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Given the real numberd > 0 and0 < o < 1, we denote by Lipa the set
of all functionsf : [0, 1] — R, satisfying

|f(£C2) — f(l'l)’ < All’g — CC1|a for all T1,T2 € [0, 1]
The main purpose of this note is to present an elementary proof of the fol-

lowing result:
Given the continuous functiof: [0, 1] — R, it holds that
(2) f e lLlip,a
if and only if
(2) M, f € Lip j« forall n>1,

where(M,,),>1 is the sequence of Meyer-Konig and Zeller operators.

It should be mentioned that similar proofs for other operators are to be found
in [2] and [3]. On the other hand, the equivalend® & (2) is a special case
of a much more general resuit,[Theorem 1]. However, the proof presented in
[1] is completely different and does not have an elementary character.

Proof. Let f : [0,1] — R be a continuous function and letbe a positive
integer. Recall that theth Meyer-Konig and Zeller power series associated to
f is defined by (se€])

My f(1) = f(1),
M, f(x) = Zf ( b ) Mk (), z € [0,1],

n+k

Mpk(x) = (nzk)xk(l—x)”ﬂ, k=0,1,2,....
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That @) implies (1) follows from the fact that the sequengc¥,, f),.~; converges
uniformly to f on [0, 1]. Thus it remains to prove that)implies @). To this
end, letn be an arbitrary positive integer and (e x; < x5 < 1 (sinceM,, f
is continuous at, it suffices to consider only the case < 1). Then we have

' (1 — 25)"* Ty — 1+ 21 — 2172\’
2 ]_—ZL‘l
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J=0 J
- ] — nt+l _J .
o ] n+ ) ak(ry — a)F(L — ag) R
:§§f(n ) ey A n
— iif ( > (n+5)! wf(ws — w1l 7F(1 = ag)" !
= \n+g) nlkl(G k) (1— 1)
Y S () O il
=0 =0 n+k+¢ nlkle! (1 — 2y )k H )

where the change of index— k£ = ¢ was used for the last equality. We have
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Mnf(xl)
= k n+k
L (k) (3o
— n+k k
:if( k > <n+k>xk_(1—x2)n+k+1. 1
e n+ L k 1 (1 - l‘l)k (1 B $2_w1>n—|—l€—&-1
1= An Elemen_tary Prc_)of of_the
S () (RS S ke (o)
— n+ k k (1 _ xl)k — ¢ 1— T1 and Zeller Operators
B i i f k (n+k+0)! ¥ (xy —21)(1 — 2)"HFH! Tiberiu rif
B i \n+k nlk!/! (1 — @q)kte '
T Title Page
In particular, the above equalities show that T
3) i (n+k+0! ¥ (zy — 1) (1 ; fg)”*k“ . <« >
e nlk!e! (1 —xq)kt < >
S n—+k+0 aF(zy —x)f(1 — xy) ! Go Back
(4) Z Eto ( A Lt 11) : k+€2) -T2
k00 n-—+ K-+ nK. ( — {L‘l) Close
e k L+ /) k o ¢ 1 — n+k+1 it
e Y (n +' '+' )@ (w2 — 1) ka) . Qui
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Sincef € Lip 4a, we have

| M, f($2)—Mf($1)|
(n+k+0! af(ay —21) (1 — xp)" ! k+1¢
<Z (72 1)( k;) f —f
nlk!l! (1 —aq)Ft n+k+/¢
<AZ (n+k+ 0! af(zs —21) (1 — xp) ! k+0  k a‘
nlk!l! (1 — aq ) tt n+k+¢ n+k

k=0

is concave, we deduce that

| M f(2) —

e}

<AY

k,6=0

Taking into account3) and the fact that the functiane [0, co[ —— t* € [0, oo
(n+k+0) a¥(xg— )41 — aq)ntrHl k+¢  k
nlk!l! (1 — aq)tt n+k+¢ n+k

Using now &) and 6) we get

| M f

(z2) —

i.e., M, f € Lip 4. This completes the proof.

M, f(z1)] < A(zg — 21)%,

k

n+k

«

)
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