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MOIAYJIAPHBIE MEPBI 1 OIIPEPATOPBI MATAPAM

A. T. Kycpaes

enn HACTOAIIENH CTATHY — TTOKA3aTh, YTO MOJYJIIPHBIE BEKTOPHBIE MEPHI U OTIEpATOPhI Ma-
rapaMm TeCHO CBS3aHBI JAPYT C ApyroM. TodHee roBOps, TPU WHTETPUPOBAHUY 10 HACKIIIIEHHOM
Mepe BO3HUKaeT orneparop Marapam, a mHTerpajbHOE TIpeJicTaBJieHrne ornepaTopa Marapam

IPUBOJUT K MOJYJIAPHON HACBIIIEHHONH Mepe.

1. BBengenue

Omneparopom MarapaM Ha3BIBAIOT MOPSIKOBO HEMpPepbLIBHBINA omeparop B K-
OPOCTPAHCTBE, COXPAHAIONMNA HHTEPBAIbL. DTOT KJIACC ONEPATOPOB BIEDPBHIE PaC-
cmorpena JI. Marapam, Kak BCIIOMOTaTeJIHbHOE TEXHUIECKOE CPEJICTBO TIPH TTOCTPOE-
HUU TEOPUU MOJOXKUTEJIHHBIX OIEPATOPOB B IPOCTPAHCTBAX M3MEPUMbBIX (DYyHKIUI
(cm. muks pabor [14-17], a rtakxke HeboubInoi 0630p [18], comepskammii Kpar-
KOe ONUCAHUE PA3BUTOrO €0 MeToJa W (DOPMYJIUPOBKY OCHOBHBIX DPE3YJIBTATOB).
B. Jlrokcembypr u A. IIsu [13] pacnpocrpanuiu dacth Teopun JI. Marapam, cBs-
3aHHOl ¢ Teopemoii Tumna Pajgona — Hukopuma, Ha 1mojioKuATE/IBHBIE ONIEPATOPHI,
geiictByromue B K-npocrpancrBax. Tepmun «omneparop Marapam» OblI BBeJeH
B [4]. CBoiicTBO omepaTopa COXpaHSTh WHTEPBAJbI Ha3BaHO cBoiicTBoM Marapam
B [13]; Takue oneparopsl B [14-17] HasbBamauck full-valued. ITogpobuee 06 omepa-
topax Marapawm cm. B [5, 6, 7, 9].

Uszsectno, aro teopema Pamona — Hukoguma me mmeer mecra ajss Mep €O
suadennsMu B K-tnpocrpancrse. Ogmako, M. Paiit mokazan B [20], uTo Teopema
Panona — Hukoguma copasejmBa I CIIEIUATLHOIO KJIACCA MOLYJIAPHBIX MEpP C
JIOTIOJTHATEIBHBIM YCIOBHEM HACBHIMEHHOCTH. I1ycTh () — 9KCTpeMaIbHbIA KOMIAKT
u p: B — C(Q) — nmekoropast mepa. [Ipegmonoxnm, aro L (p) qonyckaer cTpyk-
Typy Momyast Haj kosmbioMm C(Q). Torma MomyiasipHOCTH MepbI f O3HAYAET, YTO
COOTBETCTBYIOIIUI MHTErPAJI SIBJISETCS MOJLYJIbHBIM ToMOoMOpdusMoM u3 L (u) B
C(Q). OKBUBAJIEHTHOE YCIOBHE 3aKJII0UAETCS B TOM, 9TO TTPOCTpancTBo L2 (1) cry-
x)ur momyiaeMm Kammanckoro — T'mibbepra (em. [12, 20]). JdomonaurenbHbie cBe-
JIEHUsT O MOJYJISIPHBIX M HACBHIIEHHBIX Mepax cM. B Kuure [11], rue, B gacrrOCTH,
pa3BAT OyJIEBO3ZHAYHBIA MOAX0, K MCCJIETOBAHUIO TOTO KJIACCa BEKTOPHBIX MEp.
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[ens Hacrosimeit crarbu — MOKA3aTh, YTO MOJYJISPHBIE MEPbI U ONEPATOPDI
Marapam TecHO CBS3aHBI APYT C gApyroMm. TodHee roBoOpsi, IpU WHTETPUPOBAHUH IO
HACBIIIIEHHONW Mepe BO3HUKaeT omepaTop Marapam, a WHTerpaJibHOe IpeJICTaBIeHNe
oneparopa MarapaMm MPUBOIUT K MOJIYJsIipHO#N HachimeHHO#t Mepe. Heobxomumbie
cBejienust umerores B [1, 2, 5, 7, 11].

2. IIpenBapuTesibHBIE CBEIEHUSI

B sToMm maparpade mpupemeM cxeMy HHTEIPHPOBAHMA JIe0ETOBCKOTO THIIA IO
Mepe €O 3HAYCHUSIMHA B PEIIeTOYHO HOPMUPOBAHHOM IIPOCTPAHCTBe. Takoe MHTErpu-
posanmue 66110 pazsuto M. Paiitom [23] miist mep co 3nadenusimu B anrebpax CroyHa,
OJITHAKO BCA TEOPUS OCTACTCSA B CHJIE JJI MEP CO 3HAYEHUSIMH B MPOU3BOALHOM K, -
npoctpaHcTBe, cM. [21, 22]. B wamewm nsioxkenun Mol ciregyem [11], riae moctpoenunst
M. Paiita [23] IOBTOpeHBI B HECKOJIBKO Gojiee 00IIEH CUTyalun: WHTEIPUPYEMbIMU
0ObEKTAMU SIBJISIOTCS SJIEMEHTBI HEKOTOPOro K ,-IIpoCTpaHCTBa, Kak B [2, 3], a Bek-
TOpHAsI PenIeTKa 00Pa30B 3aMEHEHa Ha PEIeTOYHO HOPMUPOBAHHOE IIPOCTPAHCTBO.
O BEKTOPHOM MHTErpupoBaHuK B K-IIPOCTPAHCTBAX M COOTBETCTBYIONIEM BAPUAHTE
reopembl Pagona — Hukopuma cm. Takxke [19].

2.1. [Iycte G — pacmmupentoe K-mpocTpaHCTBO ¢ TOPsiIKOBOH euauUIeit 1, a
(Y, F') — cekBeHIMAIBHO bO-TIOJHOE PENIeTOYHO HOPMUPOBAHHOE TPOCTPAHCTBO HAJ
K-upocrpaucrsom F. Paccmorpum mogasre6py A momuoit GyseBoit anrebpbr &(1)
eUHUIHBIX 3JIEMEHTOB MpOCTpaHCcTBa G M KOHETHO A/ TUTUBHYIO Mepy i : A — Y
orpaHWIeHHON BekTOpHOW Bapuamuu |u| : A — F. DTo o3HaUaeT, 94TO |p,(a)| <
lp] (a) (a € A), npuaem umveer mecro dopmysta (cm. [10, 11]):

lp] (a) := sup { Z lp(ag)| : ax Aag =0, \/ ay = a}.
k=1 k=1

O6o3raqnmM cumBoioMm S(A) BekTOpHYIO mojaperieTky B (G, cocrosiniyto u3 Bcex A-
HIPOCTBIX (KOHEYHO3HAYHBIX) 31eMeHToB G, T. e. = € S(A) o3magaer, 9ro mMe-
eT MeCTO NpPeJCTaBIeHHe T = Y p_, ek, rae {ai,...,a,} C R npoussonbhsl, a
{e1,...,e,} C A nomapuo au3bIOHKTHBL. [TogoxKuM

I,(x):= /xd,u:: Zaku(ek) (z € S(A)).
k=1

CupaBeIuBO CJIeIyIolee yTBEepKIeHUe.

2.2. Vkazannasa (popMyJia KOPPEKTHO ONpeJe/seT MaxKOpPHpPyeMblil olepaTrop
I, :S(A) =Y, npuuem

|/fvdu|</liﬂ|dlul (z € S(A)).
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Paccvorpum rnasabiit naean G (1) MMOPOK/JIEHHBIN equANIE! 1 1 BBegeM B HEM
sHopwmy ||z|| := inf{\ : |z| < A1}. Torma G(1) — AM-npocrpauctso. [Iycrs C'(A) —
sambikanue S(A) B AM-npocrpancrse G(1).

2.3. Omeparop I, gomyckaer eJHHCTBEHHOE MasKOPUPYEMOe IPOJLO/IKEHHe Ha,
C(A), koropoe o6oznaunm rem e cumposom. Ipu srom |I,| = Ly
< Cw. [11; o 1.2.1, 1.2.2].

2.4. s kaxgoro maxkopupyemoro oneparopa T : C(A) — Y cymecrByer
eMHCTBCeHHAsT MaxkopupyeMas Mepa i : A — Y Takas, 4ro

T:U:/xdu (z € C(A)).

[Ipenmonokum Teneps, aro A — o-noganrebpa B €(1). Paccmorpum pac-
mupennoe K -npocrpanctso E C G cocrosmee u3 Beex A-3HATHBIX PA3JIOKEHHI
eMHUIpBI (CnekTpaabHbIX GyHKIWi). Brirodenne F C G noHuMaercs B CMbICie
oroxectsienust K-npocrpancrs G u R(E(1)).

2.5. OnpenesnM Temepb, HMHTErPaj OT 3AEMEHTa, AIIPOKCUMHUpyeMoro A-
npocTbiMu dyeMeHTamMu. CKarkKeM, UTO IOJOXKHUTENbHBIA 31eMeHT - € F unmee-
pupyem 10 Mepe ji, WIA [-UHMe2Pupyem, eCIA CyIIeCTBYeT BO3PACTAIOMALA MOCIe-
JIOBATEIBHOCTD (T )neN MOJTOXKUTENBHBIX 371eMeHTOB B S(A), o-cxomsimasicss B G
K T, IPHYeM CyIIPEeMyM SUpP,,cN f Ty d |p]| cymectByer B F. Iyt ocemoBaTe ibHOC-
TH (2,) TTOCIEI0BATEIBHOCTD HHTETPaJIoB (I, (Zy))nen OyaeT bo-dyH1aMenTATbHOIL,
O3TOMY MOXKHO OIPEIEJATh HHTErPAJI OT 3JIEMEHTA, I, IIOJIAras

Iu(x)::/xd,u:: bo-lim [ x, dpu.

n— 00

KoppekTHOCTH 3TOr0 Ompejie/ieHnst poBepsieTcst 6e3 Tpyaa, cuM. [11; m. 1.2.6]. Dire-
MeHT = € E unmezpupyem (= p-MHTErDEDYEM) €CJIH €ro MOJOXKUTEJbHAsT 9aCTh
T u orpunaTe/nbHas 4acTh - uHTerpupyembl. OGO3HAYUM CHUMBOJIOM El(u) MHO-
»KECTBO BCeX MHTerPUPYeMBIX 3JIeMeHTOB U JId Kaxjoro x € L1(u) monoxum

[u(x)::/xdu::/gﬁdu—/x_du.

Jlerko mposeputb, aro L(p) — dbysgament B E u I, : L1(p) — Y — nuneitnsrit
omepaTop. 3aMeTHM TaKrKe, YTO U3 KOHCTPYKIMM HHTerpaja ciemyer L£l(p) =
LY(Jp]). Onpememam B L£1(p1) BeKTOPHYIO HOPMY €O 3HaUeHHAMHA B F':

folvi= [laldlul (z € £1(0).
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CkaxxeM, 4ro JBa sinementa x,y € L1(p) p-sxeusasenmmol, eciin cyiecTsyer ejiu-
HUIHBIE dmeMenT e € B(1), mrsa koroporo |ul (1 —e) = 0 u [e]Jr = [e]ly. Mno-
xkectBo N (1) BCEX 3JIeMEHTOB (-9KBUBAJIEHTHBIX HYJIIO OyJeT CeKBEHIUAJIBHO O-
3aMKHYTBIM TIOPSKOBBIM uieanom B L£1(u). V3 onpenesnenust mnTerpajia BHUIHO,
aro N(p) = {z € LY(pu) : |z]1 = 0}. Bsesem K,-mpocrpanctso L!(u) xak
dbakrop-pocrpanctso L1(p) no o-umeamy N(p). Kiacc SKBUBAJEHTHOCTH 3iie-
menta © € L'(p) 6ymem obosHauaTh cuMBosoM 7. Bekropmas mopma ma L!(p)
co snauennsivm B F onpenensiercs dopmymnoit |Z], = |z| (z € L£'(p)). Takum
obpasom, (L(p),||) — pemerouno HOPMHPOBAHHOE HPOCTPAHCTEO.

2.6. Teopema 0 MOHOTOHHOU cxomumocTu. JlomycruM, 9TO (T )peN —
BO3PACTAIONIAs MOCTEJOBATEIBHOCTD [1~-HHTETPHPYEMBIX JIEMEHTOB, JIJIsT KOTOPOIi
110C/1eJI0OBATeJIbHOCTh HHTErPaJIoB ([M(:Un))n cn HopankoBo orpanmdena B F. Torza
cymectsyer Takoit anement x € L(u), uro B L'(p) Bemonneno & =\/, &y, n

/a: dp = bo-lim /a:n dp.
n—0o0

< Cwm. [11; m. 1.2.8]. >

2.7. Teopema 0 MakOpupoBaHHOUN cxomumocTtu. Ilycrb (Ty)pen HOCTE-
JIOBATEJIBHOCTD |4-HHTerPAPYeMbIX JeMeHToB i o-lim x,, = x B G. Ecim y € L (i)
ulr,| <y (meN), roreL(p)u

/x dp = bo-lim | x, du.

n—>00

< Cwm. [11; m. 1.2.9]. >

2.8. Teopema. Ilycrb 1 : A — Y — cueTHO agauTuBHAS Ma’KOpUpPyeMast Me-
pa. Torma cymecrsyior pyugament L1(1) C E u cexpennmaabio bo-HenmpepbIBHb
mazkopupyembplii oneparop I, : L1(p) — Y Takme, 4T0 HMEIOT MECTO yTBeDK IeHHS:

(1) LY (p) D A;
(2) Tue = ple) (e € A);

(8) ectu L D A mle = p(e) (e € A) g mekoroporo ynmaMenta
L C E u bo-nenpepsiHOro Maxopupyemoro oneparopa I : E — Y, ro L C LY ()
nle=1I1,x (r€lL);

(4) |IM| = 1y
< Cwm. [11; m. 1.2.4]. >
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2.9. Teopewma. Ilycrs Ey — ¢pyngament B E, conep>karuii mopsijIKoByTo €/iu-
auny u'l : Eg — Y — cekBeHuaJjbHO bo-HelIpepPbIBHBIH MaXKOPHPYEMbIi JTHHEHHDIH
omepatop. Torga cymiecTByeT eIUHCTBEeHHAas MaXKOPHPYeMasl o -aJTATHBHAs Mepa,
p:A—Y rakas, uro LY(u) D Eg u

Tac:/xdu, |T|$:/xd|u| (x € Ep).

< Cw. [11; m. 1.2.11]. >

2.10. Pemerouno nopmuposannoe npocrpancrso (L' (p),|-|) br-mormo.

< Jloka3aTesbCTBO OCHOBAHO HA, TEX YKe COOOPAYKEHUIX, IYTO U JI0KA3ATETHCTBO
Teopembl Pucca — @urmepa i ckajigpabix Mep. [IpuBegem cxemy j10Ka3aTe/bCT-
Ba. Ecim mociaenoBaTebHOCTD (T, )nen br-dyHmameHTanbaa, 10 |, — Tyl < rif
(n,m > k) aynst mekoroporo snementa f € F, W IUCIOBOI MOCIEI0BATENILHOCTH
(Tn)nen, cxopgameiica k nymo. [onoxum L(f):= {x € L'(p) : |z| € F(f)}, rue

F(f) — nopsiakoseiit maeas, nopoxaennsiit snementom f. Torma (z,) C L(f)
U JIOCTATOIHO yOeauThest B ToM, 4To L(f) — 6aHaxXoBO MPOCTPAHCTBO € HOPMOIL
|| := [ lz] | p(s). Homycrum, uro psax Y., zy, abcomorno cxomures B L(f). Tor-

oo
na pag Yy |on| cxonures B AM-upocrpancrse F(f), crano 6bITh, 7-CXOMATCS K
TOM 2ke caMoit cymme. [lostoxkum

oo n n
ti:Zkﬂkl, Unizzfﬂk, 8n¢=Z|$k|-
k=1 k=1 k=1

Kax BUIHO, TOCJIEIOBATEIBHOCTD (Sp,) COCTOUT U3 TIOJOXKUTEIHHBIX 1IEHOB, BO3DAC-
taet 1 [ $,dp < t. CilesoBaresbHO, O TEOPEME O MOHOTOHHOM CXOMOCTH CYIIeCT-
ByeT mpesie y := o-lim s, comepxammiica B L' (1), Hepasenctso |o,| < s, < ¥
BJI€e4Y€T, YTO PAL Zzozl Tl O-CXOOUTCHA. ILHH CYMMBI 9TOTI'O pAJa Lo BbIIIOJIHEHA OLEH-
ka |zo| < ¥y, orkyna xg € L'(u). Tpusiexas Teopemy 2.7 0 CXOIUMOCTH, BBIBOJAM
lon — fol = f|0-n _370|d|/1/| —0.>

MoKHO TIOJTy9aTh JaJbHEAIIne Pe3yIbTaThl O MOJHOTE IIPOCTPAHCTBA HHTETPU-
PYEMbBIX JIEMEHTOB IIPU COOTBETCTBYIOIIUX JOIMOJHUTEJIbHBIX OI'DaHUYCHUAX. Ha,—
IpuUMep, MOYKHO yCTAHOBUTH CeKBeHImabHyio bo-ommory L(u), ecim mpocrpanct-
BO F' perynapno. OmHako pa3imoXKUMOCTh 3aBUCUT OT CYIMIECTBEHHO APYTIHX CBOHCTB
MepBbI.

3. MoaynsapHble BEKTOPHBIE MepPhI

B srom maparpade BBejgeM MOJyIsipHbIE MEPBI U BBISICHUM YCJIOBUS PA3JI0KU-
MOCTH # TOJHOTBI II0 BEKTOPHON HOPME€ MPOCTPAHCTBA CYMMUPYEMBIX JJIEMEHTOB.
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3.1. Jlo kouma nmaparpadga npejnoaraeM, 94To Y — MPOCTPpaHCTBO banaxa —
Kanroposuua max K-mpocrparctsoMm F u p: A — Y — cueTHO aaIuTUBHASI MeEpa.
Brenem nyaesoti udean mepnt p bopmyoit

N(p)={aeA: Va' € A)d' <a = p(d) =0}

Homsrro, aro N (p) = N(Jul) = {a € A: |p] (a) = 0}. IIycrs A u ¢ obozuadaroT
dbakrop-anredpy A/N (1) u xanoumueckoe dakrop-orobpaxenne A/N (1) — A
coorBeTcTBeHHO. CyHeCTBYeT e/INHCTBeHHAs MePa. /i : A = Y, nora xoropoit jLop =
i. Bomee Toro, || = |p].

[Tycrs 3anan OGyses romomopdusm h : B:= P(F) — A. Byzem rosoputs, U0
[ modyaaprua omuocumenvno h wim h-modyaapna, eciu bii(pa) = f(h(b) A ¢(a))
g Beex a € A nm b € B. Kak BUIHO, MOLYJSIPHOCTH MEPHI i O3HAYAET, UTO
bu(a) = u(b' A a’) nsa Beex a’ € ¢(a) u b’ € h(b).

IIycrs e:= \/{b € B: (Va € A)bu(a) = 0}. Torma eu(A) = {0} u pu(A) C
(1—e)Y. Bosee Toro, biu(A) = {0} B Tom 1 TOsIbKO B TOM Caryqae, ecaun h(b) € N (p).
Tem cambiM, h wHbekTHBeH Ha [0,1 — €]. B nasbeiiniem Oymem cauTaTh, 9TO
p(A)L =Y u B arom cryuae h npecraiser co6oii m3omopduoe Broxkenne B B A.
BysieM roBopuTh, 9T0 h-MOmyJIsIpHAsT Mepa i Hacviuerha (OTHOCUTETbHO h), ecn
Jutst mioboro pasbuenns exunuip (be)eez B B n mponssosbHOro cemeiicTsa (a¢)ecs B
A cymiecTByeT eJMHCTBEHHBIH (C TOTHOCTBIO JI0 9KBUBAJIEHTHOCTH) 1eMeHT a € A,
Takoi, 9To be |pu| (alag) = 0 1 Beex § € E. DTO yCI0BHE PABHOCUILHO TOMY, ITO
h(be) A p(a) = h(be) A d(ae) (£ € E), mockombKy 1 h-MomymnsapHa.

3.2. B pabore [20] M. PaiitT onpeesni MOAyISPHOCTh MEPbHI CIELYOMUAM 06~
pasom. Paccmorpum romomopdusm 7w @ C(Q) — L™ (p) (@ — IKCTpeMasbHbII
koMmakT). Mepy p: B — C(Q) HA3BIBAIOT MOYJIAPHON OTHOCUTENHHO T, €CITH

/vr<a>fdu=a/fdu (a € C(Q), f € L'(w).

OKBHUBAJIEHTHOCTDb 3TOI'0 OIpEJieJIeHUsI C JJAaHHBIM BbIIIe BbiTeKaeT u3 2.10, 3.6 u Ha-
JIMTAWS MOJIyJTbHON CTPYKTYPBI B PA3JI0KUMOM PEIIeTOTHO HOPMUPOBAHHOM TPOCT-
parctse (cM. [5, 7]). Hacoimennocrs ke Mepst y corsacao M. Paitry [20] o3nagaer,
aro mpocrpanctso L2 (u) mpencrasisier coboit mopyns Kammanckoro — Tuibbep-
Ta. JTO OMpejieleHne TaKyKe PABHOCWJIHHO JAHHOMY BBINIE B CUIy 3.6 M KpuTepus
HOJIHOTHI PENIETOYHO HOPMUPOBAHHOTO MPOCTPAHCTBA u3 [5, 7).

3.3. Mepa i MmoxysisipHa OTHOCHTEJILHO OysieBa uzomopguizma h B TOM U TOJIb-
KO B TOM CJIy4dae, eCJTH TAKOBOI SIBISIETCS ee TOYHAasT MaXKopaHTa, |u|.

< Homyctum, 9T0 g h-MOmyJsdpHa W JOKAXKeM COOTHOIIEHUE bm (¢(a)) =
|l (R(b) A ¢(a)). Omo pasrocumbro pasencrsy b il (¢(a)) = |4l (h(b) A ¢(a)),
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mockombKy |p| = |p]. Temepnr Tpebyemoe mpoBepsieTcs CIIEIYIOMHAMEA ITPOCTHIMA
BBIYUCJIEHUSIMA UCTOJIB3yIOmuMu 2.1:

b1l (¢ —b\/{zuak v ---vanzas(a)}

rJle KOHEYHbIE MHOXKECTBA {d1, . ..,dn} C A, {a1,...,a,} C A, u {e1,...,cn} C A
nonapao Ju3bloHKTHBI 1 h(b) = ¢(b') mius mHekoroporo b’ € A. Obparnoe yTBepK-
JeHue cjiejlyeT u3 JIOKa3aHHOTO HUXKe NpejioxKenus 4.3. >

3.4. Ilyctp F' — K-npocTpaHCTBO cueTHOro THIa. TOraa BesIKass CIeTHO aljin-
ruBHAst h-MojtysIsipHAast Mepa (i, OlpeJqeJeHHast Ha o-ajredpe, OyaeT HACBIIEeHHOIT.

< st caerHoro pasbuenus: equauibl (b,) C B n nocrenoBaresbrocT (a,) C
A nomoxum a:= \/{c, A ay, : n € N}, tae (¢,) — mociesoBaTesbHOCTD MOTAPHO
M3 BIOHKTHBIX 31eMeHTOB B A, g Kotopbix h(b,) = ¢(c,) (n € N). Hcnonb3ys
MOAYJIAPHOCTb U CHETHYIO aJJAUTUBHOCTH MEDDbI [, BBIBOJAUM:

a) = Z bmﬂ(cn VAN an Z bm,u cn /\ QS(CLn))
n=1

oo

/1(¢(Cm) A ¢(cn) A ¢(an)) - ﬂ(h(bm) A ¢(am))

brnfi(Blam)) = buplam). >

B nasibueiiiiem 6yjieM OTOXKIECTBIISATH MEPBI [ U [L, €CJIU 3TO HE BEJET K Iy Ta-
HUIIE.

3.5. PenreToano HOpMHAPOBaHHOE IPOCTPaHCTBO L (1) HU3HIoHKTHO pasmoxm-
MO B TOM H TOJIBKO B TOM CJIydae, €CJIH [L — MOJYJISIPHAsT Mepa.

< IlycTh Mepa g MOJLyIsipHA OTHOCUTEJILHO HEKOTOPOTO DyJjieBa roMoMopdu3Ma,
h. Hokaxem, aro b|z|y = |h(b)z|1 nna Beex b € B u & € L*(p). Oroxpecrum
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equananelii anement h(b) € A ¢ nopsinkoseiM mpoektopom [h(b)] B E u Gygem
mucath h(b)z Bmecro [h(b)]z. Ecmm xz = a1 + -+ + Thayn, THE T1,...,T, € R
OPOU3BOJIBHBI, & G, ..., 0, € A momapao qu3bioHKTHBI, TO h(b)z = T1h(b) A ay +
-+ -+ 1, h(b) A a, 1 MOXKeM HamECATDH

L(h(b)x) =Y mp(h(b) Aar) = mebp(ar) = bI,(x).

k=1

BosbmemM Terneph BO3pacTalollyo mociaegoBareabHocTh (z,) C S(A) Takyro, 9To
I,(z) = bo-lim, I,,(z,). Torma h(b)x = o-lim,, h(b)z,, MOCKOIBKY HOPSIIKOBBIIf
npoektop [h(b)] mopsinkoBo HempepbiBen. Bosee Toro, h(b)x, < r, W 3HAYHT
h(b)z € L*(u), Tax kak L(p) — mopaakoseiit waean B E. Wcnoabsys Teopemy
2.7 0 CXOIUMOCTH, BBIBOIM

bl,(z) = b(bo-lim I,,(x,)) = bo-lim I,,(h(b)z,) = I,(h(b)z).

n—0o0 n—0o0

Orciona Bugno, uro L' (p) d-pasnoxumo. O6paTHOE OueBUIHO. [>

3.6. Pemrerouno mopmuposannoe mpocrpaHctso L1 (u) ansbronkTHo momno B
TOM U TOJIBKO B TOM CJLy94ae, eCJH MePa |, HACHIIICHHA.

< Homyctum, uto o Hacoimenua. Ilycrs (be)ecz — pasbuenue eauHUIBl B
PB(F), a (v¢)e¢ez — orpanmaennoe mo Hopme cemeiictso B L (p). Ilycrs eg(+) : R —
A — cnekrpasibHast QYHKIUS IEMEHTA Tg U IOJOXKUM O OIIPEIEJICHHIO

e(\):=\/ h(be) Aeg(A) (A €R).
¢eE

Dyukiyst A — e(\) CIy>KUT pa3ioKeHHeM eJMHHUIBI. DTO MOXKHO TPOBEPUTH HETIO-
CPEJICTBEHHBIM BBIYHCJICHUEM, UCIOIb3Ys OECKOHEUHbIe IUCTPUOYTUBHBIE 3aKOHDBI B
BEKTODHOIi pemerke. B obocHOBaHWM HyKmaercs Juinb paseHcTBo e := A{e()) :
A € R} = 0. TTockonbky (h(be)) — pasnoxenne egunnupt B A/N (1), To gocrarod-
HO J10Ka3aTh, 9T0 h(be) A e = 0 mas Bcex § € Z. CoOTBETCTBYIONME BBIYHCICHIS
UMEIOT BUJI:

h(by) Ae= [\ h(by) Ae(—n) = h(by) A\ h(be)ee(—n)
n=1 n=1 ¢es
= A\ blby) A h(be)ec(—n) = )\ hiby) Aey(—n) =0



Monynsapasre mepor u onnepatopbl Marapam 4-25

[To Teopeme 0 peosn3anuu PACIIUPEHHOrO K -NPOCTPAHCTBA B BUJIE BEKTOPHON pe-
IIeTKA BCEX PA3JIOXKEeHHI eJUHHIbI B (DUKCHPOBAHHON IOJHON OyJsieBoit ajiarebpe
(em. [2, 3]) cymecTByeT smeMeHT T B MakcuMasjbHOM pacimmupenun mLl(p), ms
koroporo e(A) = e (A € R). Ewm y € L'(u) — Bepxuss rpannna cemeiicrsa
(|z¢]), o |z| < y, crano 6bith, x € L'(p). Ipumenus 1.4.2(10) uz [9], nomyunm
e’;(bg)gg = e’;(bf)wg (A € R), oryzna h(be)x = h(b¢)xe. Nrak, Mbl 1poBEpHUIN, UTO
LY(p) musbronkrao momno. O6paTHOe yTBEPsKIeHNe 0YeBH/IHO W TeOPeMa JOKA3aHa
OOJIHOCTBHIO. [>

4. NuaTerpanpubie oneparopbl Marapam

B pamnom maparpade mokaszaHo, 9TO MOJyJIdPHAsi Mepa HAChIIEHHa B TOM U
TOJILKO B TOM CJIydae, KOrJa ITPOCTPAHCTBO CYMMUPYEMBIX JIEMEHTOB C MWHTETrPaJIb-
HOIT HOpMO#I — mpocTpaHcTBO banaxa — KanTopoBuva, a WHTerpaJ — OIepaTop
Marapam. YcTtanaBamBaeTcsd TaKKe BapwaHT TeopeMmbl Pasmona — Hukommma s
HaCbIIIE€HHBIX MeEpP.

4.1. Teopema. /list cueTHO aJIHTUBHONH MEPbI CO 3HAYCHUSIMH B IPOCTPAHCT-
Be banaxa — KaHTopoBuYa paBHOCHJIBHBI CJICAYIONIHE Y TBEPXK[CHHS:

(1) p — Hacwimennast Mepa;
(2) |ul — nacprmennast mepa;
(8) L'(p) — mpocrpancrso Banaxa — Kantoposnya;

(4) L'(p) — nopsakoso mosHas BekTopHas pemieTka H omeparop T :
L' (p) — F, onpexenenuprii ¢opmynoii TT = I(x) (z € £LY(w)), aBastercsa ome-
paropom Marapam.

< (1) = (2): Caexyer u3 3.6.

(2) = (3): Cumenyer uz 2.10, 3.6 u KpUTEepHUs MOTHOTHI PEMIETOYHO HOPMHUPO-
BAHHOTO MPOCTPAHCTBA u3 [5, 7).

(3) = (4): Kak merpyiHo ybeuThes BeKTopHas pemterka L' (1) mopsikoBo o-
nosra. [lo Teopeme 2.6 F-snaunas mopma B L1(1) cexpenmuaibo mopsKoBo He-
npephiBHA, T. €. Jyis yObiBaromeil nocienosarebaoctn (1,) C L(y) somonmsercs
o-lim,, |z,| = 0, eciz TonmbKO 0-lim,, x, = 0. Bo3bMeM MOPSIKOBO OrpaHHIECHHOE
muoxkectBo M C L'(p) ¢ Bepxmeit rpamuneit u € L'(u). Bes orpanmdenua o6mr-
HOCTU MOYKHO TIPEIOJI0XKUTH, 9T0 M comep>KuT Bce 3JeMeHThl Buja L1 V - --V Iy,
u bo-) ecxz h(be)we, tne {1, ...z} C M, (z¢) C M, u (be) — pasOuenue epunu-
munel B B(F). B camom seste, mobaBus K M Takue 3JeMeHTHI, MHOYKECTBO BEPXHUX
rpanut, M we uzmenurcs. [omoxkum f:= sup{|z| : z € M} < |u| u BeiGepeM mocite-
JIOBATEJLHOCTD (y,) C M, st koropoit f—|z,| < (1/n)f. Ecm y,:= 21V---Va,,
o f — |yn]l < (1/n)f (n € N) u (y,) Bo3pacraer. Ecin y = sup,, yn, 10 |y| = f.
Bo3zbmem Terneph npousBosbHBIN 7emenT z € M u nposepum, uto z < y. s
9TOTO 3aMeTuM, 9To o-lim,y, Vz =yVz > y u ollim, |y, Vz| = |lyV z| < f,
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TaK Kak ¥y, V z € M. Takum obpasom, f < |yl < lyVvz| < f, snauwnt,
f =y V z|. llockonbky HOpMa L'(p) agaurusna Ha KOHyce, HMEIOT MECTO DaBeHCT-
Baf=|(yVz—y)+yl=lyvz—yl+lyl=lyVz—yl+f, orkymalyVvz—y|l =0
1 yVz=y. Tem cambim ycranosieno, uro y = sup(M) n L (1) mopsiaxoBo momHo.

Paccmorpum mampasiiernoe BHE3 MHOXKecTBO D u myctsb inf(D) = 0. Iloso-
xuM f:= inf{|z| : © € D}. IloBropus npuBeseHHbIE BHIIIE PACCYKICHUsI, MOXKHO
BHIOPATH TOCIENOBaTebHOCTD () C L1(1) (me comeprammxcst, BoobIIe ToBODH,

B D) rmakyto, aro f = inf,|y,| w 0 = inf, y,. Tak Kak HOpMa MOPSIKOBO O-
HenpepbiBHA, TO moaydaeMm f = 0. Tem cambiM, T’ MTOPSIKOBO HEMPEPHIBEH, TOCKOJTh-
Ky Tx = |£L'+| — |a:_| BBumy cBoiicTBa pasioKUMBIX PEMIETOYHO HOPMUPOBAHHBIX

npocrpancts (cM. [5, 7]) L1(p) gomyckaer cormacoBaHHyI0 MOLYITLHYIO CTPYKTYDPY
way Orth(F). Cuenosarensro, ecm 0 < f < Tx jna nekoroporo 0 < z € L(p),
to cymecrByer m € Orth(F') rakoit, uro f = 7Tz = 7 |x| = |rz| = T(wz). Takum
obpazom T obusrastaer cBoiicTBOoM Marapam.

(4) = (1): Hemocpencrsenno ciepyer wu3 CBOHCTB omeparopa Marapam,
em. [7]. >

4.2. Mlyctrb v : A - F u p: A — Y — KOHEYHO aJIuTHBHBbIE Mepbl. [O-
BODAT, 9TO [t aAOCOAOMMHO HENPEPHIGHA OMHOCUMEAbHO Y W IMHANYT (i <K V, eCIII
|(a)] € v(A)* naz Beex a € A. Kak Bunmo, u3 p < v crepyer N'(v) C N (p),
OTOMY KOPPEKTHO ompejesien Oynes romomopdusm o : A/N(v) — A/N (1) dop-
MyJioit po ¢’ = ¢, re ¢’ — kanonnueckuii axrop-romomopdusm u3z A B A/N (v).
Ob6o3HaIMM CHUMBOJIOM X, TTOPSIKOBBIH TPoeKTOP B F, cCOOTBETCTBYIOMMI €/ IMHII-
HOMY 37eMeHTy a € A.

43. v h p<Lv, p hoop.

<! He orpanumuuBasi OOIIHOCTH MOXKHO IIPEJIOJIOMKHUTH, YTO V IMOJOMKUTEb-
Ha. Ilo ycmoBuio mug Kaxkporo b € B BoimomHserca |,u(h,(b) A qﬁ(a))l €
v(h(b) A ¢’(a))LL, crazo 6brrb, bhpu(h(b) A ¢(a)) = 0 nuas Beex b € B ua € A.
Orcrona soisogum (1(h(b) A ¢(a)) = bu(h(b) A ¢(a)). Bamenus b ma b, nouy-
anm b (h(b) A ¢(a)) = 0, orkyana bu(p(a)) = bu(h(b) A ¢(a)). Cuenosarensho,
bu(¢p(a)) = p(h(b) A ¢(a)), aro u TpeGoBaocs. >

4.4. Teopema Pamona — Hwukommma. Ilycrs p,v : A — F — cyerHo
aJIHTHUBHBIE MEPBhI, MPUYEM [i MOJIOXKHUTe/JIbHA W HachblmeHHa. Fcian v abcororHo
HelpepbIBHA OTHOCHTEJIBHO |4, TO CYINecTBYeT Takoii amement y € L(u), 4aro

v(a) = / xeydu (a € A).
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< Tpeanonoxum cragana, aro |v| < p. Onpenesnm oneparop S, @ L (p) — F
dopmynoit

S, (7):= /xdu (€ L1(1).

Kaxk Buano, S, < T, ctaso O6bIThb, 1o Teopeme Pamona — Hukomuma mjs omepa-
Topos Marapam (cm. [5, 13]) moxkno uaiitu Taxoit p € Orth(L(u)), uro |p| < T u
Sy(u) = T(pu) (u € L(p)). Opromopdusm p npejicrapiasiercs B Buge p(u) = gu
nist nekoroporo § € L (p), |y| < 1, oryna

v(a) =T(xay) = /xaydu (a € A).

Y0661 paccMoTpeTh 00IIHil CIydail, NONoKuM vy, = v A (np) u Sp:= S, (n € N).
Torna v,, ~ v, S, /S, u B cully JOKa3aHHOI'O BBIIIE CYIIECTBYET BO3PACTAIO-
as MOCJIEI0BATENbHOCTD (yy,) € L1 (1), mna xoropoit vy, (a) = I,(Xayn) (a € A).
IMockombky I,(yn) = vn(1l) < v(1), MOXKHO NIPUMEHHTH TEOPEMY O MOHOTOH-
Hoit cxomumocT. Takum o6pa3oM, 3TeMeHT y := sup,, Y, cojgepxurca B L1(u) u

v(a) = Iu(xay) (a € A). >

4.5. Teopemy 4.4 mo-cymecrBy ycranosun M. Paiit B [20] apyrum cmoco-
6omM. OH BBIBEJI 3TOT (DAKT U3 CIAEAYIOMET0 BCIIOMOTAaTEIbHOTO YTBEPKICHUSI, HETIO-
CPEJICTBEHHO BBITEKAIOIIET0 W3 OJHOr0 pe3yibrara V. Kammanckoro [12; reopema 5]
(cm. [20; emma 4.2]):

Iyctn 1 — nacwimentas mepa, co snadernsvu 8 C(Q) u T : L2 (u) — C(Q) —
OrpaHHYEHHBIH 110 HOpMe MOAyJIbHbIH romomopusm. Torga cyujecrByer equHCT-
Bennasg pyuknusa g € L2(u), ans koropoii

rf= [ fgdn (1€ L),

4.6. ITycrp p — mosoxkuTeIbHAA HAChIeHHass Mepa. Torga orobpaskenue 1 —
Vg, LI Vg onpegessiercss popMynoii vg(a):= 1,(x.x) (a € A), 6yzger pemerodHbim
uzomMopduzMoM BekTopHbIX pemmerok LY (p) mw {p}++t.
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