C{ can be shown in the same manner. O

4. NOTABLE FINSLER CONNECTIONS

4.1. Lemma and definition. On any Finsler manifold (M,E) there is a spray
S: TM — TTM, uniquely determined on TM by the relation

(4.1) 1sw = —dE

and prolonged to a C'-mapping of TM such that S | TM \ TM = 0. The spray S is called
the canonical spray of the Finsler manifold.

For a proof, see [10], p.323 and [7], p.60.

4.2. Theorem (Fundamental lemma of Finsler geometry). Let (M, E) be a Finsler mani-
fold. There exists a unique horizontal endomorphism h on M  called the Barthel endomor-
phism, such that

(a) h is conservative (i.e., dyE =0),
(b) h is homogeneous (i.e., H = [h,C] =0),
(c) h is torsion-free (i.e., t =[J,h] =0).
Ezxplicitly,
1
h= 3 (1+1[J,5]),

where S is the canonical spray.

The result is due to J. Grifone [10].
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4.3. Theorem. Let (M, E) be a Finsler manifold and let h be a horizontal endomorphism

on M. There exists a unique Finsler connection (D,h) on M such that

[¢] 1 [e]
(4.3a) the (v)hv-torsion P of D wvanishes;
(4.3b) the (h)hv-torsion B oflo) vanishes.

(¢}

This Finsler connection is of Berwald-type, so the covariant derivatives with respect to D
can be calculated by (2.14a)-(2.14d). If (D, h) satisfies the further conditions

(4.3¢) h is conservative;
(4.3d) the h-deflection h* DC vanishes,
(4.3e) the (h)h-torsion A oflo? vanishes,

then h s just the Barthel endomorphism of the Finsler manifold.

4.4. Remark. The Finsler connection determined by (4.3a)—(4.3e) is said to be the Berwald
connection of the Finsler manifold. The axioms presented here were at first formulated by
T. Okada [15], with a slight difference. The novelty of our approach consists in drawing
a distinction between the roles of the first group (4.3a)—(4.3b) and of the second group
(4.3¢)—(4.3e) of axioms. For an intrinsic proof of the theorem, see [17].

4.5. Theorem and definition. Let (M, E) be a Finsler manifold and suppose that h is
a conservative torsion-free horizontal endomorphism on M. Let g be the prolongation of
g along h and C' the second Cartan tensor belonging to h. There exists a unique Finsler
connection (D, h) on M such that

(4.5a) D is metrical (i.e. Dg=0);
(4.5b) the (v)v-torsion S* of D vanishes;
(4.5¢) the (h)h-torsion A of D vanishes.

The covariant derivatives with respect to D can be explicitly calculated by the following for-
mulas: for each vector fields X,Y on TM,

(4.5d) DyxJY = JJJX, Y]+ C(X,Y) = DyxJY +C(X,Y);
(4.5¢) DaxJY = o[hX, JY] +C'(X,Y) = Dpx JY +C'(X,Y);
(4.5¢) DyxhY = h[JX,Y] + FC(X,Y) = DyxhY + FC(X,Y);
(

4.5g) DaxhY = hF[hX, JY] + FC'(X,Y) = DuxhY + FC'(X,Y).
Then

h*DC = %H
where H is the tension of h (2.2b). Therefore, if in addition to (4.5a)-(4.5¢)
(4.5h) h*DC =0
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15 also satisfied, then h is the Barthel endomorphism of the Finsler manifold. In this case
(D, h) is called the (classical) Cartan connection of the Finsler manifold (M, E).

Proof. The idea of the ezistence proof is immediate. We start from a conservative, torsion-
free horizontal endomorphism h (whose existence is clearly guaranteed) and build the second
Cartan tensor C' belonging to h. Then we define a rule of covariant differentation by the
formulas (4.5d)—(4.5g). It can be checked by a straightforward calculation that the pair
(D, h) obtained in this way is indeed a Finsler connection, and the axioms (4.5a)—(4.5¢) are
satisfied.

In our subsequent considerations we are going to prove the unicity statement. Assume
(D, h) is a Finsler connection on M, satisfying (4.5a)—(4.5¢). We show that the rules of
calculation (4.5d)—(4.5g) are valid.

1st step. Applying the “Christoffel process”, we derive (4.5d). We can restrict ourselves
to vertically lifted vector fields. From condition (4.5a), for any vector fields X,Y, 7 € X(M),

XYY", Z%) = g(DxY", Z°) + g(Y", Dx+ Z"),
ng(ZvaXv) = g(DY”ZvaXU) +g(ZvaDY“Xv)a
—Z"g(X",)Y") = —g(Dz. X", Y") — (X", D7 Y").
Since from (4.5b) Dx»Y"? — Dy+X? = [X”,Y"] = 0 and so on, adding the above three
equations we get the relation
g(2Dx.Y", Z") = X g(Y", Z") + Y"g(Z", X") — Z"g(X", V") =
(FADLETES o0 (e, Y, 29) = 29(C(X4, YO), Z2Y).
Hence
Dx Y =C(X%Y) = C(hX +vX hY  +0Y*) = C(X", V"),
from which (4.5d) easily follows. In view of (2.10c¢) this implies (4.5f).

2nd step. Now we apply the Christoffel process to the h-covariant derivatives of g. Then

(4.5a) yields the relations

Xtg(Y",2") = g(DxnY", Z") + g(Y", Dxn Z")
(a) Y'g(2",X") = g(Dy+ 2", X") + g(Z", Dyr X"),
—Zhg(XUaYU) = —g(Dpn X", Y") — g(X", DznY")
(X,Y,Z € X(M)). From condition (4.5c), i.e., from the vanishing of the (h)h-torsion we
conclude that e.g.
D Y" — Dyn X" = [ X", V") = [X,Y]" = h[X, Y],

hence

FDxY" — FDy X = FR[X, v]e P8P _1x v,

So, taking into account (2.10d), we obtain the relations
D Y? — Dy XU = [X, Y],
(b) DynZ° — DpY' =Y, 2],
DX+ D 20 = —[Z, X"
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Adding now both sides of (a) and using (b), it follows that
(© gD, Z7) = Xg(Y?, Z7) + Y792, X*) — Zhg(X", V") +
c
+([X, Y], 2°) — g([Y, 21", X¥) + g([Z, X]",Y™).

3rd step. We apply the Christoffel process to the tensor C' belonging to h. For any vector
fields X,Y, Z € X(M), we get:

29(Cl(Xh7 Yh)v Zv) = th(va Zv) - g([thYv]a Zv) - g(Yva [th Zv])a
QQ(CI(Yha Zh)aXv) = th(ZvaXU) - g([Yha Zv]aXv) - g(Zva [YhaXv])a
—2g(C'(Z", X"),Y") = =Z"g(X", V") + g([Z", X*], V") + g(X", [ 2", Y")).

Adding these three equations, in view of the symmetry of C' (assured by Proposition 3.10)
we obtain:

g(2C' (X", Y™, Z7°) = X"g(Y", Z°) + Y"g(Z", XV) — Z"g(X", V")~
(d) — g(IX" YY)+ [V X7, Z7) + g(12", X7) — (X", 2], Y7) +
+g([2" V"] = [V", 2], X").
From (c) and (d) it follows that
g(2Dxn Y, Z°%) = g(2C" (X", Y"), Z°) +
+g(IX" Y + [V XU+ [X, Y], Z°) +
(X", 2% = 2", X"] = [X, Z]", V") +
g(Y", 2 = 12" V"] = v, 2", X°).

Since h is torsion-free, the last two terms on the right hand side of (e) vanish (c.f. (3.10)),
while in the second term

(X" YV 4+ [V XY+ [X, Y] = 2[X " Y.

(e)

Hence
g(2Dn YV, Z°) = g(2C" (X", Y1) + 2[X", V7], Z27),
which yields the formula
D Y'Y = [X" YV 4+ C'(X" vh).

This proves (4.5e) and, by (2.10d), (4.5g). We have thus established the unicity assertion.
4th step. We show that

h*DC = %H
Let X and Y be arbitrary vector fields on M. Then h*DC(X") = DC(X") = Dx»C and
g(DxnC.Y") = g(DxnJS,Y") "2 g(1x", €1, Y") +
+g(C' (X", 9),v7) "2 g([X", €, Y7) + LX"g(C YY) -
—Lg([x", C’] Y”) Lo(IX",Y"),0) = Lg([X", 0L YY) +
+3 (X"(VE) = [X"YV]E) = 19(IX",C|, YY) + 3V (X"E) =
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dp E=0 1 h
= g(3[X",.CLY"),
from which follows that

%[Xh, C] = Dx:C.

This means that $H(X") = h*DC(X"), proving our assertion. O

4.6. Remarks.
(a) Observe that axioms (4.5a) and (4.5h) imply for any Finsler connection (D, h) that h is
a conservative horizontal endomorphism. Indeed, for each vector field X on M,

(4 5a)

0

(3 4a)

(Dxng) (C,C) = X" 9(C,C) = 29(DxnC,C) =

OX"E — 29(DxnC, C) "2V 2XM B = 2(d, B) (XM,

which means that d, E = 0.
(b) Axioms to characterize the classical Cartan connection were first formulated by M. MAT-
SuMOTO; for an instructive historical remark see [14], p.112.

4.7. Corollary. Let (M, FE) be a Finsler manifold and h the Barthel endomorphism. If C'
is the second Cartan tensor belonging to h, then 1sC' =0, for any semispray S.

Proof. We consider the classical Cartan connection (D,h). Then for each vector field
X € X(TM):

(4.5h) (4.5¢)

= H(hX)+C'(X,8) = 2(h*DO)(hX) + C'(X,S) "Z" ¢'(x, 5).
]

4.8. Lemma. Let (M, E) be a Finsler manifold, (D, h) the classical Cartan connection and
S the canonical spray. Then DsC = —C' (C' is the second Cartan tensor belonging to h).

For a proof see [11], pp. 331-332.

4.9. Theorem and definition. Let (M, E) be a Finsler manifold and h a conservative
torsion-free horizontal endomorphism on M. Assume g is the prolongation of g along h and
C' is the second Cartan tensor belonging to h. There exists a unique Finsler connection

R
(D,h) on M such that

R o
(4.9a) J'D = J*D;
(4.9b) D is h-metrical, i.e. VX € X(TM): Dth =0;
(4.9¢) the (h)h-torsion ofD vanishes.

R
The covariant derivatives with respect to D can be calculated by the following formulas: for
each vector fields X, Y on TM,

R o
(4.9d) DyxJY = J[JX,Y] = DyxJY;
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R
(4.9¢) DypxJY = v[hX,JY]+C'(X,Y) = DyxJY;
R o
R
(4.9g) DypxhY = hF[hX,JY]|+ FC'(X,Y) = DyxhY.
Then
R 1

Therefore, if in addition to (4.5a)-(4.5¢)

(4.9h) BDC =0
15 also satisfied, then h is the Barthel endomorphism of the Finsler manifold. In this case
(l%, h) is called the (classical) Rund (or the Chern—Rund) connection.

The proof of this theorem is completely analogous to that of Theorem 4.5.

4.10. Remark. The classical Chern — Rund connection was first constructed by S. S. CHERN
in 1948, using a local coframe field. Three years later H. RUND also discovered an important,

seemingly different Finsler connection. Almost fifty years had passed until M. ANASTASIEI

[2] realized that both constructions result the same Finsler connection.

4.11. Remark. Using vertically and horizontally lifted vector fields, the rules of calculation

~ o R
for covariant derivatives take a somewhat simpler form. Namely, if D stands for D, D or D,
we get the following table:

BERWALD (lo)) CARTAN (D) RUND (l%)
Dy Y? 0 C(X",vh) 0
DyiY" (X", V7] (X" Y]+ (XM Y (X" Y]+ C'(XP YT
Dy Y 0 FC(Xh Y™ 0
DY | F[Xh vy FIX" Y]+ FC'(X" ") FIX" YY)+ FC'(X" Y")

5. BASIC CURVATURE IDENTITIES
5.1. Convention. Throughout this section (M, E) is a Finsler manifold and h is the Barthel
o R
endomorphism on M. D, D and D denote the Berwald, the (classical) Cartan and the Rund

connection, respectively.

o R
5.2. Proposition. Let R, R and R be the h-curvature of the Berwald, the Cartan and the
Rund connection, respectively. We have the following relations:
R(X,Y)Z = R(X,Y)Z + (DpxC') (Y, Z) — (DuyC') (X, Z) —
(5.2a) — C'(X,FC'(Y, Z)) + C'(Y,FC'(X, Z)) +
+C(FQ(X,Y), Z);
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(5.2b) R(X,Y)Z = R(X,Y)Z — C(FQ(X,Y),Z)  (X,Y.Z € X(TM)).

Proof. The first formula has been obtained by J. Grifone; see [11], pp.333-334. Since the ten-
R
sors R and R are semibasic, it is enough to check (5.2b) for triplets of the form (X€ Y, Z¢);

R R o
X,Y,Z € X(M). Taking into account that D" = D" from (4.9¢) and (4.9g) while D” = D
from (4.9d) and (4.9g), we get:

R R R R R R R
R(X,Y) 2 = K(hX, hY)JZ¢ = Dy DynZ" — Dyn Dxn Z" — Dixnym 2" =
R R
- thDyh.Zv - Dyh.thZU - Dh[Xh.’Yh.]ZU - DU[Xh’Y}L]ZU -

R
= R(Xc, YC)ZC + DU[Xh’yh}Z’U - D,U[Xh’yh]Zv =

=R(XY)Z 4+ C(FIX" Y", 2% = R(X®,Y)Z 4+ C(Fv[ X" Y], Z°) +

+C(FRIX", Y, z¢) BTLE Rixe vy 2 — c(FQXC, YY), 29).

O

5.3. Proposition. The hv-curvature tensors of the Cartan, the Berwald and the Rund con-
nection are related as follows:

P = P(X,Y)Z + (DpxC) (hY, hZ) — (DyyC') (hX,hZ) +
(5.3a) +C(FC'(hX,hY),hZ) 4+ C(FC'(hX,hZ),hY) —
_ C'(FC(hX,hY),hZ) — C'(FC(hY, hZ), hX).

R o

(5.3b) P(X° Y9 Z°=P(XY)Z° +[C'(X", ZM), V).
Proof. In the same manner as above, let us consider a triplet X¢ Y, Z¢
(a) P(xe, ve)ze P2V K(nxe, gy ey ze VLR g xt yryze =
= Dyn Dy Z" — Dy D Z° — Dixny Z° 2 DxanC(Yh, Z%) —
— Dyo([X", 2]+ C"(X", Z")) = Dyppxn y JZ" =
= (DxnC) (YP ZMy + C(Dxn Y, ZM) + C(Y", Dxn Z") —
— Dy.JF[X" Z") — Dy.C' (X", 2" — J[[X", V"], Z"] -
— C(F[X", Y], z") L (DyiC) (Y, Z") + C(F[X", V"], Z") +
+C(FC' (XM Y,z +c(Y", FIX", z°)) + c(Y", FC'(X", ZM)) —
— J[Y", F[X" 2] —c(Y", FIX", Z"]) — (Dy-C') (X", Z") —
—C(FC(Y" XM,z — ¢/ (X", FC(Y", Z") — c(F[X" V"), Z") =
— P(X®,Y)Z° + (DxnC) (Y, Z") — (DyC') (X, Z") +
+C(FC (XM yhy, zM +c(FC'(X", Zz"),Y") - C'(Fe(X", Y™, Z") —
—C(FC(Y", zM), x"),
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since from the proof of (2.15b) —J[Y", F[X", Z"]] = IE"(XC, Y¢)Z¢. Thus (5.3a) is verified.
(b) A similar reasoning, but a shorter calculation shows that

R R R R R R R
P(X%Y%)Z° =K(X",Y")Z" = DxuDy+Z" — Dy+sDxnZ" — DixnynZ® =
R R
= —Dy» ([X", Z°] + C' (X", Z")) = D pixn yu J 2" =

R R
= —DyynJF[X", 2" = Dy JEC' (X", Z") — J[[X", V"), Z"] =

=—J[Y", FIX", Z"|] - JY", FC'(X", Z")] = P(X,Y)Z° + [C"(X", Z"),Y"),
since

(2.8a)

0 'L [, Y FC (X", ZM "= [¢(xh, 27, Y] - J[FC (X", ZM), Y.
Thus we obtain our second assertion. O

5.4. Proposition.

(a) The v-curvature tensor of the Berwald and of the Rund connection vanishes, i.e., @ =0
and (6 = 0.

(b) For the v-curvature tensor of the Cartan connection we have the expression

(5.4) QX,Y)Z =C(FC(Z,X),Y) —C(X,FC(Y, Z)) (X,Y,Z € X(TM)).

Proof. The first assertion can be verified by an immediate calculation. Formula (5.4) was
derived by J. GRIFONE [11], we recall only the key observation, the identity

(DixC) (Y, Z) = (DyC) (X,Z) (XY, Z € X(TM)).
O

5.5. Example. Suppose that (M, E) is a positive definite two-dimensional Finsler manifold.
Let S be the canonical spray, h the Barthel endomorphism and F the almost complex
structure induced by h. Consider the prolongation g of the Riemann — Finsler metric along
h (3.2b). Let Cy := \/%C be the normalized Liouville vector field; then g(Cy, Cy) = 1. The

vector field Sy := \/%S = F'(j is g-orthogonal to CY, i.e.,

3.3
9(S0, Co) = g(hSo,vCy) = g(hSo, JFCy) (.2 0,
and ¢(So,Sp) = 1. Next, using the Gram—Schmidt process, we can construct—at least
locally— a g-orthonormal basis (Cy, X) of XY(TM), where the vector field X is uniquely
determined up to sign. Using the almost complex structure once more, we arrive at a (local)
g-orthonormal basis

(55&) (Co,XU,FXo,So)

for the module X(TM). The quadruple (5.5a) is called the Berwald frame of the Finsler mani-
fold after .. BERWALD, see his posthumous paper [4]. As for the details of the coordinate-free
construction, we refer to [19].
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Now, since the first Cartan tensor C is semibasic, it follows by 3.9 that C is completely
determined by its value on the pair (F Xy, FXj). Taking into account (5.4), we infer im-
mediately that in two dimensions the v-curvature of the Cartan connection vanishes. This
proposition was first proved by D. LAuGwITZ [12] with the machinery of classical tensor
calculus.

5.6. Remark. If n > 3, (M, E) is a positive-definite n-dimensional Finsler manifold, and
the energy function is symmetric (E(—v) = E(v) for any tangent vector v € TM), then the
vanishing of Q implies that (M, E) is a Riemannian manifold. This far from trivial result
(conjectured by D. LAucwiTz [13]) was first proved by F. BRICKELL [5].

6. BERWALD MANIFOLDS

6.1. Convention. Retaining the notations introduced above, in our following discussion
h will denote the Barthel endomorphism and C’ the second Cartan tensor belonging to h,
unless otherwise stated.

6.2. To begin with, we recall an important classical result, first formulated and proved
intrinsically by J. G. D1AZ; see [9].

6.3. Theorem and definition. Let (M, E) be a Finsler manifold. The following asser-
tions are equivalent:

(a) The h-curvature P of the Cartan connection vanishes.
(b) The second Cartan tensor C' vanishes.

(C) VX,Y;ZE%((IM) : (DhXC) (Y,Z) = (Dhyc) (X,Z)

(d) VX,Y,Z € X(TM): P(X,Y)Z = — (DpxC) (Y, 2).
If one, and therefore all, of the conditions (a)—(d) are satisfied, then (M, E) is called a
Landsberg manifold.

6.4. Other characterizations.
(a) The property C' = 0 implies immediately (see e.g. 4.11) that in a Landsberg manifold
the h-covariant derivatives with respect to the Cartan, the Berwald and the Rund connection

coincide. Conversely, if D" = D" or D" = l%h, then C' = 0 and the Finsler manifold is a
Landsberg manifold.

(b) Now let us have a look at the (v)hv-torsion of the Cartan connection. For each vector
fields X,Y on M,

P'(X" V7)== oT(X",Y") =D Y’ — vDy X" — [ X" V7] =
L [X VY] 4 ol (XM Y — wFC(X Y —
— o[ty P2 e vty 4 e (X Y = ef(xh, Y.

It follows that the vanishing of the (v)hv-torsion of the Cartan connection characterizes the
Landsberg manifolds.
(c) We infer immediately from (3.7b) that a Finsler manifold is a Landsberg manifold if

and only if the Berwald connection is h-metrical (i.e., D"g = 0). In Matsumoto’s monograph
[14] Landsberg manifolds are defined by this property.



A NEW LOOK AT FINSLER CONNECTIONS AND SPECIAL FINSLER MANIFOLDS 55

6.5. Definition. A Finsler manifold (M, E) is said to be a Berwald manifold if there is a
linear connection V on M such that for each vector fields X,Y on M,

(VXY)U = [thYv]v
where the horizontal lifting is taken with respect to the Barthel endomorphism.

6.6. Remarks.

(a) The linear connection V in definition 6.5 is clearly unique, so it will be mentioned as
the linear connection of the Berwald manifold. One can see also at once that the horizontal
endomorphism induced by V is just the Barthel endomorphism. We immediately infer that
the Barthel endomorphism and the canonical spray of a Berwald manifold are smooth on
the whole tangent manifold T M. The converse is also true: if the canonical spray of the
Finsler manifold (M, E) is smooth on T'M, then (M, E) is a Berwald manifold. For another
reasoning see [9].

(b) By a clever observation of Z. I. Szabé the linear connection V of a positive definite
Berwald manifold is Riemann-metrizable: there always exists a Riemannian metric gp; on M
whose Levi—Civita connection is V. This is the first step toward the classification of positive
definite Berwald manifolds achieved by him in [16].

6.7. Lemma. A Finsler manifold (M, E) is a Berwald manifold if and only if

(6.7) VXY € (M) : [X"Y"] is a vertical lift.

Proof. The necessity of (6.7) is evident. To see the sufficiency, we consider the mapping
V:(X,Y)€eX(M)x X(M)— VxY € X(M),(VxY)" = [X",Y"],

where the horizontal lifting is taken with respect to the Barthel endomorphism, of course.
Then V is well-defined and an easy calculation shows that it is a linear connection, indeed.
O

6.8. Lemma. Suppose that (M, E) is a Berwald manifold and let V be its linear connection.

h h
Then the pair (V, h), where V is the horizontal lift of V and h is the Barthel endomorphism,
18 just the Berwald connection.

h
Proof. We have already learnt from 6.6(a) and from 2.13 that (V, h) is a Finsler connection.
Our only task is to check (4.3a) and (4.3b). But this is easy: for any vector fields X, Y, Z on
M, we have

h h
P (X", YY) = v <thY” — Vyo X" — [ X" Y”]) CL ) (VxY)” = X" V")) =0,
h v h v h hoyop) (2:13)
B(X", V") =h VYV’ — Vi XP — [ X" VY] ) V=70
O

6.9. A coordinate view. Let (U, (u')",) be a chart on M. With the help of the induced
chart

(7', (2", y")isy); 2t =ulom,
yi: v E 7T_1(U) s yl(v) — U(ul) (1 <i< n)
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we review some important coordinate expressions. Einstein’s summation convention will be
used.
(i) We get from (3.4b) that the components of the Riemann —Finsler metric g are

- _-(o oa\_ 0B
9ij =9 ((9yi’ ayf) — Bylayi

(3.7a) implies that the components of the first Cartan tensors C, and C are
¢ ¢

(Cb)z]k CZJ]"’ Cij - %Cl]

where
03 0 . Ltk _0k\ . [~ N\l
Czyk: W, Cz'j =g Cijka (9 ) = (gék)
The coordinate expression of the canonical spray S is
-1 _ kD k_o

where

(69&) Gk = g]kG], G] = 1 (yk 32E4 _ a_E) .

2 Oxk Oy ox’

The Barthel endomorphism can be represented in the form

(6.9b) AE G ( —Gk2 ) ©dit, GF.=9 (1< k<n).

i oyk oyt

The Berwald connection (D, h) of (M, E) is completely determined by the functions

(6.9¢) Gl =90 = 26 (1< ik <n).

The functions ij are called the connection parameters for the Berwald connection.
(ii) Traditionally Berwald manifolds are defined as follows: “the connection parameters
for the Berwald connection depend only on the position” , i.e. by the condition

k
Ghy="02 =0 (L<ij,kt<n)
Finsler manifolds with this property were called affinely connected spaces by L.. BERWALD
himself, see [3]. Now we show that our definition is equivalent to the classical one. To
see this, let V be a linear connection on M, locally given by the functions I't € C°(U)

ij
(1 <i,j,k <n), such that

k9
Vo g = L
ou’
Then
v
9 _ (7k )
<Viaw‘> (I o) 555
ou’
2" (5)" ] = [ ()", 2 6o ko o] _
out > \ dud - out/) oy Dzt i JyF > Dy
oGt 5 (6.9¢) Gk 0
Oyl oyk T 1j Oyk?
thus
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— Ifor=G (1<k<n)

= G, =0 (1 <k, l<n).
(iii) Notice that the components of the hv-curvature tensor P of the Berwald connection
are just the functions —G%,, (hence the classical definition in (ii) has a tensorial character).

ijl
Indeed,

P((2)" (2)") 2" "2 [[(2)" 2)'] ()] =

[Gk P ] _ G _ ok

ij ByF? By’

It follows that a Finsler manifold is a Berwald manifold if and only if the hv-curvature of
the Berwald connection vanishes. We shall see soon how this follows intrinsically at once.

6.10. Proposition. The second Cartan tensor C' vanishes in any Berwald manifold, con-
sequently the Berwald manifolds are at the same time Landsberg manifolds.

Proof. We have already seen in the proof of 3.10 that for any vector fields X, Y, Z on M,
2C,(X°, Y, 2% = [Y', [X", Z"||E

(due to the fact that h is homogeneous and conservative). Since (M, E) is a Berwald man-
ifold, [X", Z*] is a vertical lift by Lemma 6.7. Hence [Y?,[X" Z%]] = 0 by Lemma 1.16,
whence our conclusion. O

6.11. Corollary. The Berwald connection of a Berwald manifold is h-metrical (i.e.,
Dhg=0).

6.12. Theorem. Let (M, E) be a Finsler manifold. Then the following assertions are equiv-
alent:

(a) (M, E) is a Berwald manifold.

(b) The hv-curvature tensor P of the Berwald connection vanishes.

)
R
(¢) The hv-curvature tensor P of the Rund connection vanishes.
(d) With respect to the Cartan connection, the h-covariant derivative of the first Cartan
tensor vanishes (i.e., D"C =0).

Proof.
(a) <= (b) This is an immediate consequence of (2.15b), Lemma 6.7 and Lemma 1.16.
(a) = (¢) We infer this at once from (5.3b), from Proposition 6.10 (C' = 0) and from the
equivalence (a) <= (b).

(¢c) = (a) To prove the implication, note first that

R
VX,V € X(M): P(X"yMs=c (X" v,
where S is an arbitrary semispray. Indeed,

R R R R R R R
P(X",Y")S = K(X",Y")C = Dx1Dy+C — DyvDxnC — Dixn yC,
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R
where DxnC' = 0 by (4.9h), while

Dyt DyeC = DynDyyndS 20 Doy, 81442 1

e [Xh YU 4+ C'(X" Y,

_DXh.Yv -

R
Dy yoC = DJFXh v 08 2V LI RIX ), 8] = (XY,

R
thus we obtain the desired relation. We conclude that P = 0 implies that ' = 0 and,
therefore, that P = 0 (by (5.3b)); hence our assertion.

(a) = (d) In view of the property C’ = 0 it follows that in Berwald manifolds D" = D"
(c.f. 6.4(a)). Therefore it is enough to check that

VX € X(M): DxsC = 0.
Let X,Y,Z U € X(M) be arbitrary. lo? is h-metrical by Corollary 6.11, so
0= (Dyng) (C(Y", ZM),U") = X"g(C(Y?, ZM),U") — g(DxaC(Y?, Z"),U") —
—g(C(v", 70, D) SR XL T g) (2, UT) —
— g(DxrC(Y?, Z7),U") = (L g) (2", FIX", U"])

and hence
29(DxrC(Y", ZM), U") =
= XMY'g(Z°,U") = g(J[Y", 2", U") = g(Z°, JY",UM)) —
—Y”g(Z”,[Xh,U”]) + (Y, ZM, X" U) + g(27, T[Y", FIX", U']]) =
(1. 7a)

Xh (Yv (Zv, Uv)) o ng(Zv, [Xh, U'u]),
taking into account that from the proof of 2.15(b)

(a) <= (b)

JIY', FIX" U] = —J[F[X",U"],Y"] = —fE»(XC,YC)Uc 0.

Now we evaluate the term lo)XhC. For each vector fields Y, Z on M,
(DxnC)(Y?, ZM) = DynC(Y", Z4) — C(Dxn Y™, Z%) — C(Y", Dyn Z") =
LD (Y, 2 — C(FIX", Y], Z") — C(Y", F[X", Z7)).
Applying the last two results, we obtain:
zg((Bth) (Y, 7P, U”) = 2g(DxaC(Y?, ZM), U") —
2g(C(F[X",Y"), Z"),U") — 29(C(Y", FIX", 2")),U") =
= X"(Y'g(Z2°,U")) = Y'g(Z2",[X",U"]) = (Lixnyo T g) (2", U") —
(LyJ*g) (FIX", 2", U") = X"(Y'g(Z",U")) = Y'g(Z", [ X", U"]) —
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— (X" Y*g(Z2°,U") + g(J[[X", Y], 2"],U") + g(2°, T [[X", V"], U"])
_ ng([Xh,Zv], Uv) +g(J[YU,F[Xh,ZU]],UU) +
+g(X", 27, ", U") = =Y"g(2", [X" U")) + V" (X"g(2",U")) —

[¢]

—Y'g([X", Z",U") — g(P(X", Y)2°,U") =Y (X"g(Z",U")) —

gl 200 = v ) 2y (B ) (22,0 =0

since B is h-metrical. Hence 5hXC = 0.
(d) = (a) Assume D"C = 0. Then for each vector field X on TM, D,xC = 0. In
particular, taking the canonical spray S, we obtain:

0 = DysC = DgC ™2 ¢,

The vanishing of C’ implies by Theorem 6.3 that

VX,Y,Z € X(TM) : P(X,Y)Z = — (DuxC) (v, 2) L0,

so (M, E) is a Berwald manifold. With this we reach the end of the proof of 6.12. O

7. LOCALLY MINKOWSKI MANIFOLDS
7.1. Proposition and definition. Let (M, E) be a Berwald manifold. Then the following
conditions are equivalent:
(a) Q2= —%[h, h] =0, (b)) R=0,

o R
(c) R=0, (d) R =0.
If one, and therefore all, of these conditions are satisfied, then (M, E) is called a locally
Minkowski manifold.

Proof.
(a) <= (b) Since the second Cartan tensor C' vanishes in any Berwald manifold, formula
(5.2a) reduces to

(7.1) VX,Y,Z € X(TM): R(X,Y)Z =R(X,Y)Z +C(FQX,Y), Z)
in this case.We infer at once from (7.1) and 2.18 that (a) = (b). Conversely, suppose that
R = 0 and let S be the canonical spray. Then for each vector fields X,Y on TM,

(2.17)

0 WRX,V)S + C(FQX,Y),S) ¥ R(X,V)S 27 o(x,v),
so (b) = (a).
(b) <= (¢) We have just seen that R = 0 implies Q2 = 0. Then, by (7.1), R = 0; thus we

get the desired implication (b) = (c). The converse is obvious from (7.1) and (2.17).
(b) <= (d) If R = 0, then Q = 0 by the equivalence (a) <= (b) and we deduce from

R R
(5.2b) that R = 0. Thus (b) = (d). Assume R = 0. If S is the canonical spray again, then
from (5.2b)

VX,V € X(TM): 0=R(X,V)S = R(X,V)S — C(FQ(X, V), S) =
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(2.17)

YR, v)S @R, v)s 2 ax, v),
so €2 = 0 and, therefore, R = 0. O
7.2. Proposition. A Finsler manifold (M, E) is a locally Minkowski manifold if and only if
h

there exists a torsion-free, flat linear connection V on M whose horizontal lift V is h-metrical
with respect to the horizontal endomorphism arising from V.

Proof.
Necessity. Assume (M, E) is a locally Minkowski manifold. Then (M, E) is a Berwald
manifold as well; let V be its linear connection (in the sense of 6.6(a)). Then V is torsion-free

h
and, by Proposition 7.1, it is flat. In view of Lemma 6.8, the horizontal lift V of V is the
Berwald connection of (M, E), which is h-metrical by Corollary 6.11.

Sufficiency. Suppose that V is a torsion-free, flat linear connection on M, satisfying the
condition

h
vX E%((IM) : Vixg=0.
Let h be the horizontal endomorphism arising from V. Clearly, the tension, the torsion and

h
the curvature of h vanish. We claim that the Finsler connection (V,h) is of Berwald-type.
To show this, by Theorem 4.3 it is enough to check (4.3a) and (4.3b). For each vector fields
X,Y € x(M),

h h
P'(X" YY) = oT(X" V") =wv (thY” — Vy X" — [Xh,Y”]> =
X Y - (X Y] = 0
B(X", YY) := hT(X" Y") =0,

hence our statement. Let S be the geodesic spray of V ([6], p. 173). Then hS = S and for
any vector field X on M

2.14d)

h h
VinS = VynhS “EY hEIX! 18] = hF[X", O] = 0,

since the tension of h vanishes. Now we show that A is conservative. For each vector field
X on M, we have

h h
0= (Vth> (S,8) = X"g(S,9) — 2g (VXhS, S> = X"g(S,9) =
B2 xhg(1S, 1S) = Xhg(C,0) “E oxXh B = 2d, B(X©),

h
which gives the result. Finally we check that the (h)h-torsion A of V vanishes. For any two
vector fields X,Y on M,

h h
AX, YY) = hT(hX® hY®) =hT(X",Y")=h (thYh — Vyn X" — [X" Yh]> =

(2.13) h ((VXY)h B (VYX>h B [Xh,Yh]> _ (ny)h B (VYX)h XY =
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= (VXY— VyX - [X, Y])h =0,

since V is torsion-free. Now we infer from Theorem 4.3 that A is the Barthel endomorphism
h

and, therefore, (V,h) is the Berwald connection. Hence (M, E) is a Berwald manifold

satisfying the condition 2 = —%[h, h] = 0; i.e., (M, F) is a locally Minkowski manifold. O

7.3. Locally affine structures. Recall that an atlas A = (U, (u})!;),c4 of a manifold
M is said to be a locally affine structure on M if the transition functions

(9u2;

Ths: p € Us N U5 > Tos(p) = (M (p)) € GL(R")
((a, B) € A x A)

are constant. If X,V € X(U,), Y = Y52 and

VLY = X (V)2

s (a € A),

then the family (V%),c4 determines a well-defined linear connection V on M. We say that
V arises from the locally affine structure A. Clearly, the torsion tensor and the curvature
tensor of V vanish. Frobenius’ classical theorem on integrable distributions assures that the
converse is also true. Namely, we have

7.4. Lemma. A linear connection on a manifold M which has zero curvature and torsion
arises from a locally affine structure on M.

This is proved e.g. in [6].

7.5. Theorem. A Finsler manifold (M, E) is a locally Minkowski manifold if and only if

there exists an atlas (L[a,(ufl)?:l on M such that in the induced atlas

(71'71 (Z/{a); (xfp y(l;z)znzl) acA

)aEA

Vae A: 2E =y, 1< <ny

oz,

i.e. the energy function “does not depend on the position” over the induced charts.

Proof.

Necessity. Assume (M, E) is a locally Minkowski manifold. Then, in particular, (M, E)
is a Berwald manifold and the curvature tensor of its (torsion-free) linear connection V
vanishes by Proposition 7.2. Applying Lemma 7.4 it follows that V arises from a locally
affine structure A = (U, (u})}=;),., on M. Choose a chart (U, (u')iL,) € A (the lower
index « is omitted for simplicity). Then over U

Vo 55 =0, 1<4,j<n.
ou’

h
Since the Berwald connection of (M, FE) is just (V,h) by Lemma 6.8 (h is the Barthel
endomorphism), we have on the one hand

D( a.)h(%)v = %( 5 )h(%)v o (Vi%y =0 (1<4j<n)

aui out
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On the other hand, for each indices i,5 € {1,... ,n}

o v 4. h v] 6.9(ii)
D(i)w%) )" ()] el

du’
consequently
G, =0, 1<i,j,k<n.

Notice that the functions G¥ (introduced in 6.9) are homogeneous of degree 1. Thus, by
Euler’s theorem,

k L0GE (6.9¢) .
Gi :y-] Byj — y]GZ] :0, 1 SZ,kSTL.
Hence
o \h_ o .
(8ui) — oz’ 1§Z§n

Since the Barthel endomorphism is conservative, i.e. d,E = 0, we deduce

OzdhE(a(zi)c:dE(aii)h:dE(aaxi):gﬁa L<i<n.
It means that the atlas A has the desired property.
Sufficiency. Assume the condition holds. Again, choose a chart (Z/{, (ui)?zl) € A. Then

we have

oE =0, 1<i<n.
xr

Let h be the Barthel endomorphism. The coordinate expression of the property d,E = 0
reduces to the relation

Gfg—ﬁzo, 1<i<n.

Now from (6.9a) we deduce
Gk =0, 1<k<n.

Hence the functions G}, Gf; and G}, also vanish over U. The vanishing of the functions G}

ijl
means that P = 0, therefore (M, E) is a Berwald manifold (6.9(iii)). Finally, the relations
imply that 2 = 0, and this ends the proof. O
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