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This is a state of the art report on why the easy Fermat test for compos-
iteness will always have many successes and many failures. Specifically let
F(n) =#(amodn: a" ! =1modn}, soif n is not prime, there are F(n)
"false witnesses”. Since F'(n) is the order of a subgroup of (Z/nZ)x then
F(n)|¢(n) and indeed F'(n) = ¢(n) for Carmichael numbers (only conjectured
to be infinite).
The authors show (3, <, F(n))/n > x5/ for x large (the 3, . denotes
the exclusion of primes). Also, ([],<, F(n)Y* = cy(logz)¢ + ..., and this
estimate shows the "normal” order of F(n), ignoring sets of density 0. Similar
results hold for the ”Euler false witnesses”, where a("~1/2 = (a/n) mod n, and
for the ”strong false witnesses”, where a("~1/M =1 or else a("~D/N = —1 mod
n with N|M = 2¥||n — 1. Many other special properties of F'(n) are givenfor
both the normal and exceptional values. Only two are cited here: The most
successful case, F(n) =1 (a =1 only), occurs for (14 o(1)x)/(e7ylogloglog x)
cases < x; and F'(n) normally has log log log log nfactors.
The references go back to the first author [Q. J. Math., Oxf. Ser. 6, 205-213
(1935; Zbl 012.14905)] and the second author [Mathematika 27, 84- 89 (1980;
Zbl 437.10001)], (papers generally dealing with factors of p-1). The authors
note (in proof) that according to a private communication of E. Fouvry and B.
Rousselet, the exponent 15/23 can be reduced to 17/25.
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