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TFEOMETPUA ITPOCTPAHCTB KAPHO — KAPATEO/JOPU,
KBA3MKOH®OPMHbBINI AHAJIN3 1 TEOMETPUYECKAS TEOPUA MEPLI!

C. K. Bogonbsinos

IIpusogsiTca pesynbrarsl o reomerpun npocrpancts Kapuo — Kapareomopu. [lemoncTpupyercs
NIPUMEHEHNE 3THUX PE3YJIbTATOB ISl JTOKA3ATEIbCTBA P-nuddepeHupyeMOCTH JUIIIUIEBBIX U CIIa-
60 KOMIAKTHBIX OTOOparkenmit npocrpancts Kapuo — Kapareonopu. Ilokazaubl Tak»ke HEKOTODHIE
npuMeHeHusa Teopuu AudHepeHIupyeMOCTH K T€OMETPUYECKON TEOPUHM MePhl U TEOPUU KBA3ZUKOH-

dbopMHBIX 0TOOpaxKeHuit Ha npocrpancTBax Kapuo — Kapareonopu.

BBenenue

XOPpoIo U3BECTHO, YTO B OCHOBAHUU MIUPOKOTO KpPyra IpoOJeM TeOMeTPUIECKON Teo-
pun mepsr JiexkuT Teopema Pagemaxepa o guddepeHmupyemMocTy JIMIIIUIEBLIX 0TOOpaKe-
auit. Orobpaxkenue f: R — R™. y10BIeTBOPSIONIEE YCIOBUIO

[f (@) = f(y)] < Clz -y (1)

JJIst Bcex Touek T,y € R™, rae nocrosaras C He 3aBUCAT OT BBIOOpa, TOYeK =,y € R, Ha3bI-
BaeTcsd sunwuyessvim. Kak BUIHO U3 ONPEIESIEHUs, JUIIIUIEBBI OTOOPAKEHUST TIO3BOJISIOT
KOHTPOJINPOBATH TEOMETPUIO 00pa3a reoMeTprei mpoobpa3za.

B 1919 rony Pamemaxep nccimemoBan muddepeHnuasbable CBOMCTBA JUMIIUIIEBBIX OTO-
opakeruit. HanomauwMm, uro jimHeitHoe orobpaxenne L : R" — R™ nazwiBaercs duddepen-
yuasom oroopaxkernus f : R — R™ B Touke z, ecnn

[f(z +v) = f(2)] = L(v)| = o([v[) mpu v — 0.

Teopema 1 [37]. Beskoe smmimuneBo orobpaxkenne f : R" — R™ nugdepennupyemo
OYTH BCIOLY.

Heckonbkumu rogamu nozxke B. CrenanoB ycranopun guddepeHmpyeMocTsb oTobpa-
JKEHWI, y0BJIeTBOpAommx 6osiee cinabomy cpaBuTebHO ¢ (1) yeaoBuio: st 0oTo6parkennst
f:R* — R™ Bmecro ycious (1) o paccMorpest

@) = fw)

< 00 TOYTH BCIOAY. (2)
voe [z =yl
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Teopema 2 [40]. Besikoe smmnmmmneBo orobpaxkenune [ : R" — R™ | yropaerBopsioree
yeaosuio (2), auggepennupyemo noaTn BCromy.

Teopema 1 ciry>KUT OCHOBOW JIJId PEIIEHHs Psijia 33189 T€OMETPUIECKOI TEOPUU MEepBI
(cm., manpuwmep, [18, 19]). Teopembl 1 m 2 MMPOKO NPUMEHSIIOTCS B CMEXKHBIX Pa3JIeJax
aHaygu3a u ero mpuiaoxkerusx. Ormerum, uTo auddepeHIuPYyeEMOCTh KBA3UKOH(MOPMHBIX
oTOOpaskeHuil MoJIyvaeTcss HeloCPEACTBEeHHO u3 Teopembl CTernmanosa, Tak KakK BCAKOE KBa-
3UKOH(MDOPMHOE 0TOOpaXKeHUe YJIOBIETBOpsieT ycsioBuio (2) (cMm., nampumep, [11]).

Yenosue (1) merko o6o6maercs Ha ciydaii 0TOOpaKeHuii METPUIECKUX TPOCTPAHCTB:
orobpaxenune f : (M, d) — (M, J) METPHYECKUX IIPOCTPAHCTB HA3BLIBACTCH AUNULULEEDLM,
ecau

d(f(z), f(y)) < Cd(z,y) (3)

Juia Becex Touek T,y € M. Hawmenpmas nocrossaast C' B 3TOM HEPABEHCTBE HA3BIBAETCS
nocrosguauoM Jlunimuna u obo3uadaerca cumBosiom Lip f.

[TockosibKy pUMaHOBBI MHOTOOOPA3WsI JIOKAJIHHO €BKJIUIOBBI, TO OYEBHTHO JIUTIIIUIIEBBI
oTobpakeHnsi pUMAHOBBIX MHOT00Opasuit nuddepeHnupyeMbl MOUTH BCIOLY.

[Ipobaemy muddepeHnupyeMOCTH JUOIIANEBHIX OTOOPAYKEHU B HEPUMAHOBBIX MET-
pukax Brepsble uccregosad I1. Ilaucio [35] npu mzyvenun puddepeHnnaabHbIX CBOHCTB
KBa3sHKOH(MOPMHBIX oToOpazkeHui rpymnn KapHo.

Hanomuuwm, aro egpynnot Kapno [35] win empamuguyuposannot odrnopodnoti 2pynnot
[17] HasbIBaeTCS CBA3HAS OMHOCBSA3HAS HUJIbNOTeHTHas rpynna Jlu G, amre6pa Jlu V' ko-
TOpPOU passiaraercsd B mpamMyio cymmy Vi @ --- @ V,;, BEKTOPHBIX MPOCTPAHCTB TAKUX, ITO
dimV; > 2, [V1,Vi] = Vikgr g 1 < k <m —1u [V1,V,,,] = {0}. Ilycts BekTOpHBIE TTO-
asg Xi1,...,X1,, 0o6pazyior 6as3uc npocrpancrsa Vi. Ilockoneky onHm nopoxjaior V, jjs
Kaxgoro 1 < 4 < m MoxuO BRIOpaTh Oasuc X;;, 1 < j < n; = dimVj, B V;, obpazoan-
HBIH KOMMyTaTopamu mojeit Xy, C Vi mopsaka ¢ — 1. Oroxpgecrsum ajiementol g € G ¢

m
anementamu € RN N = 3" n;, . = (245), 1 <i < m, 1 < j < ny, IOCPEICTBOM KC-
i=1
MMOHEHIINAJILHOTO OTOOPaKEeHNU T exp(z :vinZ-j) = ¢g. Pacrsaxenus 0y, onpenessiemMmble Kak
0 = (£'@ij)1<i<m,1<j<n;» CYTh aBroMopduambl G g smoboro ¢ > 0. Mepa Jlebera dy
m
na RY — 6ummpapmantmasg mepa Xaapa na G, u d(d,z) = tVdz, tne v = Y. idimV; —
i=1
omHOpOIHAs padmepHOocTh Tpynnbl G. Mepa JleGera |E| uzamepumoro muoxectBa E C G

paena [ dz.
E
EBkmmmoso mpocTpancTso R co CTaHIApPTHON CTPYKTYpPO#l CAYKHAT IPUMEPOM abeJie-

BOUl TPYIIIBI: BEKTOPHBIE TIOJIST 6%1»’ 1 =1,...,n, He UMEIOT HETPUBHUAJIBHBIX KOMMY TAI[HOH-
HBIX COOTHOIIIEHU 1 00pa3yoT 6a3uc coorBeTcTByomieil aareopsl Jlu. [Ipumepom neabeste-
Boit rpynmnbl Kapuo asiserca rpynna leitzenbepra H”. Ee anrebpa Jlu umeer pazmepHOCTh
2n 4+ 1, a neatp ognomepen. Ecom X1,...,X,,,Yy,...,Y,, T — 6a3uc anrebps! [eitzentep-
ra, TO HETPUBHAJIHLHBIMU KOMMYTAIIMOHHBIMA COOTHOMEHUusIMU OyayT sutib [X;, Y;] = —4T,
1 =1,...,n, Bce ocTajbHbIe CKOOKYM PABHBI HYJIIO.

Onnopomuas HOpMa Ha rpynne G aBisierca menpepbiBHON dyHKImEd p : G — [0, 00)
kitacca C™ na G\ {0}, obuagaromeii cpoiicrBamu:
(a) plx) = pla=1) 1 p(d(x)) = tp(a):
(b) p(z) = 0 Torma u Tonpko TOrHA, Korga r = 0;

(c) cymecTByer mocrosauas ¢ > () Takas, 4TO p(mlmg) < c(p(z1) + p(z2)) mna Beex
r1,T2 € G.
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EcrecTBeHHO, 9TO OJHOPO/IHAS HOPMA ONPEIEJIeTCs HEOTHO3HAYHO, OJIHAKO JIIOOBIE JIBe
OJIHOPOJIHBIE HOPMbI 3KBUBAJEHTHBI MEXK Iy cOO0ii: eciim p1 u po — JIBE OJHOPOIHBIE HOPMBI,
TO CYIIECTBYIOT MIOCTOSIHHBIE €1 U Co Takme, 9T0 0 < ¢1 < p1(z)/p2(z) < ¢ < oo murst mo6oro
z € G, ormmanoro ot 0. Jasee Ha rpynme Kapao Mbl (puKCcHpyeM TaKy0 OJHOPOIHYIO HOPMY
p, aro p(X;;(0))" paBuserca qmne BekTopa X;;(0) OTHOCHTENIHLHO CKATIAPHOTO TIPOM3BE/IE-
HUST B KACATEJBHOM TTPOCTPAHCTRE K equauie rpynmbl, 1 <1 < m, 1 < 7 < n;. OxnopogHast
HOPMAa OIIPEJIEJIIET OJHOPOIHYI0 METPUKY 7 JJis JIOOBIX JABYX TOYeK =,y € G mosmaraem
p(z,y) = p(y~1z). OrHOCWTENBHO 3TOI METPWKWM CTAHIAPTHBLIM 06pa3oM 3amaforcs cde-
pot S(x,t), maper B(z,t) u Tomosorusi, KOTOpas OKa3bIBAETCA IKBUBAJEHTHON €BKJINIOBOMA.
Hopmupyem mepy JleGera takum o6pazom, utobel mepa tmapa B(0,1) paBHIIACH pUMAHOBY
obbemy mapa exp~ 1 (B(0,1)). Torma |B(0,7)| = yr”, tne v = |B(0,1)].

Ha6op X1, X5, ..., X, 6a3ucHbIX BEKTOPOB IpocTpaHcTBa V) (3/716Ch U J1ajiee Toaraem,
aro ny = n u Xqy; = X;, rge @ = 1,...,7n) yJOBJIETBOPSET yCJOBHUIO TUIIOJLIANTAIHOCTH
Xépmangepa [23]. Paccmosanuem Kapno — Kapameodopu d(x,y) MeXIy ABYMs TOIKAMU
z,y € G Ha3BRIBAETCSA HUKHSASA IPAHb JIJIMH BCEX TOPU3OHTAJIBHBIX KPUBBIX ¢ KOHIIEBBIMHU TOY-
KAMH T,7, TJe JJIUHA W3MEpSIeTcs PUMAHOBOH METPHKOMN, a TOPU30HTAJbHAS KPHUBAsA €CTh
abCOIOTHO HEIPEPLIBHBINA KYCOYHO-TJIA KU My Th, KACATEJbHBIA BEKTOP KOTOPOTO IIPUHA/I-
agexut V. Moxno nokazarhk, uro d(z,y) BCerga sBASETCS KOHEIHOW JIECBOMHBAPUAHTHON
MeTpPUKOii, mpudyeM paccrosuus d(z,y) u p(z,y) SKBUBAJEHTHBI: CYIIECTBYIOT HOCTOSHHbBIE
c3 m ¢q Takue, 910 0 < 3 < d(z,y)/p(z,y) < ca < 00 pas moboro z,y € G, x # y.

I1. ITauco monyamn obobienne TeopeMbl Pajiemaxepa Ha rpynnsl KapHo B caeayiomei

dopwme.

Teopema 3 [35]. Besikoe smnmmuneBo orobpaxkenne [ : U — G OTKPBITOTO MHOXK€ECT-
Ba U rpynnet Kapao G B rpynny Kapro G P-audppepernupyemo nouru Bcroxy. Coor-
BercrBytonuii P-auggepennuany romomopuszm anrebp Jlu oupenensercss oTobpakeHu-
em X;(g) = X;if(9) € Hy(y)(N) 6azucupIx BEKTOPOB rOPH30HTAJLHOIO HOJPACCIOCHHS,
1=1,...,n.

3necwy P-dugdpepenyuan L : G — G MHTEPIPETUPYETCS KaK 20MoMmopPusm rpyni Kap-
HO TaKOW, 4TO ~

1) L(exp Hy) C exp Hy,

2) L(6,v) = 6, L(v) most Becex v € G u t > 0,

3) 04-1 (f ()~ f (26,v)) cxomurest pasHOMepHO K L(v) npu t — ) Ha BCSIKOH KOMIAKTHOM
qacTu 06JIACTH OnpeeseHns oToOpaKeHus f.

B pa6ore [35] chopmynuposano takxke 0600menne Teopembl CrenaHoBa HA PYIIIbI
Kapmo, ogaako 310T pe3yabTaT ocTaByieH Tam 6e3 moapoOHOTO JoKa3aTenbcrBa. [lpu BHU-
MAaTeJIbHOM aHAJIN3e OKA3aJI0Ch, UTO U3BECTHBIE B €BKJIUJOBOM MPOCTPAHCTBE APTyMEHTHI B
cryudae rpynn Kaprao #e paboraior. OCHOBHAsI TPUYUHA, COCTOUT B TOM, 9TO B €BKJIUJIOBOM
MIPOCTPAHCTBE BCSIKOE JIUIIITUIEBO OTOOpaKeHe N3MEPUMOTO MHOXKECTBA MOXKET OBITH TTPO-
JIOIZKEHO JI0 JIMIIIIUIEBA 0TOOPAKEHUsT BCEr0 €BKJINI0BA TPOCTPanCTBa (Teopema Kupmiba-
yma), a Ha rpynmax Kapro Takoit Teopemsl HeT (KpoMe CiIydasi, KOrjaa 06JacTh 3HAYEHUT —
eBKJIMJIOBO MPOCTPAHCTBO). [loaromy muddepeHnmupyeMocTh JIMIIANIEBBIX 0TOOPaKeHuii,
OTIpeIeIeHHBIX HA U3MEPUMOM MHOXKECTBE OJHOH rpymnbl KapHo co 3HAYEHUSIMU B JPYTOi
rpynmne KapHo, H0KHA yCTAHABIUBATHCS KAK CAMOCTOSITE/bHBIN PE3yJIbTaT. 3aMeTuM, 94TO
ero JI0Ka3aTesIbCTBO, moaydentoe B [8, 41], Tpebyer 3HaUNTETILHO GOJIEe TOHKUX PACCY K Ie-
HUI 110 CPABHEHUIO C JI0KA3ATEIBCTBOM TEOPEMBI 3.
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Teopema 4 [8, 41]. Besikoe smunmuineBo orobpazkenune f : E — G H3MEpHUMOr0 MHO-
xkectBa F rpynner Kapro G B rpynmy Kapro G P-audppepernupyemvo noaru serogy. Coor-
BercrBytompuii P-aupepennnany romomopgusm anrebp Jlu onpenensgerca orobpaxeHneMm
Xi(g) — X;f(g9) € Vi(f(g)) 6asucubix BekTOpOB ropusonTajapHOoro nojapaccaoenus Vi(g),
1=1,...,n.

O60061mmenne Teopembl CrenaHoBa Ha TPyNmbl KapHO — 3TO mpsiMoe CJIEJCTBUE Teope-
MBI 4.

Teopema 5 [8, 41]. Beakoe orobpaxenne f : E — G usmepumoro muoxecrsa E
rpynnsl Kapao G B rpynny Kapro G, ynoBierBopsiomee yCJI0BHIO

= dlf(2), £ )

< oo auag nodrH Beex ¢ € G,
vy d(z,y)

P-mudppepenmupyemo nourn serony.  Coorsercrsytomuii P-augpepeninany romomop-
¢usm anrebp JIu onpenensierca orobpaxenuem X;(g) — X;f(g) € Vi(f(g)) 6azucupix
BEKTOPOB TOPH30HTAJIBHOTO nioapaccaoenus Vi(g), i = 1,... ,n, rae npu onpejegennn npo-
M3BOJHOI BJIOJIb BEKTOPHOI'O II0JISI HCIIOJIb3YETCS AINPOKCHMATHBHBII 1ipejes [41].

Teopema 4 jreKUT TAKKe B OCHOBAHUN T€OMETPUUIECKOM TEOPUHU Mephl Ha rpymmax Kap-
HO: C €e TIOMOIIBIO JIOKA3bIBAIOTCS TEOPEMbI O 3aMeHe lepeMeHHOll B uaTerpase JleGera |8,
41] u dopmymsr mutomau [28, 38, 41], a TaKKe HCCIEAYIOTCS CIPAMIIsIeMble MHOXKECTBa, [38],
" JpyTHWe BOIPOCHI.

Crenmansao ormerum pabory JIx. Hurepa [16], B KoTopoit pazsuta KoHtenws gudde-
pPeEHIUPOBaHUA JIJId BEINECTBECHHO3HAYHBIX JIMIIIITUIIEBBIX @yHKHI/Iﬁ, OIIpeIeJICeHHbIX HAa MET-
PUYECKUX TTPOCTPAHCTBAX, YIOBIETBOPSAIONIAX HEKOTOPHIM YCIOBHAM HA WX reoMerpmio. K
COXKAJICHUIO, TIOKA, HE CYIIEeCTByeT CTOJb 00Ieil Konneniun quddepenmpoBanus AJjis JTUTI-
MIUTEBBIX OTOOPAYKEHWH METPUUIECKHUX MPOCTPAHCTB TPH YCJIOBUHU, UTO OOJIACTH 3HAYECHUIA
OTJIMIHa OT €BKJINJIOBa IMPOCTPAHCTBA.

Iess coobriennst — nokasarh, ciaenyst pabore [4], kak konuenuust auddepenuppyemoc-
TH PACTIPOCTPAHSIETCS HA, JIUMIITUIEBHI OTOOpaxKenus npocrpancTs Kapno — Kapareomopu,
a 3aTeM MPUMEHUTH €€ K HEKOTOPBHIM 33a9aM aHAJU3A.

§ 1. IIpocrpauncrea Kapuo — Kapareogopu

ITpocrpancreo Kapno — Kapareonopu (cc-npocrpancrso) M xapakrepusyercs [20]
KaK PUMAaHOBO MHOTOOOpa3me kjacca C'°°, B kacarenbHoM paccioerauu 1M koToporo Bbije-
JIEHO TOpmM30HTaJbHOE Toapaccioeane HM C TM, yposierBopsiforiee ciaeayommum aared-
PAMYECKUM YCJIOBUSIM HA KOMMYTATOPBI TIAJKUX BEKTOPHBIX noseit { X1, ... , X, }, o6pa3sy-
fomux JoKaIbHbIH 6azuc B8 HM, n = dim HM: BekTopusie mons {Xi,..., X, } Bmecre co
BCEMHU CBOMMM KOMMyTaTtopamu 10 nopsyka k € N Brmounrensuo nopoxgaor 8 TM(g)
nogupocrpancTBo Hi1M(g) D HiM(g) (momaraem Hi1M(g) = HM(g)), pa3mepHOCTH KO-
TOPOro He 3aBUCHUT OT BbIOOpa ToukM g. IIpu srom npeanonaraercs, aro Hy,M(g) = TM(g)
JIJIST HEKOTOPOTO kg, T7Ie kg — MUHUMAJIBHOE [EJI0e YUCII0, YIOBIETBOPSIONIEE STOMY CBOUCT-
By. Ecim kg = 0, o HM(g) = TM(g) s Bcex g € M, u, cienoBaresibHO, MBI UMeEM
PHMAHOBO MHOr0OOpasmue.

Ompenesnum BekTopubie mong X;, ¢ = 1,..., N, obpasyomue 6azuc T,U B Kax-
jgoit touke g € U C M, cieayronuMm ob6pa3oM: Ha HEPBOM IIare K BEKTOPHBIM TIOJISIM
Xi,..., Xdim H,, 00pa3yoOIuM HEKOTODHBI JIOKaJbHBIN Oazuc Hi, JobaBiisieM BEKTODHBIE
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nonsgd Xaim Hy+1s - - - s Xdim H, TaK, 9T00BI ot X1, ..., Xdim g, 00pa3oBbiBaiu Oazuc Ho;
ua (k — 1)-om mare x momsim X7, ..., Xaim f,_, Jo06aBisteM BeKTOPHBIE OIS Xdim Hy ;+1
..« XdimH, TaK, 9T00b Mo Xy, ..., Xqim g, 0o0pasoBeBaim Gasmuc Hy. B pesysnbrare
3a Cy maroB Mbl MOJIyYUM UCKOMBINH HAOOp BekTOpHBIX mosei X;, 1 = 1,..., N. Kaxno-
My BeKTOpHOMY moiio X; comocraBuM HaTypasbHoe uucio deg X; = min{j | X; € H;},
Ha3BIBAEMOE B jasbHelnem (popmarvrot) cmenenwvio noas X;. Ouesnano deg X; < 1.
Kycouno-rnagkaa kpusag vy : [a,b] — M HazbIBaeTCs TOPU3OHTAIBHOlM, ecim Y(t) €

b
HiM(v(t))). Ee nymna n3mepsiercss pumanosbiM tersopom Ha M: [(y) = [ ||§(t)|| dt. Xopo-
a

o u3BecTHa Teopema Pamesckoro — Yoy, cm., Hanpumep, [20], B COOTBETCTBUH ¢ KOTOPOii
sio0bie JIBe TOYKY U, v CBa3uON okpectHOocTH U C M MOXKHO COEIMHUTH KyCOIHO-TJIAIKOM
TOPU30HTAJIBLHON KPUBOIi Y KOHEUHO# JytuHbI [ (7).

cc-Paccrostame Kapuo — Kapareonopu d(z, y) mexay Toukamu x,y € M onpenensercs
KaK TOYHAs HUXKHSAS TPAHb JUIMH 20PU30HMAALHOIE KPUBBIX, COCIUHSIIONINX TOYKHA L, Y, U
SIBJISIETCSI HEPUMAHOBBIM, et Hi — coOCTBEHHOE TTOIPACCIIOEHHE.

HoxkazarenbcTBo audHepeHIupyeMOCTH JIUMIIATIEBBIX OTOOPaKEeHU# B KaTEropuu
CC-TIPOCTPAHCTB OCHOBBIBAETCH HA, Cieayomux dhakTax cyopuManoBoii reomerpun. 3BecT-
HO (cM., HanmpuMmep, [13]), uro orobpazkenue

N
O (z1,....2N) = exp(inXi) og, 64(0)=104(0,...,0) =g,
i=1

N = dim Hy,, aBagerca raagkum auddeomMopdu3MOM HEKOTOPOTO €BKIUI0BA IIApa
B.(0,¢4), TI€ €5 — IDOCTATOYHO MAJIOE TIOJIOKHUTEJHHOE UNCIIO, B HEKOTOPYIO OKPECTHOCTH
O(g) mouku g. Habop umcen {z;}, i = 1,...,N, tne (z1,...,2N) = 0;1u € B.(0,¢g),

N
Ha3bIBAETCS Koopdunamamu 1-20 poda ToUKM U = exp(z m,-X,-) og.
i=1
oA -1
Onpenesum B O(g) epynny pacmascenutt Ay = 0400, 06, ", rje ojHONApAMETPUYECKOe
ceMeicTBO orobpaykenwii d;, ¢ > 0, B KoopauHaTax 1-ro poja JeicTByeT Kak

0t (z1,...,zN) — (tdegxlxl,...,tdegXNmN).

Paccmorpum ma muoxkectse O(g) mabop Bextopmbix moseit {e98Xi X} = {X¢}, i =
1,...,N.

Copaseius cieayommii pe3ysabrar, ycranosiennsiii B [20, 31]. Mbr maem apyroe
JIOKA3aTeabCTBO ITOrO CBOiCTBA, KOTOpOe Gumxke K MeTozam pabor [23, 34].

Jlemma 1 [31]. Bekropabie moas (A.-1).X]

i, t=1,..., N, cxonarca paBHOMEDHO Ha
O(g) npu e — 0 K HEKOTOPBIM TJIAJKHUM BEKTOPHBIM IIOJISIM X 4; DA 3TOM HAOOD BEKTODHBIX
moJtekt {XZ}, 1 =1,...,N, obpaszyer 6a3muc BEKTOPHBIX IOJEH HHJLIOTEHTHOH I'payHpO-
BaHHOI asreOpsr JIu Hekoropoii nokasasHol rpynnsl Kapuo B O(g), npuaem X; (9) = Xi(9),
t=1,...,N. Ilocneanee papeHCTBO MIEPEHOCHT Ha KacaTeabHoe npocTpancTso TgM cTpyk-
TYpy HHJIBIIOTEHTHOH ajreopsr Jlu.

Cumsosnom exp sX (u) Mbl 0603HAYAEM HHTErPAJIBHYIO JMHUIO BEKTOpHOrO mois X ¢
HaganoM B Touke u € O(g). Hamomuum [10], 9ro rpynmosas onepanus B JIOKaJILHO# rpyIine
Kapno, ynomaayToit B JeMMe 1, JJId 3J1eMEHTOB

a = exp (i Oéin') (9) € O(g), b=exp (i /BiXi> (9) € O(g),
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OTIPEIeJISIeTCS CJIEIYIONUM 00Pa30oM:

N N
a-b=exp (Z ﬁin-) 0 exp (Z aiXi) (9),
i=1 i=1

rje Habopbl unces a; u (3; — CTOJIb MaJIbl, 9TO MPaBas 9acTh IOCAEJIHET0 PABEHCTBA TPH-
nasgiexxut O(g).

OOPEAENEHUE 1. Merpuueckoe npocrpanctBo (O(g),d.) ¢ paccrosamem KapHo —
Kapareomopu d., onpenenseMoro nocpeacTsoM Habopa BEKTOPHBIX TTOJICH {)?Z}, HA3BIBACTC
HUABTOMEHMHBM Kacameavrvim Kornycom I'pomosa mpocrpancTsa Kapuo — Kaparteomopu
(O(g),d) B Touke g.

Takum 06pa3oM, KaCATENbHBIH B CMBICIE ['pOMOBa KOHYC CC-TIPOCTPAHCTBA B TOYKE
g € M monemupyerca snokanwsuoit rpynnoit Kapuo (O(g),d.). Ymobuo paccmarpusarh
okpectHocTh (O(g) TOUKH g Kak Merpudueckoe momampoctpancTso (O(g),d), Tak u okpect-
HOCTH €IWHUIEI HeKOTOPOoi rpymnmnsl Kapwo.

B cuiny semmvbr 1 HUIBIOTEHTHBIN KACATEBLHBIN KOHYC MMEET CTPYKTYPY JIOKAJIHHOM
rpymmbl Kapro. KoHnenmus HUIBIOTEHTHOrO KACATEIBHOTO KOHYCA TPHHAJIEKAT I poMo-
By [20]. B ciiyuae pumMaHOBBIX NPOCTPAHCTB JIMHEHHAs] CTPYKTYPa B KACATEJIHHOM KOHYCE
OIIpeIeNIIeTCA 9epe3 KOOPAUHATEI IIEPBOTO POJIa. 3aMETHM, 9TO TAKOH MOAXO/ K OIpe Iese-
HUIO KaCATEJHHOW CTPYKTYPBI B PUMAHOBOHN reoMeTpuu OOBITHO He UCroib3yercd. [lpuanna
3J1€Ch COCTOUT B TOM, 9YTO METPUKH B PHMAHOBOM IIPOCTPAHCTBE W B HOPMAJILHON CHCTEME
KOODJIMHAT KBAa3WM30METPUIHBI, ITpudeM KOI(DDUIMEHT KBA3ZUU3OMETPUIHOCTH TeMm OJiu-
K€ K eJIUHUIE, 9eM MEHBIIE OKPECTHOCTh PACCMATPUBAEMON TOUKH. IDTOT (PaKT OOBITHO
BBIPAKAIOT CJIOBAMH, 9TO METPUIECKAS CTPYKTYPa PUMAHOBA MHOTOOOPa3ns JIOKAJILHO €BK-
muoBa. B ciydae npocrpancts Kapuo — Kapareomopu merpuku npocrpancts (O(g),d) u
(O(g),d.) yxe ue cpaBauMBbI [32]. DT0 03HAYAET, UTO JIAJKe [IPH UCCJIEJIOBAHUN JIOKAJIbHBIX
mpobJyieM HEOOXOANMO W300peTATh HOBBIE METOIHI.

JIoKaJIbHOE MOBEIECHNE METPHUK OIMCAHO B CJIEIYIOMIEM YTBEPK ICHUH.

Teopema 6 [4]. Paccmorpum B O(g) BekTOpHBIE 110151

N N
Vszg ;e Xi X, n Vezg aedesXi X,

i=1 7=1

e 0 < ¢ < g9, a; € [—1,1] — nocrosinabie KOIpDULHEHTHI, £ — JAOCTATOYHO MAJIOE
ancio. Torpma Haiigyrces koHcTanThl K1, C1, He 3aBucsiue ot Bbibopa touku § € O(g) u
k03¢ punuenTos «;, TaKkue, ITO

max {d(exp V-(9), exp Vz(9)), de(exp V- (9), exp V2 (9)) } < Cre' ™.

Huxe BBOIMTCS OCHOBHOE JJjis JAHHON pabOTHI OIpeJiesieHHe <«KACATEIbHON» CXOIM-
MOCTH.

ONOPEAENEHUE 2. Paccmorpum cemeiictBo merpuaeckux npocrpancTs (O(g), g) npu
mautbix € > 0. Ilycts mocnemoBarensaocTs aucen €; — 0 npu ¢ — 00. Bymem roBoputsh, 910
HOCIIEIOBATENILHOCTE {x; € B(g,&;R)}ien crodumes k Touke z € B.(g, R), tne B. — map
B Merpuke d. paauyca R, ecmu de(Aq).,xi,x) — 0 mpu e — 0.

JokazaTenbcTBO GOPMYTHPYEMOii HIKe TeopeMbl 0 audpepeHtmpyemMocTn 6a3upyeTcs

Ha CJEIYIONIEM CBOUCTBE, TPEJICTABIIAIONIEM HE3ABUCUMBIN WHTEPEC.
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Teopema 7 [4]. Ilocnenosarenbnocts Kpusbix vi(k) € B;i(g,1), k € [0,1], rze

N N

= exp(z (ke; )8 Xi X ) --oexp<z (ke;)eXi X )( ) € Bi(g,1),

Jj=1 Jj=1

lim ozp =opj arap =1,...,0, 5 = 1,...,N, cxomurca npu lim &; = 0 x Kpunoi
i —00 J 1—00

v(k) € Be(g,1), k € [0,1], rge

N N
v(Kk) = exp (Z Kkdee Xjal’j)?j) 0+ 0exp (Z /{dengaLj)?j) (9), ke€]0,1].

j=1 7j=1

[Iycts E — mamepumoe muoxkectBo B M. Orobpaxkenue f : (E,d) — (1\7JI, ci) YJIOBJIET-
BOpsier ycsaoBuio Jlunmmna, ecin Jyist Bcex Tovek x,y € E poimonusiercs coorHomenue (3).

Orob6paxenwue f : (E,d) — (M,J) HazbBaerca P-duddepernvyupyemmm B Toure g € E,
ecan cymecryer romomopdusm L : (Og,d.) — ((5f(g),cic) TAKOI, 4TOo

1) dL(e) — romomopdu3mM ropu30HTAJIBHBIX MOAIPOCTPAHCTB, T. €. dL(e) : H, — H 1,

2) L(0w) = 6;L(w) mist eex w € (O, d,) u mocrarouno mamsix ¢ > 0,

3) d(f(w), L(w)) = o(d(g,w)) mnpum O(g) 5w — g.

Ormernm, 9TO KacaTebHBI KOHYC rpynmbl Kapno — sro cama rpynma Kapno. Ilo-
sromy, eciiu M u Ml — rpynmnsr Kapro, To onpegenenuniii 3;1ech gudHepennmast CoBIaaeT
¢ P-nudpdepennmaiom [lancro.

Crenyromuit pe3ysibrar 0000maeT n3BecTHYIO Teopemy Pamemaxepa o guddepenuupy-
€MOCTH JIUIIIATIEBBIX (DYHKITHIA.

Teopema 8 [4]. IIyctrb E C M — usmepumoe muoxecrso, u nycrs f : B — M —
gunmaieBo orobpaxenne n3 B M. Torna [ ‘P-auddgepennupyemo mouTe BCIOAY HA
E n guppepennman eanncreen.  Coorsercrsyommii 'P-anddepennnany romoMopgusm
aure6p JIu onpenemsiercs orobpasxennem X;(g) — X;f(g) € H1(f(g)) 6asucubix BekTopos
TOPH30HTAIBHOTO HOAPACCTOCHHS H (9),i=1,...,n

B kagecTBe ciiegcTBrst MBI TIOyYaeM 00001enne Teopembl CTenaHoBa.

Teopema 9 [4]. Ilycte E C M — wm3mepumoe MHOXKecTBO, H mycthb [ : E — M —
orobpaxenwne n3 E B M takoe, aro

lim —— 22 < oo
r—g,r€EE d@%g)
auist moutn Beex g € E. Torma orobpaxkenne f P-aupdepennupyemo n. B. Ha E u P-auc-
¢epernuan equacreen. CoorBercrBytomniuii P-augpepeniiuany romomopgusm aarebp Jln
ompenensiercs orobpaxennem X;(g) — X;f(g) € H 1(f(g)) 6a3mcHBIX BEKTOPOB rOpH30H-

tagbpHOTO moapaccaoenus Hi(g), @ = 1,... ,n, e npu onpeaeseHnd mpOu3BOJHON BJOTb
BEKTODHOI'O I0JIs HCIIOJIB3YETCsl ANIPOKCHMATUBHBIH npeaes [41].



T'eomerpust mpocrparcTs Kapao — Kapareomopn 1-21

§ 2. Orobpakenusi kiaacco CobosieBa

npoctpanctB Kapuo — Kapareogopu

CumBosiom B(z,7) obo3nagaercs map B ce-merpuke d: B(z,r) = {y € M : d(z,y) <
r}. CrapmapTHBIM 06pa30M OTHOCHTEJHHO CC-METPUKH OMPEIEIISIOTCa XaycaopdhOoBbl Me-
pa u pasmeprocth Ha M. B pa6ore [31] noxcumrano, uro xaycuopdosa pasmMepHOCTH U
cc-tipoctpancTBa M BBIpazkaeTcs HpopMysioi

ko
v = k(dim HyM(z) — dim Hy,_;M(z)),
k=1

rae nosnoxkeno HoM(z) = {0} u mostomy dim HoM(z) = 0. B cuny ycrosus, HamoKeHHOTO
Ha KOMMYTATOPBI BEKTOPHBIX HOJIeﬁ, HalvCaHHadA CyMMa HE 3aBUCHUT OT B])I60pa, TOYKHU T.
Cranpapraas Mepa | - | Ha pumaHoBom MHOroo6pasum M peryssipHa, B CJieiyonem
cMbicie: cce-map B(z,r) Kak OTKpbITOe MHOXKECTBO B M yI0BII€TBOPSIET CJIEIyOIIEMY COOT-
HOIIIEHUTO
cir’ < |B(z,r)| < cor” (4)

JJIsl JOCTATOYHO MAJIBIX T, TIE €1 W Cz — MOCTOSTHHBIE, He 3aBUCSINNE OT BHIOOPA TOYKU T
HA HEKOTOPOM (DUKCHPOBAHHOM KOMIAKTHOM MHOXKecTBe F' C M.

O6ozuaunM cumBojioMm HY v-mepryio mepy Xaycaopda OTHOCHTEBHO CC-METPUKH d.
U3 (4) BbTekaer, 9To HA JIOOOM KOMIOAKTHOM TOAMHOXKecTBe B M mepa HY mpomopimo-
HasjbHa Mepe Jlebera.

HamomawnMm, aTo jiokaasHO cymmupyemast pyakiust g; : 2 — R HaswiBaercs 00001IeH-
Hoit mpousBoaHoil pyukmuu f :  — R Bmoab BeKTOpHOrO moss X;, eciau

[ oswanria) = - Q/ X dH (z)

Q
Juist sioboit recrosoit dynkmum 1 € CFP(Q), tae X! — nuddepenumanbueiii oneparop,
GOpMATIBHO COTIPSKEHHBIH K omepaTopy X;. Ilociennee o3HavaeT Cleayoliee: €Cid B

N

HEKOTOPO#i CHCTeMe KOOD/IUHAT BEKTOpHOe moe X; = ) a;j %, TO
: J
=1

Moo
X;p= Zl aTj(aijw)-

Bamernm, uro B ciaydae rpynn Kapro X = X;. Bekrop V. f(z) = (91(2),... ,9n(7)) €
HM(z) naswiBaercs o6o6mienuniv rpaguenTom (yakmuu f. [onaraem eme X; f = g;.

ONOPEAEJIEHUE KJIACCOB COBOJIEBA. ITycts Q) — obaacts B cc-npocrpanctie (M d).
Oyukiug [ : Q — R npunamiexur npocrpancrsy CoboseBa qu’lOC(Q), q=>1,ecmm f €
Ly10c(Q2) u cymecrByer 0606mennas npoussoguas f : 8 — R rosns Bekroproro nomust X,
i=1,...,n, npuxaanexamas L 1oc(€2).

IMycrs (X,7) — NpOU3BONILHOE METPHYECKOE MPOCTPAHCTBO. MBI TOBOPHM, 4TO OTO-
opaxkenue orobpaxkenue f : 0 — X npunadaeoscum xaaccy Cobosesa qu’lOC(Q;X), ecn
BBITIOJTHSIIOTCSI CJIEYIOIUE YCIIOBUSI:
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(A) Hysa moboro z € X dynkius
[f]:: 23 2 d(f(2),2)

npunagexut kaccy Wy, (Q).

(B) CemeiicTBo cbyHKum/I (V[f]:)2ex mMeeT MaxkopaHTy, TPUHAJIEKANLYIO KIIACCY
Lg10c(€2), 1. e. cymecrByer dbyukuus g € Lgioc(§), He 3aBucsmas oT z Takas, 9ITO
IVelel:(z)| < g(z) ns mourn Beex z € Q.

B cnyqae M = R" npuBeseHHOe BhIlie omnpejesnenne oTobpaxkenus kiacca CobosmeBa
conaaer ¢ onpejenennem 0. I. Pemernsika [12]. B pa6ore aBropa [41] u3 sToro onpee-
JIEHNS BLIBEIEHBI MHOTOUYHUCJIEHHBIE CBOMCTBA O0TOOparkeHnii Kiaccop CobosieBa Ha Ipynnax
Kapmo. IIpuBenem 00001eHrsI HEKOTOPBIX U3 ITUX CBOUCTB HA CIy9ail CC-IIPOCTPAHCTB.

2.1. IToroueunsie oneHKu. [IpuBOIUMbBIi HUXKE PE3yIHTAT — OUEBHTHOE 00O00IEHTE
paccyxaenuii paborst [2]. s sokanbHO nHTErpupyemMoii (hyHKIMK U IPOM3BOJILHOTO MIAPa
B B cc-nipocrparcTse M paccMOTpuM cpejiHee 3HaUeHUe fp = f fdx dysruun f Ha mape

B

B. Ecmu f € L}I(M), q € [1,00), TO cupaBeIMBa CJIEAYIONAs OLEHKA JJIsl IIOTEHIMAIA
Pucca [24, 26, 27]:

@) sl < | %d%“(y) (5)
2B

JIJIST TIOYTH BCeX To4Uek & € B, rye mocrosinaas C BHIOMPAETCS IO KOMTTAKTHOMY MHOXKECTBY
F, KoTOpoMy NIpUHAJIJIEXKAT TEHTPBI BHIOMPAEMBIX MIAPOB, M HEKOTOPO BEJTMYUHE T, OTPa-
HUYMBAIONIEH PAIMyChl PACCMATPUBAEMBIX MAPOB (31ech u gasuee kB nua mapa B = B(z,t)
ectb map B(xz, kt)). Hdusg todek z,y € F onpemenum map B HAMMEHBIIETO PAIINYCa € TEHT-
poM B TOYKe @ Takoii, uro z,y € B u d(r,a) = d(y,a). Ilpumenss mepasencrso (5),
oIy 9aeM

[f(z) = f()l < |f(x) = FB] +1f(y) = fB]

Vef(z )| v |ch vy —
<0<B e e / = Vel G g, )) C(I + ).

OnennM nepBblil U3 UHTErPAJIOB B MPABOM YaCTH, BTOPOil ONEHMBaeTCa aHagtoruano. Ode-
BuHO, uT0 2B C By = B(x,t), rae § = 3d(z,y). Orcioga nveem

Vo) VefO
| i d(z, 2)7- c Z / d(a, 271 )

B Bl\ - B1

I

N

211

015223‘

/ Ve f ()| dH (2) < CLoM; |V o | @),

1

29 1
21’—1

rjpe C 3aBUCHT OT TIOCTOSHHBIX B COOTHOMmEHNUA (4), a

Msg(z) = sup{|B(:v,r)|_1 / lg| dz : r < (5},
B(z,r)
— MakcuMaJjbHas (PYHKIMA, KOTOpad OYEBUIHO ONpejlesieHa, Jjis J000# JIOKAJLHO CyM-

mupyemoit dyukiun g (ecmm § = 00, ot BMecto Mo, g(x) 6ymem nucars npocto Mg(z)).
OKOHYIATESHHO TPUXOIUM K CIIEIYIONEMY PE3YIIbTATY.
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1

Ilpennoxxenne 1. Ecin ¢pynkuusa f € W .. (M), ¢ € [1,00], To a1 smoboro kom-
naktaOr0 MuOXkectBa F' C M cymecrByror nocrostaras Cs n maOX.ecTBo S C F HymeBo#
MepbI TaKhe, 4TO JIJI BCeX ToUek x,y € F'\ S cupasemiuBo nepapencrso

[f () = F(y)| < Csd(z,y)(Msa(w,y) (V£ f1)(2) + Msa,y) (IVef1) (1Y) (6)

2.2. ®opmagabHBI guddepennuan orodbpaxkenuii kKiaaccoB CoboseBa. U3
HOTOYETHON OTeHKHY (6) BhITEKaeT BaskHOE it oToOpaxkeHuil kiaccoB CoboseBa CBOHCTBO.

IIpeanoxxeaue 2. Ilycre orobpaxernne f : M — X npunamaexur kiaaccy Cobosesa
qu (M;X), ¢ > 1, a O C M — komnakrras obaacrs. Torma js moboro € > 0 cymecrByer
nzmepumoe MHoxkecto A C O rakoe, uro |O \ A| < € u cyxxenme |4 yjopaersopsier
ycaoBuro Jlummmnria.

< @urcupyem € > 0 n kommakTHyo obsacts 2 3 O takyio, aro O C Q. Hus maoboit
byukmun f € W;(M), q > 1, n3 mpennoxennsa 1 BBITEKAET CYIIECTBOBAHWE MHOXKECTBA
S C O nynesoii Mepsl u Heorpunareasuoit Gynkyun g € L,(O) takux, 9T0 BBIIOIHSETCS
CITeTYTOIIee TTIOTOUYETHOE HEPABEHCTRO:

[f (@) = F(y)] < d(z, y)($(z) + b(y))

I Beex Touek z,y € O\ S. 3amernm, 9To B KAUeCTBE 1) MOKHO B3ATh POU3BEICHIE MAK-
cumastbHOl dbyHakmn ot |V f| Ha HEKOTOPYT0 NOCTOSIHHYIO, 3aBUCsILyT0 OT ) (Ipeosiara-
ercs, uto |V f| npomomxkena nynem na gononuennu K §2). (Hamomunwm, uto ¢ meTpukoit d
OKPECTHOCTH O ABJIACTCA METPUYICCKUM TIIPOCTPAHCTBOM OJHOPOJHOTO THUIIA, IIO3TOMY MaK-
cuMasIbHast (DYHKIUS SBIISETCS OTPAHIIEHHBIM oepaTopoM B L, (O), ¢ > 1, cum., Hampumep,
[39].)

Ecmu ¢ = 1, To mpuBe/ieHHas TOTOUEYHAs ONEeHKa BepHa Takxe jmsa f € Wi(M) npn
YCJIOBMHM, 9TO HeoTpuuareiabHas GyHKums ¢ yaosiaersopsier yciosuio [{z € O : g(z) >
k}| < Ck™! nna seaxoro k > 0.

Qukcupyem z € X u pacemorpuMm dyukmmo [f].(z) = r(z, f(z)). Bamerum, uro mo-
cKoJbKY 0bsacth  orpanmnuena, 1o [¢], € W, (), Tak Kax

IVelfl:l(z) < g(xz) nourm Beromy B , a g € Ly ().

[osromy, moacrasnss B |f(z) — f(y)| < p(z,y)(P(z) + ¢P(y)) bynkmmo [f]. Bmecro f,
rojydaeM HEPaBEHCTBO

|1f]:(z) = [f1:(y)| < d(z,y)(Mg(z) + Mg(y)) (7)

1ist Beex Touek x,y € O\ S,, tme S, — HEKOTOpOe MHOMKEeCTBO HyseBoil Mepwl. I[IpaBas
qacrb B (7) He 3aBucuT OT 2. Bosiee TOro, 10 N3BECTHBIM CBOWCTBAM MaKCHMAJIbHON (DyHK-
unn g npunaaexur L,(O) mpu g > 1 u [{z € O : g(z) > k} < Ck™ npu ¢ = 1 nna
Begxoro k > 0.

PaccMoTpumM npon3BoiibHOE CYeTHOE BCIOLY MIoTHOE MHOXKeCTBO Z C f(O) n nosoxum

S = USZ.

z2€Z
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Torma |S| = 0. Ilyets A = {z € O : g(z) < k}, tae k nonbupaercs HACTOIBKO GOIBIITHM,
arobel |0\ A| < e. Torma |r(z, f(x)) — r(z, f(y))] < 2kd(z,y) ans n06bIx TOYEK T,y €
A w z € Z. Boibupas npom3BOJIBbHYIO TOCJIEIOBATEIBHOCTh TOUEK z; — f(z), momydaem
HEPABEHCTBO

r(f(2), [(y)) < 2kd(z,y)

Juis Beex Touek z,y € A. Takum obpasom, cyxkenue f|4 ymoBsierBopser yciaouio Jlummmm-
ma. > ~

Ecim X = M — ce-mpocrpancTBo, 10 10 Teopeme 8 orpanmuenue f|4 muddepen-
nupyemo nmouru Beiony wa A. CregoBaresipHO, B MOYTH BCEX TOYKax £ € A onpeneseHo
coorsercrsue X;(z) — X;f(z), rue B Boipaxenun X, f(z) = 3 f(exptX;(z))|s=o mpenen
HNOHMMAETCs B allPOKCUMAaTUBHOM cMbicie [41]. Takum obpasom, jist nourn Beex € A co-
orBercreue X;(z) — X, f(z) nopoxgaer romomopdusm anrebp Jlu KacaTesbHBIX KOHYCOB,
KOTOPBI O6yeM Ha3bIBATh (PopMasvhoim Juddeperuuanom.

Takum 06pa3oM, U3 NpeJIOKEHUs 2 U TeOPeMbI 8 TOYUeH CJeIYIONMHA HeOXK M IAHHbII
pe3yJIbTAT.

Teopema 10. Ilycrs M M — cc-ipocrpaHcTBa, a f : M — M — oTobpaXkeHne
kaacca Wy ioc(M; M), ¢ > 1. Torga g nourn Beex x € M orobpakenne X;(z) — X, f(x)
IOPOXK AaeT roMoMopgusM anredbp JIn KacaTeabHBIX KOHYCOB.

3AMEYAHUE 1. B cnexayromem nyHKTe OyIeT JJ0Ka3aHA abCOIMIOTHAS HEMPEPBHIBHOCTD
orobpaxkenuit kjacco CoboseBa mpu ¢ > 1, Tak uto npu ¢ > 1 MOXHO CYUTATH, UTO TPO-
m3BogHasa X; f(x) B poOpMyIMpPOBKE TEOPEMBI TIOHUMAETCSI B OOBITHOM PUMAHOBOM CMBICIIE.

2.3. ACL-CsoiicrBo. Orobpaxenue f : [—a,a] — X B MeTpuueckoe IpOCTPAHCTBO
(X,7) mazwiBaeTCH AOCONOMHO HENPEPLIGHBIM, €Cau juis Joboro € > 0 cymecrsyer § > 0
TaKOe, YTO JJIs JI000# COBOKYIHOCTh B3AMMHO HETIEPECEKAIONINXCsS WHTEPBAIIOB (ay, 3;) €
[—a,al, i € N, ya0BIeTBOPAIOMIHX YCIOBHIO

> (B — ) <0, mveem Z F(B) <
1

ITycts X — Kakoe-HUOYIH TOPUIOHTAILHOE BEKTOPHOE TIONE, OTPEIETIEHHOe HA, OTKPhI-
rom muOK)ecTBe O cc-npocrpancrea M. Takum o6paszom, X (z) # 0 u X(z) € HiM(z) mna
goboro x € 0. Bynem mpemnonarars, uro 3ambikanue O kommakTo B M u O conepxur
noaMHOTr00Opasue S KopasMepHOCTH 1, TpaHCBEpCAJbHOE BEKTOPHOMY OO0 X, T. €. BeK-
Top X () He aBysgeTcsa KacaTeJbHBIM K S B Kaxk10it Touke x € S. Ilycts eme orobparkenune
@ :(s,t) = exptX(s) asnserca muddeomopduzmom S X (—a,a) va O.

Ilpennoxxenne 3. Ilycrs f: M — X — orobpaxenne knacca Wy ioc(M; X), g > 1.
Torma gust moutu Beex § € S OTHOCHTEIBLHO TOBEPXHOCTHOH MephI HA S orobpakenwe f
abcomoTHO HenpepbIBHO HA cioe exptX (s), t € (—a,a).

< Qukcupyem B f (M) C X HEKOTOpOE CUETHOE BCIOAY ILIOTHOE MHOXKECTBO Z. BozbmeMm
IIPOM3BOIBHYI0 KOMIAKTHYIO obsacts Q@ C M takyio, uro O C €. s moboro z € Z
dbyukmusa [f], : Q3 z — r(f(z),z) TIpUHAIIEKAT KIACCY Wl(Q) " CYIIECTBYeT (DYHKIIHSA
g € Ly(Q), ne zasucsamas or z takas, 410 |V [f].(z)| < g( ) Juist ouTH BCex T € €
(mosmaraem masiee, aro g(x) = 0 Bue muoxecrsa ). CrenoBarenbuo, mist byukuun [f],
CIIpaBe/JINBA IIOTOYETHAs OleHKa (6):

[£1:(2) = [F1.(y)| < d(z,y)(Mg(x) + Mg(y)), (8)
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rae z,y € O\ ¥ — npousBOJIBLHBIE TOYKH, MHOXKECTBO Y HYJIEBOIl MepbI HE 3aBUCUT OT
z. Bamernm, 9T0 ¢ METPUKON d OKpecTHOCTH () SBJISIETCS METPUIECKHM MTPOCTPAHCTBOM
OJIHOPOJTHOTO THUIIA, TIOITOMY MAKCUMAJIbHAs (DYHKIUS SABJIFETCA OIPAHUYEHHBIM OTIEPATO-
pom B Ly(O), ¢ > 1, cm., nanpumep, [39]. ITosromy Mg € L,(O). Ilpumenss teopemy
@y6unu, mosydaeM, 9To JJIs OITH Beex s € S dyukmusa g € L, (O) na cioe v = exp tX(s),
t € (—a,a), KOTOPBI TEpPECEKAETC ¢ MHOXKECTBOM Z 110 MHOXKECTBY HyJieBOi mepbr. Ha
Ka’KJIOM TAKOM CJIO€ M3 IIOTOYEeTHOl omeHkH (8) BhITeKaet, uro dbynkuus [f], umeer 0606-
HIEHHYIO POM3BOJHYIO Ha o€ 7y [2; Teopema 3| M 1109TOMY abCONIOTHO HENPEPBLIBHA HA 7.
CaepoBaresibHO, Ha Ja1060M nHTEpBase («, ) ciost y nmeem

[f1215(8) = [f1:15 ()] < / Mg(exptX(s))dt.
[,]

Takum ob6paszom, npupamenue GbyHKIy [f],|, BIOIB €105t 7y KOHTPOIUPYETCS HHTETPATIOM
or ¢dyurnuu Mg, He 3aucammm oT Bbibopa z. CiegoBaTeNbHO, BO3MOXKEH P bHBII
nepexoJ 1o 2z, a TaK KakK COBOKYIHOCTh Touek 2z mjorHa B f(M), nocnemnee nepaBeHCTBO
cripaBeuBo Jyist Jioboit Touku z € f(M). IMomarag z = f(«), nomyanm

r(f(a), f(B)) < / Mg(exptX(s))dt.
[a,5]

OTcrofa HETOCPEICTBEHHO TPOBEpsieTcst abCOTIOTHAS HEMPEPHIBHOCTH OTOOpakenns f Ha
cioe y. Takum o6pazom, jJoka3aHa abCOMIOTHAS HETPEPBIBHOCTH OTOOpaXKeHus f Ha MOYTH
BCEX CJIOSIX 7Y BEKTOPHOTO mosiga X. [>

2.4. P-NquddepeunnupyemMocTs oTobpaxkeHuii kjaccoB CoboJsieBa.

Teopema 11. Ilycrs M, M— cc-mpoctpaHcTsa, a f : M — M— 0TOOpAaKEHHE KJIACCA
Coboesa qu,loc(M; M), v < q. Torna f P-audpepennupyemo nouarn sciogy 8 M u coor-
BETCTBYIOIIAH eMy roMomMop¢gusm aarebp Jlu copnajaer ¢ popMaibHbIM JrhdepeHnmaasom
Teopembl 10).

< V3 noroueunoit onenku (5) Mo CTAHJIAPTHON CXeMe MOIydYaeM MOJYJIh HEMPEPBIBHOC-

T PYHKIUU @ € qu,loc(M)7 q>v:

|so(m)—so<y)|<0d(m,y)1—%( / |v£so|qdz)" (©)
B(z,2r)

Juist o6bIx Touek z,y € B(z,r), B(z,2r) C M, r < rg, tae nocroganas C 3aBUCAT

oT mocTosHHO u3 (5), TOYKM T, ONEHKHM Jyls PajMycoB 7o M Nokasatens q. Ilonaras B
sepaserctse (9) o(y) = (7)) = d(f(2), f(y)), morysaen

o). 10) < Catwy ([ grtaz)’, (10)
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Juist mo0bix y € B(z,r), B(z,2r) C M, rme g — w3 onpejesnenus 0ToOpaXkeHus KIacca
CobouieBa. OTcroga BbITEKAET

.
e d(z,y)

— d(f (@), f () <0,<7@ SN T dz)?

B(z,2r)

Tak kak mpasast 9aCTh KOHeuHa mouTu BCiopy B M (110 Teopeme Jlebera o muddepenumpy-
eMOCTH, CM., Hampumep, [9]), To

= df(2), £ )

< oo moury Bciogy B ML
vz d(z,y)

Takum obpasoMm, [ ymaoBiaerBopsgeT ycioBuio TeopeMbl 9. [lostomy, f P-auddepernnmpyemo
noutu Beiogay Ha Ml mpumaem coorBercrByomuit P-auddepenimany romomopdusm aaredbp

JIu onpesnensiercs orobpaxennem X;(g) — X;f(g) € H1(f(g)) 6asucubix BEKTOPOB ropu-
30HTAJILHOTO TIOIPACCIOCHU ST H, (9),i=1,...,n, tae npu ONpeIeJI€HUN TIPOU3BOIHON B0
BEKTOPHOTO TIOJIST HCIOIBL3YETCA ANMIPOKCUMATHBHEIH mpeten. [lockombky mo Teopeme 10 To
XKe camoe oTobpaskeHne TIopoxkaeT popMaabHbIH auddepernnal aaredp JIun kKacaTeabHBIX
KOHYCOB, TO, CJIeJIOBATEbHO, OHU COBNAJIAIOT. >

Henpepwisrnoe orobpaxkenue f : M — M nHaswbiBaercs ¥6a3UMOHOMOHHBIM, €CIIA Cy-
mecTByer mocrosinaas K > 1 rmakast, 9To Kosebanme orobparxkenwsi [ Ha JI0O60M Ia-
pe B(z,r) C M kouTposnupyercsa konebanuem f na rpanudnoii cepe S(z,r), . e.

diam(f(B(z,r))) < K diam(f(S(z,r)))

qrs Beex 0 < r < ro(z).

Teopema 12. Beakoe HenpepbIBHOE KBASUMOHOTOHHOE oToOpaskenue f : M — M xac-
ca CoboJiesa W,}’IOC(M; M) P-auppepennupyemo nouru Bcroay B M u coorsercTByrommii
eMy romomMop¢usm aarebp Jlu coBnagaer ¢ ¢popmasbabiM gudepeniipaiom reopemspr 10.

< Teopema 12 n0Ka3bIBAETCSI IO CXEMe JIOKA3ATENbCTBA AHAJOTMYHOTO PE3yJIbTATA
u3 [41]. >

2.5. N-Csoiicteo Jlysuna. Hamommum, uto Mepa Xaycmopda mmoxkectsa A C X
onpezessiercs Kak npejes H*(A) = 5lir£0 HE(A), Toe
—

HE(A) = 7a inf{Z(diamEj)o‘ LA C UEJ}

coBokynHocTh E; C X, j € N, obpasyer nmokpsiTue MHOXKecTBa A Takoe, uro diam E; < 0,
Q. — HEOTPUIATEJHHOE YUCJIO, Yo — HOPMUPYIOMIUH MHOKHUTETb.

Ilycts mamel gBa cc-mpocrpanctBa M m M, mpmyem xaycmopdoBa pasMepHOCTH v
nepsoro m3 HUX He Oombmre xaycmopdosoit pasmeprocTn BTOporo v < U. Otobpakenune
f:Q—= M, QC M, obramaer N -ceoticmeom Jlysuna, ecim o6pas f(E) mo6oro MHOXKECT-
Ba FF C M mynesoit mepnl umeer mnysneByo HY-mepy Xaycaopda B M.
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Teopema 13. Bcskoe HeIIpEPHIBHOE KBA3HMOHOTOHHOE orobpaxkemme f : M — M
kaacca Cobonesa W}, (M; M) (1 menpepsisroe orobpasenue f : M — M kuacca Cobonesa

1 -V s
Wq,IOC(M,M), q > v) obmamaer N-cpoticreom Jlyzuna. B wacrHOCTH, 06pa3 mzmepumMoro
MHOXKeCTBa sIBJIsieTcst HY -n3mepumbivM MHOKeCTBOM B f(E).

< CdopmynupoBaHHAa TeOpEMa JOKAZBIBAETCA IO CXEMe COOTBETCTBYIOMIErO Pe3yslh-
tata u3 [41; Teopema 7.1]. ITokaxkem cxemy paccyxjenuii npu ¢ € (v,00). Hocrarouno
JIOKA3aTh yTBEPKJICHUE TEOPEMBI JIJIsi MHOKECTBA, F Hys1eBoii Mephl 13 KOMIIAKTHO BJIOXKEH-
Hoit obsactu 2 C ML Ilycte U C {2 — OTKpBITOE MHOXKECTBO, cojepxaiiee F. V3BecTHO,
9TO CYIIECTBYET COBOKYNHOCTH mapos B(z;,r;) C U Takas, 9To

(1) U C UZ»B(ZEZ',?”Z');

(2) B(zi,2r;) C U u Y, XB(ai,2r)(x) < N, e uncno N me 3aBucur or BBIGOpa

OTKPBITOTO MHOKeCTBa, U, COBOKYIMHOCTH mapoB u Touku - € U.
DTOMY yCJIOBHIO YAOBIETBOPAET COBOKYITHOCTD MIAPOB U3 PA3JIOKEHHU THIA Y UTHH O0JIACTH
U na mapsel cM., Hanpumep, [6]. TIpumennm ouenky (10) juist ouenku kosebanust oTrobpa-
x)enust [ Ha mape B(z;,r;):
(@i (Blasr) < GlBGr) 5 ([ )

B(z;,2r;)

rje nocrosunag C] He 3aBUCHT OT BbIGOpa mapa. Jlig BHIOpAHHON COBOKYIHOCTH MIAPOB
{B(z;,r;)} nonyaaem

oo (B) S HLS(U) < ) HES (Blwir) < D _(diam(f (Blwi;r:))))”

<Clzi:|B(xi,ri)|1_%< / gq(z)dz>%

B(mi,2ri)

<a(Smen) (S [ o)

t B(mi,2ri)

< 02|U|1—%(/g%z)dz) "

U

r
q

rie nocrosguuas Co He 3aBuUCUT OT BbhIOOpa mHOXkecTBa U. Tak kak mepa mHoxkectBa U
MOXKeET ObITh BRIOPAHA CKOJIb yrogHo majoii, To f(F) umeer HY-mepy Hysab, u 06pa3 n3me-
pumoro muoxkectBa HY-u3mepum B M. >

Caexcreme 1. Ilycrs f: M — M — HEMPEPBHIBHOE OTKPHITOE OTOOPAYKEHHE KJIACCA
Cobonesa W', (M;M). Torna f obnanaer N-cpoiicreom Jlysmna: HY f(E) = 0, ecin

,loc

|E| =0, E C M. B gacrrocTn, 06pa3 uamMepumMoro Muoxkecrsa HY -uzmepum B M.

SAMEYAHUE 2. Ecmu f : Q@ — R*, Q C R", — romeomopdusm (KBA3UMOHOTOHHOE
orobpaxenne) knacca CoGomesa W, (4 R"), 10 yreepsx aenne ceacrems 1 (teopemsr 13)
JpyruM crocobom Jgokazano B [36] ([30]).

3AMEYAHUE 3. Teopema 13 oueBmgHBIM 00pa3oM 0000IIAETCS Ha CIydail 0ToOparxKe-
auii f : M — X co 3HAYEHUAME B TPOX3BOILHOM METPHYECKOM MIPOCTPAHCTEE X AHAJIOTHIHO
TOMY, Kak 910 czesnano B [41], korpga M — sro rpynmna Kapro.
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§ 3. DJileMeHTBI T€EOMETPUYIECKON TEOPUU MEPHI

Ha npoctpaHcTBax Kapuo — Kapareomopu

3.1. B 3TtoM pasjesie Mbl TIOKaXKeM KaK PEe3yJIbTAThl T€OMETPUIECKOW TEOPUU MEPHI,
yCTaHOBJIEHHBIE B ciryvae rpynn Kapho B [8, 41], MoKHO 06001UTH HA CC-IIPOCTPAHCTBA.

Mper paccmaTpuBaeM 371eCh cc-mrpocTpancTsa M M Takue, 9To XaycaopdoBa pa3mep-
HOCTH I/ IEPBOTO M3 HUX HE TIPEBOCXOJUT XaycaophOBOii pasMEpHOCTH I/ BTOPOTO.

MoxHuo mokazarh, cienys [41], aro mus gunmmnesa orobpaxkenus f : E — M, rue
E C M — usmepuMoe MHOXKECTBO, JIJIs TIOUTH BeexX = € I cymecTByeT mpejen

i {H”f(EﬂB(y,t)).
t=0+ | ‘HY(E N B(y,t))

ye B(w,t)} 70 (0), (1)

KOTOPBIN CIIyXKUT JIOKAJIHHON XapaKTEPUCTUKON MCKAYKEHUs MED U UT'PAET POJIb SKOOMAHA.
Hanomuawum, aro gynkyuets xpammocmu (mmm unduxampucoti Banazxa) N(y, f, A) oro-
opaxenus f, A C E, Ha3BIBAeTCA BEJINUNHA

card(f~2(y) N A) = #{z € f7(y) N A}.

Teopema 14. IIpeamonoxnm, 910 F1, ... , By C M — m3mepumbre MaoXecTBa, B =
U?Zl E;, a orobpaxenne f : E — M, E C M, v < U, takoso, uro orpanmuenne f|g,
JIHIIIIAIIEBO JJIsT J1ioboro j u ssxobuan Jy(x) narerpupyem na E. Torna ¢yHknus KpaTHOCTH
N(y, f, E) namepuma na M u

[ e i@ = [ Ny s,y am ).
E M

C momompio TeopeMbl 8 MOXKHO YCTAHOBHTH KaK xapakrepuctuka (11) cazama c
P-mnddepennmaiom.

IMpennoxxenme 4. Ilpeamonoxum, aro E C M — m3amepumoe orobpaxenune, a f :
E — M — junmmuneso orobpaxenne. Torga ajas noarw Becex x € E cymecrByer npenes

g {dE0BD), _HDIBE) e p s

H(ENB.0) Y€ B(‘”’t)} = Js(o) HYB(z, 1)

3.2. Bynem ropoputh, 4TO (hopmyaa naowadu CpaBeayuBa Jig orobpaxkenus f
E - M, E C M — uzmepumoe MHOXKECTBO W UV < I, €CJIU BBIMOJIHSIIOTCS CJIEIYIOIINe
TPY YCIIOBUSA JJI TIPOU3BOILHON m3MepuMoi ¢pyHkmmu u : F — R u mo6oro mamMepuMoro
mHOXKecTBa A C E: B
1) Oynkumm A 3 z — u(z)J(z) u M €y — > u(z) u3mepumsl.
zef~1(y)nA
2) Ecm dbynknms v HEOTpUIATENLHA, TO

/ w() T () dH () = / S () aH(y). (12)

4 L wefTiwnA
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3) Ecim omna u3 dynkimii

Ad>z— u(z)Jf(z) n M € y Z u(zx)
zef~1(y)NA

HHTErpupyemMa, TO BTOpas TaKzKe WHTerpupyeMa ¥ crpasemBa dhopmysia (12).
U3 reopembr 14 crangaprabiM 06pa3oM, cM., Hanpumep, [41], monyvaem ciepyiongyio

dopMyITy IIOMIAIHN.

Teopema 15. IIpeamonoxnum, aro Ey, ..., B C M — m3mepumMble maOXeCTBA, F =
U;?:l E;, orobpaxenne f : E — M, v < U, TakoBo, uro orpanndenne f| E; JIMIIIAIEBO JJI5
kaxsoro j. Torma cnpapemiuBa popmyna mromamn (12).

W3 dhopmysibl BEITEKAIOT MHOTHE CJIEJICTBYS, KOTOPBIE B ciy4ae rpynn Kapao ycranos-
sennl B [41]. Mbr copmysupyem 3/1ech JBa U3 HUX.

Teopema 16. IIpennosoxum, 4T0 HeIpepbiBHOE 0TOOpaXkerne f : ) — M, QCcM—
OTKDBITOE MHOXKECTBO, UV < U/, YJIOBIETBOPAET ONHOMY H3 CJEJYIONINX yCIOBHI:
(1) f npunagnexur kmaccy Cobonesa qu (M), v < g;

,loc
1 STV -
(2) f xBasumonoronno u npunasexut Kaaccy Cobonesa W, (€2 M);

(3) f mpumammexur kaaccy CoboseBa W;’IOC(Q; 1\7JI), q > 1, m obnanaer N -cpoiictBom
Jly3una.
Torna cripaBemnnuBa ¢popmyna mromaa (12).
B rmeopeme 16 dopmysa momaau npusegeHa Jjisi orobpaxkennit kiaccos Cobosiesa,
obnamaromux N -ceoiicreom Jlysuna, cm., Teopemy 13. Bo Bcex oCTaqbHBIX (JIydasx OHA
BepHA B clieayorieil (popme.

Teopema 17. Ilpennonoxum, ato gano orobpaxenne f : Q) — I\NAI, Q C M — orkpsr-
TOe MHOXECTBO, V < U, kiaacca CoboneBa W;’IOC(Q;M), 1 € ¢ < v. Torga cymecrByer
MHOXECTBO HyJieBOi Mepbl 3 C §) Takoe, 4To JJIst JHOO0ro u3MepuMoro Maoxectsa A C )
CHPABEIJIABA, CAEAYIONAsT (POPMYJIa TLIOIIATH:

[uam@are=[ Y u@aew.

A 5 o€ N(AE)

rjie 4 — NPOU3BOJIBHASI HEOTPHUIATENbHAS H3MEPUMAas (DYHKIHMsI TaKas, 4TO IPOU3BEIEHHE
u(z)J¢(z) narerpupyemo.

§ 4. KBasukoHdOpMHBIE OTOOparKeHUs

npoctpanctB Kapuo — Kapareogopu

CoBpemeHHasi TeOpust KBaA3MKOH(POPMHBIX 0TOOpaXKEeHW# B €BKJIUIOBOM TPOCTPAHCTBE
npejcraBisieT coboil ecTeCTBEHHOE PA3BUTHE JIByMEPHOUW TEOPUU W UMEET MHOTOYHUC/IEHHBIE
CBSI3M CO CMEXKHBIMU pa3JieJlaMu anaau3a (cM., Hampumep, [11]).

Ksazukoudopmubie oTobparkenus Ha HEPUMAHOBBIX TPOCTPAHCTBAX BIIEPBBHIE PACCMAT-
puBasmcy MocToBbiM [33] mpu wuccieoBaHuU MPOGJIEMBI KIIACCH(DUKAIMHE METPUIECKUX
MPOCTPAHCTB MOCTOSTHHOM OTPUIIATEIbHON KPUBU3HBL. B JI0Ka3aTe/IbCTBE TEOPEMBI O YKECT-
koctu MOCTOB HCITONIH30BaJT KBa3UKOH(MOPMHbBIE TPpeoOpa30BaHus UAEAJIbHON TDAHUIILI He-
KOTOPOTO CHMMETPHYECKOro mpoctpancTea. M. I'poMoB mokasaj, 9TO TeoMeTpusi TaKOl
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AJeATbHON IPAHUIBI MOJIEJTUPYETCS HUJIBIIOTEHTHOM Tpymnoi ¢ MeTpukoit Kapuno — Kapa-
TEOJI0PH, HE SIBJIAIONIEHCS PUMAHOBONW. DTH MHOHEPCKUE PAOOTHI CTUMYJIMPOBAJIA HHTEPEC K
U3y9IEeHUIO0 KBA3UKOH(MDOPMHBIX 0TOOpaykeHuii Ha rpynmnax Kapuo [35] u 6osree o61ux mpoct-
pancreax Kapuno — Kapareomopu [29]. TIpu sroM oTmernm, 4T0 HMJIBIOTEHTHBIE I'DYII-
bl ¥ MHOTO0OpAa3wusi, MOPOXK,/IaeMble BEKTOPHBIMU TOJIIMHU, YIOBJIETBOPSIONUMA YCIOBUIO
Xépmanjepa [23], ¢ HEpUMAHOBBIMY METPUKAMHU, U3YYAIUCH PAHEe IIPU UCCIEJ0BAHNUY PsiIa
BOIIPOCOB TEOPHHU CYOIIUNITHIECKUX YPABHEHUH, M., Hanpumep, [14, 15, 34] u ap. Teopusa
npocrparcTB Kapao — Kapareonopu npuMeHsieTcst B 334a9aX, CBA3AHHBIX ¢ HETOJIOHOMHOMN
MeXaHWKO# 1 Jpyrux husMyueckux 3ajadax, cM., Hanpumep, MmoHorpadmuio [32], B KoTOpPOIi
[IpHUBeIeHa moapobHasa 6ubanorpadusa mo sroMmy Bompocy. VcciemoBanue TeOpun KBA3UKOH-
dopmubIx 0oTOOpakeHwmit Ha rpynmax KapHO cTUMyImpOBajiOCh TaKKe CBA3bI0 ITUX OTO-
OpakeHuii ¢ HEKOTOPBIMU (DYHKIIHOHAJIBHBIME KJIACCAMH (B YACTHOCTH, TPOCTPAHCTBAMU
Cobonesa u BMO) [1, 2, 7, 42, 43].

CucremaTnvieckoe pa3BUTHE TEOPUM KBA3MKOH(OPMHBIX OTOOpaXKEHUN HA TPYIIax
Kapuo navasiocs ¢ rpyunsl Teitzenbepra [25], Ha npumMepe KOTOPOH BWJIHO, 9TO HAJWYUE
HETPUBUAJHLHBIX KOMMYTAIIMOHHBIX COOTHOIIEHUT TpeOyeT pa3BUTHUS JIOTIOTHUTEILHOTO (110
CPABHEHMIO C KJIACCHYECKOW CUTyalnueil) aHaJuTHIeCKOro anmapara, KOTOPBIH JaBajl Obl
BO3MOXKHOCTH paboOTaTh ¢ KBa3WKOH(MOPMHBIMEU OTOOpaXKeHusaMHu Ha rpynmnax Kapuo ¢ Toit
xe 3 dexkruBHOCTHIO, 9T0 U B R™. OnHOI M3 MEpBBIX 3334, B 4aCTHOCTH, OBLIA, 3aJa-
4a 00 3KBUBAJIEHTHOCTH PA3JIUYHBIX OnpejeseHuii kpasukondopmuoctu. C 3TOi HEabIo
OLLIM BBEJEHDLI aIEKBATHBIE CUTYAIUN HOHATHSA MaTeMaTHIeCKoro ananmsa. B 1989 romy
I1. Tlancio BBes1 nousarue puddepennupyemoctu Ha rpynnax Kapuo (P-muddepennmnan)
[35]. Vcnonb3ysa koruenmumio guddepennuposanus [lancio, Kopansu u Peitmanu [25] cuc-
TEMATU3UPOBAJIN AQHAJIAUTUICCKHUE METOJbI UCCIICJOBAHUA KBaBI/IKOH(i)OpMHbIX OT06pa,}KeHI/Iﬁ
Ha rpynmnax leiizenbepra, npeanonaras 6ojiee CUIbHOE TI0 CPABHEHUIO C €BKJIMJIOBBIM ITPOCT-
pamcTBOM ycioBue: P-muddepeHnupyeMocTsh TOUTH BCIOY.

AnanuTuyecknii anmapar, MO3BOJISIONAH PA3BUTH TEOPUIO KBA3UKOH(MOPMHBIX 0TOOpa-
xenmii Ha rpymmax Kapuo npu nanbosiee cinabbix (aHAJATHYIECKUX ) TPEIONOKEHUIX Pas3-
BuT B cepun pabor 90-x romos [2, 3, 5, 8, 41, 42].

Pazsurre Teopmum kBaszmkoHMOPMHBIX OTOOparkenuit Ha rpymnmax KapHo mpusesio K
MMEPEOCMBICIIEHUIO KJIACCUIECKUX METOJOB U JIOKA3ATEJHCTB. DTO SIBUJIOCH OJHUM U3 CTH-
MYJIOB K TOSIBJICHUIO KOHIIETIIINY TEOPUH KBA3UKOHMOPMHBIX 0TOOpaXKEHUT U CBI3aHHON C
Hell Teopueil passmunbix GyHknmonanbEbIx Kiaaccos (Cobosesa, BMO) na meTpuyeckux
IPOCTPAHCTBAX C MEPOIA, YIOBIETBOPSIOIIEH YCIOBUIO YABOEHUS (TPOCTPAHCTBA OTHOPOIHO-
ro Tna) uau 60JIee CUIILHOMY YCJIOBUIO PETYISAPHOCTH (MePa [ METPHYECKOTO TIPOCTPAHCTBA
X HasbiBaeTca Q-perysapHoii, ecn ayia moboro mapa B(z,r) C X sepuo p(B(z,7)) =~ r9),
cM., Hanpumep, [6, 22, 43].

Jsa romeomopdusma f : M — N aByx cc-npocrpancts (M, d) u (N, J) BBEJIEM BeJIH-
YU HBbI

Ly(w,r) = max d(f(),f@), l(x,r)= min d(f(),f(y), Hf<w,r)=%,

1 IIOJIOZKHUM

H,(z) = T@ﬂ Hy(z,r).

Orobpakenue f Ha3bIBAETCS K6a3UKOHPOPMHBIM, ecan Besmanna H y(z) orpannaena B M.
Yucso Hy = ||Hf(z)|Loo(M)|| Ha3BIBaETCH KOsPPuyuenmom xeasurongopmrocmu orobpa-
Kenns f.
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cc-1lpocTpaHCTBO — MeTpHUYecKasi CTPYKTypa, Ha KOTOPOH M3 METPUUIECKOTrO OIpeje-
JIEHWSI KBA3WKOH(MOPMHOCTH MOXKHO IMOJIYYATH SKBUBAJIEHTHOE €My aHaJuTH4Yeckoe. B es-
KJIMI0BOM mipocTpancTBe R, n > 2, MeTpuveckoe ompejiesieHue SKBUBAJIEHTHO TOMY, UTO
feW, ,.u|Df(z)]" < K'|det D f(x)], tae D f(z) — dopmanbras marpura Axobu, onpe-
JIeJIEHHAS TIOYTH BCIOy. B [2] aHATIOr aHATMTHYECKOTO OMpe/IesieHns] KBA3UKOHMOPMHOCTH
BoiBesieH Ha rpynnax Kapuo. Ilokaxkem, uro paccyxkjenusi paborsl [2] MoxkHO 06061mnThH
Ha CC-TIPOCTPAHCTBA.

W3 mpuBeieHHOTO Ompe/iesieHnsl KBa3uKOH(OPMHOCTH CTAHJIAPTHBIM 0OPA30M BBIBO-
JIATCs, 9TO oToOpakenne f ymoBierBopsier ycioBusMm Teopembl CremamnoBa. OTciona n u3
TeopeMbl 9 BBIBOIMM

Ilpensoxxxenne 5. Beakoe kBasukoHgpopmuoe orobpazxkerne f : M — N P-audpepen-
OUPYEeMO IOYTH BCIOJTY.

Cranmaprabiv obpasom [29] mpoepsieTcs, 9To 00paTHOE O0TOOpAaXKEHHE TAKIKE KBa-
3UKOH(OPMHO, H, CJIEJI0BATEJbHO, TakXke juddepeHnupyeMo MoYTH BCIOAY. 3aMeTHM,
9TO0 He MOXKeT ObITh Takoro, urobbr HY-mepa Xaycmopda obpaza Todek muddepeHiu-
pPYEMOCTH paBHsSJIACHh HYJ0. [lo3TOMYy CyIlecTByeT TOUYKa T Takas, 9To oToOpakenme f
P-muddepenmupyeMo B Touke , a obparHoe orobpaxkenme f ! P-muddepeHnmpyeMo B
rouke f(x). Cnemosarenvno, muddepenuman D f(z) asagercs mzomopdusamom rpymm Ka-
CATeJLHBIX KOHYCOB, W TIO9TOMY pa3mMepHocTu Xaycaopdga npoctpauncts M u N coBmagaor.
Takum obpazom, mosryaaem

Ilpeanoxxeane 6. Eciau orobpaxkenune f : M — N kBazukoHGOpPMHO, TO pa3zMepHOCTH
o Xaycaopgy upocrpancte M u N coBmajaror.

ITpeagioxkennst 5 u 6 gpyrum crocobom Jokazansl B [29].

CupasejiuB CIeAy IO Pe3yJIbTaT, JJOKA3ATEJHCTBO KOTOPOTO MOXKET OBIThH MOy 9€HO
C UCIob30BaHmeM cxeM u3 pabor [2, 5, 42].

Teopema 18. /Linst romeomopuzma f: M — N cc-npocrpasCTB cireayromipe yTBep»K-
JIeHNns 9KBUBAJICHTHDBI:

(1) romeomopdusm f KBa3zHKOHDOPMEH;

(2) obparusiii romeomoppuzm f~1 : N — M kpazukongopmer;

(3) romeomoppusm f : M — N mpunammexur knaccy ACL u gns n. B. © € M
¢opmanbubli ropusonTaabusiii auggepennman D f(x) yaosaersopser aubo ycaoBuio

max{|[ D f(§)[(z) : [|]l = 1,§ € Vi} < Kmin{[[Df(§)[|(z) : |¢]l = 1,£ € 1}, (13)

JIA60 YCIOBHTO

IDfII"(z) < K”|det D f(z)[; (14)
(4) oneparop f*: LL(N) — LL(M), f*(u) = f owu, orpannyen;

(5) omeparop f* : LL(N) — LL(M), f*(u) = f ou, ssaserca nzomoppusm;
(6) ss smr060TO chepuueckoro kougencaropa D C N

cap, (f (D)) < K’ cap, (D); (15)
(7) aus mroboro cpepuaeckoro kongencaropa D C M

cap, (f(D)) < K" cap, (D); (16)
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(8) romeomoppusm f : M — N npunamexxur raaccy Wll,loc(M) u s . B. © € M
¢opmasnbuabli ropuszontaasablii guggepennmnan D f ynosaersopsier amnbo ycnosuio (13),
smbo yciaouro (14).

IIpu stom 3nagenns Hy, Hy-1, || f*|| u nanmensmme semmannnt K¥, K', K" Boipaxa-
0TCs JIPYT 9€pe3 JApyTa.

B ycnosusax (15) u (16) kongencarop D ecTs cBsi3HOE OTKpBITOE MHO)KecTBO B G, m0-
MIOJTHEHYE K KOTOPOMY MMEET JIB€ KOMIIOHEHTHI CBsa3HOCTH: Fjy u F}, a ero eMKoCcTh capp(D)

. P
OTHOCUTEJIHHO MPOCTPAHCTEA Wp1 pagna Besmaune inf ”V cf | Lp(D)” , TJIC HUXKHAST TPAHb
1
Gepercs 1o BceM HenpepbiBHbIM Gynkmuam f € W (D), pasubiv epunune (Hysmo) Ha
komnonenre Fy (Fy) kongencaropa D.
3 Teopembl 6 u criocoba ee JI0OKA3aTEIHCTBA BHITEKAET HECKOIBKO YTBEPIKICHUIA.

Caeacreue 2. Ecian orobpaxenne f : M — N cc-npocTpancTB KBa3uKOH(POPMHO, TO
f € Wul,loc(Q)‘

<1 Ecnm orobpaxkenune f : M — N cc-npocTpaHCTB KBa3UKOH(GOPMHO, TO 1O Teopeme 18
f € ACL u nna n. B. = € M dopmanbubiii ropusonTasbubiii auddepenmman D f(z)
ynosrersopsier yciosuio ||Df||Y(z) < K¥|J,(z)|. Ecimm U € M — romnakTHas 061acTs,
TO 1O TeopeMe 16 0 3aMeHe epeMeHHOH nMeeM

/ \DFI () dH? (2) < K / o) dMY () < HY (D),
U U

9TO W TPEOOBAIOCH TOKA3aTh. [>

Caeacreue 3. Ecin orobpaxenne f : M — N cc-npocTpancTB KBa3uKOH(POPMHO, TO
J,(z) # 0 mourn Bcrozy B M.

< ITo Teopeme 18 m ciemcTsuio 2 Kak f, Tak m f ! mpmHajjekaT Kiaccy Wulloc.
)

[Toaromy (cmemcTsue 1) oba orobpaxenna f u f~! obmamaior N-cpoiictsom Jlysmma. Ilo

TeopeMe O 3aMeHe TIepeMeHHON 111 JI0b0ro n3mepumMoro maoxkectsa FF C M cripapeminsa,

dopmya
[ 2@ an @) = o8]
E

Cnenosaressno, gisa muoxectsa B = {x € M : J¢(z) = 0} umeem |f(E)| = 0. Tax
kax f~! Takxke obmamaer N-csoiicrsom Jlysuna, To E = f~1(f(E)) umeer mepy, pasuyio
HYJII0. >
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