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The main theorem of this paper is:

Suppose 6 is 0 or a limit ordinal, s € w, and 8 + s > 1. Then 2* < wy,s is
equivalent to the statement: For every n > 2 and partition L ULy U---UL, of
the lines of R", there is a partition R" = S USyU---U .S, such that each line
in L; meets S; in a set of size < wpys_p+1. (In the case § =0 and s—p+1 <0,
then each line in L; meets S; in a finite set.)

This yields as a corollary a classical result of Sierpinski that 2 = w; is equiv-
alent to the statement that there exists a partition R® = S; U Sy U S5 such
that for each 7 for every line [ parallel to the i-axis, [ N .S; is finite. It and
variations prove generalizations of Sierpinski which are due to Kuratowski,
Sikorski, Erdos, Davies, Bagemihl, Simms, Bergman, Hrushovski, Galvin, and
Gruenhage.

In the case of partitions into infinitely many pieces, their main result is: If the
lines L in R™ (n > 2) are partitioned into w disjoint pieces L = J,_,, Li, then
there is a partition R" = | S; such that for each 7 every line in L; meets
S; in a finite set.

A related question about partitions on w; is considered, and using the Axiom
of Determinateness (AD), the following result is obtained: (ZF + AD + DC)
For every partition [w]? = U< @n there is a partition w; = (J A,, such
that [Ay]? meets only finitely many @Q,, for each k < w.

This contrasts sharply with a result of Todorcevic that in ZFC there exists a
partition [w]? = J, ., @n such that for every uncountable A C wy, [A]* meets
every .

<w

n<w
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