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Let T =T, be a tree of order n, and F' = K (mq,mq,...,my) be the complete
multipartite graph with parts of order mg < m; < --- < my. For n sufficiently
large and my = mgy = 1, it has been shown that the Ramsey number r(F,T) =
k(n — 1) 4+ 1. This result is generalized by showing that with just my = 1 and
n sufficiently large,

kn—1)+1<r(FT) <k(r(K(1l,m),T)—1)+1.

Since it is known that r(K(1,mq),T) = n for the large class of trees that have
no vertices of large degree, the upper and lower bounds are frequently identical.
In all cases, these bounds are shown to differ by at most k.

For simple graphs F' and GG, the Ramsey number r(F, ) is the smallest integer
p such that if the edges of the complete graph K, are colored red and blue,
either the red subgraph contains a copy of I’ or the blue subgraph contains a
copy of G. If F' is a graph with chromatic number x(F'), then the chromatic
surplus s(F) is the smallest number of vertices in a color class under any x(F)-
coloring of the vertices of F.

For any connected graph G of order n > s(F'), the Ramsey number r(F, G)
satisfies the inequality

(1) r(F,G) = (X(F) = 1)(n = 1) + s(F).

This inequality follows from coloring red or blue the edges of a complete graph
on (x(F) —1)(n — 1) + s(F) — 1 vertices such that the red subgraph is iso-
morphic to (x(F) — 1)K, —1 U K p—1 and the blue subgraph is isomorphic to
the complement. When equality occurs in (1) we say that G is F-good. The
concept of F-goodness generalizes the classical simple result of Chvatal that
r(Ky,T,) = (k—1)(n— 1) + 1 [J. Graph Theory 1, 93 (1977; Zbl 351.05120)],
where K denotes the complete graph on k vertices and 7,, denotes a tree on
n vertices. The result of Chvétal has been generalized in many special cases
by replacing the complete graph K}, by a graph F' of chromatic number £, the
tree T, by a “sparse” graph G of order n, and the number 1 by s(F) (i.e., G
is F-good). Even in the case when G is “sparse” but not F-good, the lower
bound given in inequality (1) is in most cases a good approximation to the
Ramsey number r(F, G).

Our purpose is to investigate the Ramsey number r(F,T,,), when T, is a large-
order tree, and in particular to determine which large trees 7,, are F-good.
Since x(F) is important in determining the value of r(F,T,), it is natural
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to carefully consider the case when F = K(mg,my,...,my) is a complete
multipartite graph.
Not all trees are K(mg, my,...,my)-good when each m; > 2 or when my = 1

and m; > 2 for 1 < i < k. For example in [Ann. Discrete Math. 41, 79-89
(1989; Zbl 672.05063)] it was shown that

r(K(2,2), K(1,n —1)) > n+n'/? — 5n3/10

for n large. However, the principal result of [Graphs Comb. 3, 1-6 (1987; Zbl
612.05046)] is that each large-order tree T is K(1,1,mo, mg, ..., my)-good.
We will generalize this last result by proving the following theorem.

Theorem: If n is sufficiently large, then

r(K(1,my,...,mg),T,) > max{k(n — 1), k(r(K(1,my),T,) —2)} + 1,

and
T(K<1~ my, ..., WIk), Tn) < ]{3{7”([((1, m1>7 TN) - 1} + 1.
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