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Let Ry, R, be the relations on the positive integers not exceeding x given by
aRsb < albor bla, aRyb < lem(a,b) < z.

If niRfn;1q for ¢« = 1,2,..., — 1, then ny,no,...,n, is said to be a chain
of length ¢ for the relation Rf. Let f(x) denote the maximum value of /,
and define similarly a quantity g(z) for the relation R,. The second author
[Applications des entiers & diviseurs denses (Preprint)] showed that for all x >
2, cx/logz < f(x) < g(x) < dxloga for certain positive constants ¢, ¢’. In
this paper, the authors consider the minimum number ¢(z) of chains for the
relation Ry that are required in order that every positive integer < x belongs
to at least one such chain, and the corresponding number ~(z) for the relation
R,. The analogous quantity when the chains for Ry, R, are pairwise disjoint
is denoted by ¢*(x), v*(x), respectively. It is shown that there exist positive
constants ¢y, co, c3 such that for all z > 2,
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Although the proofs are elementary, the establishment of the upper bound for
¢(x), particularly, is somewhat intricate.
E.J.Scourfield (Egham)
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