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Lagrange showed that every natural number is the sum of at most four squares
of integers. In this paper the question is raised whether there are ”thin” sub-
sequences A of squares such that every natural number can still be expressed
as the sum of at most four squares in A. An answer is given by the following
theorem: For every € > 0 there exist a subsequence A, of squares and a con-
stant ¢ = c(€) > 0 such that every natural number is the sum of at most four
squares in A, and (%) A (z) := [A.N[1,2]| < cx/3F¢ [c.f. M. B. Nathanson,
Lect. Notes Math. 899, 301-310 (1981; Zbl 476.10042)]. The authors conjec-
ture that the exponent in (*) can be reduced to 1/4 + ¢ (meanwhile proved by
the reviewer; to appear).
Two other theorems state similar properties on the representation of integers
n # 4%(8m + 7) as the sum of three squares and on the representation of even
integers as the sum of two products of at most two odd primes. Here the
exponents in the inequalities corresponding to (*) are - apart from the e- best
possible (1/3 + € and 1/2 + € respectively).
All these results are based on a general lemma, which is proved by probabilistic
methods developed by the first author and A. Rényi [Acta Arith. 6, 83-110
(1960; Zbl 091.04401)].
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