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Abstract

A delayed periodic n-species simple food-chain system with Holling type-Il func-
tional response is investigated. By means of Gaines and Mawhin’s continu-
ation theorem of coincidence degree theory and by constructing appropriate
Lyapunov functionals, sufficient conditions are obtained for the existence and
global attractivity of positive periodic solutions of the system.
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The traditional Lotka-Volterra type predator-prey model with Michaelis-Menten

or Holling type Il functional response has received great attention from both
theoretical and mathematical biologists, and has been well studied (see, for
example, 1] — [17]). Up to now, most of the works on Lotka-\Volterra type
predator-prey models with Michaelis-Menten or Holling type 1l functional re-
sponses have dealt with autonomous population systems. The analysis of these
models has been centered around the coexistence of populations and the local

Existence and Global

and global stability of equilibria. We note that any biological or environmental Attractivity of Periodic
parameters are naturally subject to fluctuation in time. As Cushirigjpinted Fooif’c"at;‘i’:ssg‘steﬁsﬁifﬁ'_ﬁn .
out, it is necessary and important to consider models with periodic ecological Delays

parameters or perturbations which might be quite naturally exposed (for ex-
ample, those due to seasonal effects of weather, food supply, mating habits,
hunting or harvesting seasons, etc.). Thus, the assumption of periodicity of the

Qiming Liu and Haiyun Zhou

parameters is a way of incorporating the periodicity of the environment. Title Page
It has been widely argued and accepted that for various reasons, time delay Contents

should be taken into consideration in modelling, we refer to the monographs of

Cushing [L4], Gopalsamy [5], Kuang [L6], and MacDonald ]7] for general « dd

delayed biological systems and to Beretta and Kuanyy Gopalsamy [ 9, 2(], < >

He [21], Wang and Ma 7], and the references cited therein for studies on de-

layed biological systems. In general, delay differential equations exhibit much Go Back

more complicated dynamics than ordinary differential equations since a time Close

delay could cause a stable equilibrium to become unstable and cause the popu- Quit

lation to fluctuate. Time delay due to gestation is a common example, because
generally the consumption of prey by the predator throughout its past history Page 3 of 36
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governs the present birth rate of the predator. Therefore, more realistic models
of population interactions should take into account the effect of time delays.

The main purpose of this paper is to discuss the combined effects of the
periodicity of the ecological and environmental parameters and time delays due
to gestation and negative feedback on the dynamics efsiecies food-chain
model with Michaelis-Menten or Holling type Il functional responses. To do
so, we consider the following delay differential equations

4
. alg(t)l'g(t) .
it} =) [“@ —enlt—m) = 7T | stenee and Cloee
Solutions in  n-Speci
| e i S
xj(t):xj<t) _Tj(t) + _ A Delays
L+ mj_qxj_1(t — 7551

)
ajjv1(t) i (t)

Qiming Liu and Haiyun Zhou
1.1 —a;i(t)x;(t —71;5) — , 1<j<n,
( ) JJ( ) ]( ]J) 1+TTLJ+1$](2§) :|
Title Page
Ap—1 () Tp—1(t — Thon—
i (1) = 2 (£) | =7 (1) + — 1(8)Zu1 — Tun)
1+ mn_lxn_l(t — Tn,n—l) Contents
— U (E) 2 (T — Tnn):| : 4« >
N < | 2
with initial conditions
Go Back
(12) $j($) = ¢j(8)7 s € [_7—7 0]7 ¢j(0) > 07 j = 1727 sy Close
In system {.1), z;(¢) denotes the density of thith population, respectively,= Quit
1,...,n. 7;21(j = 2,...,n) are time delays due to gestation, that is, mature Page 4 of 36
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7;; > 0 denotes the delay due to negative feedback of the spegcies =
max{7;;, 1 <1, < n};ri(t),a;t) (i,j =1,2,...,n) are positively periodic
continuous functions with common periad> 0 andm;(i = 1,2,...,n — 1)
are positive constants.

It is well known by the fundamental theory of functional differential equa-
tions [23] that system 1.1) has a unique solution(t) = (x1, s, ..., z,) satis-
fying initial conditions (L.2). It is easy to verify that solutions of systerh.{)
corresponding to initial condition4 (2) are defined ofD, +o0c) and remain pos-
itive for all ¢ > 0. In this paper, the solution of syster.{) satisfying initial
conditions (..2) is said to be positive.

The organization of this paper is as follows. In the next section, by using
Gaines and Mawhin’s continuation theorem of coincidence degree theory, suf-
ficient conditions are established for the existence of positive periodic solutions
of system {..1) with initial conditions (..2). In Section3, by constructing suit-
able Lyapunov functionals, sufficient conditions are derived for the uniqueness
and global attractivity of positive periodic solutions of systeni).
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In this section, by using Gaines and Mawhin’s continuation theorem of coin-

cidence degree theory, we show the existence of positive periodic solutions of

system {..1) with initial conditions (L.2). In order to prove our existence result,
we need the following notations.

Let X, Y be real Banach spaces, let: DomL C X — Y be a linear
mapping, andV : X — Y be a continuous mapping. The mappihgs called
a Fredholm mapping of index zerodim Ker . = codimIm L. < +o0 and
Im L is closed inY. If L is a Fredholm mapping of index zero and there exist
continuous projector® : X — X, and@ : Y — Y such thaim P = Ker L,
Ker@ =Im L = Im(/ — @), then the restrictior » of L to Dom L N Ker P :
(I — P)X — Im L is invertible. Denote the inverse éfr by Kp. If 2 is an
open bounded subset af, the mappingV will be called L—compact o if
QN(Q) is bounded and<p(I — Q)N : Q — X is compact. Sincém Q is
isomorphic toKer L, there exists an isomorphiss: Im ¢ — Ker L.

For convenience of use, we introduce the continuation theorem of coinci-
dence degree theory (se&![ p. 40]) as follows.

Lemma2.1.Let{2 C X be an open bounded set. Lebe a Fredholm mapping
of index zero andV be L-compact orf2. Assume

(a) Foreach) € (0,1),2 € 9QN Dom L, Lz # ANux;
(b) Foreachz € 02N Ker L, QNx # 0;
(c) deg{JQN,QNKer L,0} #0.

ThenLz = Nz has at least one solution dN Dom L.
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In what follows we shall also need the following notations:

F== [ st b= min o, 5= max )

tel0,w] te[0,w]

wheref is a continuouss-periodic function.

Theorem 2.2. System1.1) with initial conditions (L.2) has at least one strictly
positivew-periodic solution provided that

Existence and Global

H1 Qir1: > M;T; G, 1>m._1H;, 2<7<n Attractivity of Periodic
(H1) L A ﬂhlr e Solutions in  n-Species
_ A11412 T Food-Chain System with Time
(H2) > Ky + ————e™", Delays
az1 — myHy
h Qiming Liu and Haiyun Zhou
wnere
( (a21/m1) = T2 g, Title P
_la m — T _ Itle Page
K = g2 Xen/me H, =7, g
22 Contents
a;:H; _
(2_1) H] — KJ + jjtti+1 ezaj’jilw/mjil, 2 S j S n — 1’ “ }}
@i — MM P >
KJ — ﬁ T a1 341,75 _J Jj+1 e2aj+1,]-w/m]” 9 S ] S n—1. Go Back
. i Close
Proof. Let Quit
. Page 7 of 36
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On substituting Z.2) into system {.1), it follows

(

y;(t) = —r;(t)
(2.3)

\

Itis easy to see that if syster.g) has onev—periodic solutiony; (¢), . . .

¥ (t) = (zi(t), ...

then

U1 (t) = r(t) — aq (t)enrt—m) —

In(t) = —ra(t) +

a1 (t)ers 1T
1+ mj_qevi—1t=mii-1)
a1 (t)evit1 )

1+ mjevi®)

+

Apn—1 (t)eyn—l(thn’"_l)

1 + mn_leynfl(t_rn,nfl)

s, (1))" = (exply; (1)), -
is a positivew-periodic solution of systeml(l). Therefore, to complete the

a12 (t)eyQ(t)

1+ myen®’

— aj;(t)e¥ (t=73)

_ a?’LTL (t) eyn (t_'rnn) .

- exply (t)])"

proof, it suffices to show that systerd.§) has onev-periodic solution.

Take

X=Y = {(n),...

and

1 (2), -

n

()] =

t€[o,
oy tEl0]

()T € C(RR™) : y;(t+w) =y;(t),i=1,...

max [y;()],

un ()T,
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here|- | denoted.>—norm.. Itis easy to verify thaX’ andY” are Banach spaces

with the norm|| - ||. Set

L:DomLNX, L(yl(t)7""y"(t))T:< dt

whereDom L = {(y (), ...

dyl (t

X...,dy;f))T,

yn(t)" € CHR,R™)} andN : X — X,

am(t)eyz(ﬂ

1 (t) — all(t)eyl(t—’l'll) — —1+m16y1(t)

(1)
’ o1t y13—1(t—=755-1)
N Yj (t) = _Tj<t)+aljimljileeyjfﬂtfﬁ,jfﬂ _ajj(t)
y(t> o — (t) yn—l(t*:"n,n—l)
—Tn(t> + (]i;mnl_leeyn—l(t*ﬂl,n—l)

Define two projectors’ and(@ as

(7 (i %fow Y1 (t)dt
Pluy |=Q| w | =1 2/ wt)dt

Yj4+1(¢)

ey]' (t—T]’j) _ ajaj+1(t)e

14+m; e¥i®

_ ann(t)eyn(t_Tnn)

Yn
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It is clear that
Ker L ={z| x€ X, x=h, heR"},
ImL={yl yey, / y(t)dt = 0} isclosedinY,
0

and
dim KerL = codim ImL = n.

Therefore,L is a Fredholm mapping of index zero. Itis easy to show thahd
(@ are continuous projectors such that

ImP=KerL, Ker@=ImL=Im(Il-@Q).

Furthermore, the invers&p of Lp exists and is given byKp : ImL —
Dom L N Ker P,

Kol = [ wtas =2 [* [ utopasar

Then@QN : X — YandKp(I — Q)N : X — X read

%fow [7“1(25) — ay (t)evrt—m) — —alz(t)eyg(t)} dt

1+myev1(®

y j—1(t=755-1) o Yj+1(t)
=L [“—r, a1 Qe Y Y (t—75;) _ G+ (eIt
QN.CE— wfo |: T (t)+ 1+mj_1eyj,1(t77j’j71) Q4 (t)e J Ji 1+mjeyj(t> dt

eynfl(t*Tn,nfl)

— Qpn, (t)eyn(thnn)] dt

1+mn,16y"*1(t77”1"*1)

L [t 2t
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p(I— QNa:—/Nx ds——/ /N:U )dsdt— (———)/ Nx(s

Clearly,QN andKp(I — Q)N are continuous.

In order to apply Lemma&.1, we need to search for an appropriate open,
bounded subsé?.

Corresponding to the operator equation= ANz, A € (0, 1), we obtain

;

. . a1 (t)ev2®
yl(t)ZA[Tl(t) — ap (t)en =) — %} ,
(1) = [y () + B0 Ateactiy of Periodi
+m.,;_1e’7— 3, — A . - .
(.4) s (ol _ @] Fooa Ghain et e e
73 ' 1+m;e¥i® ) ) Delays
. . Qnm (t)e¥n—10"Tn,n-1) o (t—Tom oo | F 3
\ yn(t> =\ |:—7”n(t) + 1+m:_16yn—1(t*7n,n—1) o am(t)ey (t ) ) Qiming Liu and Haiyun Zhou
Suppose thaty;(t),...,y.(t))T € X is a solution of system2(4) for some E——
A € (0,1). Integrating systen(4) over [0, w] gives ! g
Contents
w - w a12(t)ey2() w
2.5 vilt=mu) gy Rt = t)dt
( ) / all( )6 + 0 1+m16y1(t) 0 7”1( ) ’ 44 44
5 a;j—1( (t)evi-1(t=T55-1) S >
( 6) / ]_ + m] leyJ l(t Tj,j— l)dt GO BaCk
w @ s (1)evit1(®) Close
— / ry(t)dt + / tynli)e i
0 o 1+mye¥ Quit
+ / ajj(t)eyj(t_Tjj)dt,j =23,....n—1, Page 11 of 36
0

J. Ineq. Pure and Appl. Math. 4(5) Art. 89, 2003

T 1 L N T


http://jipam.vu.edu.au/
mailto:llqm2002@yahoo.com.cn
http://jipam.vu.edu.au/

(t)eyn—l(t_'rn,n—l)

(27) / Tn(t)dt—i—/ &nn(t)ey”(t"'nn)dt:/ Anmn—1 dt
0 0 0

1 + mnileyn—l(t*Tn,n—l) ’

It follows from (2.5)-(2.7) that

@8 [ = [

< / {Tl(t)+a11(t)ey1(tm)+
0

= Qﬁw é dl,
a1 ()1

@9 [ lwlie=x [
0 0
1+m]~eyd(t)

w o (t)eYi-1(t-Tii-1)
S/ {Tj(t)+ 2g-1tE)e
0

1+ mj_leyjfl(tffj,jfl)

a1 (t)e 1V
1+ mjevi®)

1+ mevn(®
ay(t)er> ) 1 gt

T (t) — an(t)eyl(t_m) — dt

1+ mqeyt (t)

a1 (t)ew 1)

1+ mj_leyjfl(tffj,jfl)

—r;(t) +

—ay;(t)eYs (t=7j5) _ dt

+a;;(t)evs (t=i3) 4

Qi A .
SQ#Iw:dj j=2,...,n—1,
j—1
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(2.10) !/£w|yn<t>hu

w — t yn—l(t_Tn,n—l)
= )\/ —rp(t) + ann-1(t)e — Qe )| it
0 1 + mn_leyn—l(t*Tn,n—l)
w nr— t ynfl(t_Tn,nfl)
< / [rn(t) 4 Gnnmili)e + anney"“‘“ml)} dt
0 1+ mn_leyn—l(t*732)
< glnnol A g
Mp—1 Existence and Global
i i Attractivity of Periodic
Since(y,(t), ..., y.(t))T € X, there exists;, T; such that Solutions in  n-Species
Food-Chain System with Time
yi(ti) = min y;(t), v:(Ti) = max y,(t), i=1,...,n. Delays
te[0,w] te[0,w] o ) )
Qiming Liu and Haiyun Zhou
We derive from 2.5) that
© ¥ Title P
/ all(t)eyl(tfnl)dt < / r (Zf)dt, Ite Fage
0 0 Contents
which implies o <« by
yl(tl) < 1Ili é P1-
=Man 4 | 2
This, together withZ.8), leads to Go Back
2.11) nlt) <t + [ (o)l Close
0 Quit
<In 7“:1 + 2rw. Page 13 of 36
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It follows from (2.6) and @.7) that

w w b
/ ajj(t)eyj(t_Tjj)dt < / a’j,jfl(t)eyj 1(t=75,5-1)
0 0

14 mj_leyj—l(t—Tj,j—l

Qi i1 o
< 7] ) Tj )7
mi—1
J

which implies
Qjj—1 — Mj1Tj A

y;(t;) <In

mj1aj; d
This, together withZ.8) and @.9), leads to
@12)  y® <)+ [ ol
0
<In Gyt ~ Tﬁ_lr_j + 2aj’j_1w, j=2,...
mj—1a;; mj—1
From 2.5 and .12 we obtain
1 w
(2.13) e ™ > 7 — —/ alg(t)e”(t)dt
W Jo
- 3(azl/ml) — T2 ez fmi)e
- [
= T_l - Kla
that is
mn—K
11

)dt—r_jw
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It follows from (2.8) and @.14) that

“ o mn—K o
(2.15) zMOzydﬂ%—/Im@wﬁzm];_l—2ﬁw
0

11

We obtain from 2.6) and @.15) that

1 [ ag(t)evr(t—T21) 1 [~
vy2(T2) 21 - y3(t)
(2.16) age > /0 7 1ey1(t_721)dt T /0 ags(t)e”*\dt

m—K —2Mw
S S o
1 + Tnl<7“1a—T 1 )e—erw
_ G lil) K,
ane%‘*’ + ml(T’1 — Kl)
2A - K,
If Ay — Ky, > 0then
A — K
(2.17) yo(Tp) > In ———2,
22
this, together withZ.9), leads to
(2.18) alt) 2 (1) — [ L)
0
>R fe T
a22 my
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It follows from (2.7) and .18 that

1 [v ) ev2(t=T32) w
@eyza(Ts) > / CL32( )6 )dt — T — / a34(t)eu4(t)dt
0 0

w 1 + mgey2(t=7s2

32 (A) — Ky)e 2az/me /oo

> ——— — K
1+ mé”(Al — K2)6—2(021/m1)w/a_22
CL_32(A1 - KQ) Existence and Global
> o — K3 Attractivity of Periodic
a99€ (a21/m1)w + mQ(Al — Kg) Solutions in  n-Species
Food-Chain System with Time
A Delays
- AQ - Kg.
Qiming Liu and Haiyun Zhou
If Ay — K3 > 0, together with 2.9), it follows
_ _ Title Page
Ay — K3 as2 A a1
(2.19) ys(t) = In = ZEW =0y — QEW‘ Contents
Similarly, we have b dd
< >
— (D) > aj-1(8j—2 — K1) K
13 - a/j—l,j—IGQ[W/mj_Q]w —+ mj—1<Aj—2 — Kj_1> / Go Back
A Close
=41 - K. Quit
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If A,_; — K; >0, we have

(2.20) u; (1) = 5 (T}) — / iy )\t

3<3<n—1.

w’
m;_1
where
@21 A=)
@ye "t my(Ay o - K))
From 2.7) and .20, we have
T > A,y =T
If A,_1 —7, > 0, together with 2.10), it follows that
(2.22) )2 (D)~ [ linte)
0
>1n An—l__ Tn N 2an,n—1
Ann mp—1
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We note thatZ.19), (2.18 — (2.20 and .22 hold if the following are true:

(223) > Ky, Aj > Kj+1(j =1,2,....,n— 2), A1 >T,.

We now show that assumptions) and H2) imply (2.23.
Let (H1) and H2) hold. Then we have

—_— 2Mw

_ anHqe _

> K+ ————, a1 > miH,,
Q21 — M1T2

which implies
T > Kl, Al > H,.

Noting thataz; — mo73 > 0, a3z — moHsz > 0, we have
> Ky, Ay > Ky, Ay > Hs,
which, together withiyz — ms7s > 0, ag3 — m3Hy > 0, leads to
™ > Ky, A1 > Ky, Ay > K3, Az > Hy.
Similarly, we have

T_1>K1, A1>Kl+1 (1§l§]—2), Aj_1>Hj,

which, together Withlj_HJ > MyTit1, Gjvl5 > ijj-i-la Implles

T_1>K1, A1>Kl+1 (1§l§]—1), Aj>Hj+1.
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Finally, by a similar argument we obtain

T_1> K17

Al > Kl+1 (1 <l<n-— 2), An—l > T,

From what has been discussed above, we finally derive that

(2.24)

Clearly,B; (i =1,2,...,n

max lys(8)| < max{|p:| +di, |6 +diY 2 B, i=1,...,n.
te|Ow

) are independent of. DenoteB = >""" | B; + By,

here B, is taken sufficiently large such that each solutiof, v3, ..., v*)T of
the system of algebraic equations

(2.25)

satisfies||(vf, v3, . ..

0= {(y17 Y2, -, yn>
of Lemma2.1is satisfied. Wheftty:, o, . . .

(

\

(1,2, - -

1 [ apa(t)e™
T — @e’t — —/ e 4y,
W Jo 14+ mqen
L [“ aj;_1(t)e" 1
_?,,— + — M— t _ a— Vj
) T = e
1 Y a1 (t)evitt
. Mdtzo, 2<j<n—1
w. o 1+ mjevs
gt / © a0 gy
n w J 1 T m,,_jevn-1 nn )

,n) I =

: ||(y17y27"'
)T € 00 NKer L = 00 NR™,

,yn)T is aconstant vector iR with >~ | |y;| = B. If system £.25

S vi] < B (if it exists). Now, we take
,yn)T|| < B}. Thus, the condition (a)
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has solutions, then

J— _ Y
y Tl _— alleyl — 1 Ow —il-lqi(rflzj dt 0
1
wa (t)e¥i—1 . . wa e¥it+l :
QN y; |= TJ+ f 1J+Jml—y]1dt_ajj ]__f ]J1J—ri-1mJ6 dt 7é 0
a elynfl :
Yn fo‘*’ %dt — Geln 0
L+ my_je¥n-t Existence and Global
. . ivity of iodi
If system @.25 does not have a solution, then we can directly derive éﬁ}{;?é‘ﬁ;‘%f z?é';,)eéfes
Food-Chain System with Time
Y1 0 Delays
QN 7é . Qiming Liu and Haiyun Zhou
Yn 0
Thus, the condition (b) in Lemm& 1is satisfied. Title Page
In the following, we will prove that the condition (c) in Lemn2al is satis- Contents
fied. To this end, we defing : Dom L x [0,1] — X by
44 44
gb(yl»-..yynwu) 1 y (t) v 4 }
r — gqeYl aiz(t)e
e 0 Trmerdt Go Back
w aj 1 (t)e’i—1 1(t)ey7 1 — s it Close
- _TJ +5 fO 14+m; T1+m,_1e%i-1 dt — CijG ! +,u —L —aj st1(t)e’) dt 9
-1 w JO 1+m]e Quit
Yn )
—T 4+ L % dt — aevn 0 Page 20 of 36
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wherey is a parameter. Whey, vo, - . ., yn)? € 02 NR™, (y1, 9o, . . .
a constant vector if®" with ", |y;| = B. We will show that when

s Yns i) # 0.
,yn)T e R™ with Z?:l lyi| = B

9 yn)T iS

(yby?v s ayn>T S 89 N Keer ¢(y17y27 e

Otherwise, there is a constant vector, . . .
satisfyingé(yr, va, - - -, Yn, ) = 0, that is

_ - 1 “ alg(t)eyQ
1 —ane’t — p— ———dt =0,
1 11 Mw /0 1+ myen

1 (¥ a;j-1(t)e¥—?
— T+ = Adt —aeY
J o L+my_jevi 33

1 woa t)eYi+1
_N_/ a]7]+1( )6 : dt:()? QSJSn_]-
w./), 1+ mjeYi

and

1 (¥ a,n,_q(t)e¥n—1
—T_n—i——/ () dt — a,,e’™ = 0.
w Jo 1+ my,_qevn-1

By some similar argumentsi@ (L), (2.12), (2.14), (2.19, (2.17), (2.18), (2.20
and @.22 we can show that

lyi| < max{|o;],|p:il},i=1,2,...,n.

Thus . .
Z |lyi| < ZmaX{’Pi’a 6|} < B,

i=1 i=1
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which is leads to a contradiction. Using the property of topological degree and

,yn)T, we have

takingJ = : Im @ — Ker L, (y1, ya, - - - ,yn)T — (y1,92, ...

deg(JQN<y1a s 7yn)Ta an KerL, (07 s 70)T)
= deg(o(y1,...,yn, 1), QN Ker L, (0,...,0)T)
= deg(d(y1, - .-, yn,0),2NKer L, (0,...,0)")
. o o 1 w a,7,_l(t)eyj—1 o
:deg(((Tl—an@yl7...,—rj+;/o Wdt—ajjey“,.‘,

1 w — t Yn—1
—ﬁ—l——/ ann-1(t)e dt —a,
0

w 1+ m,_ie¥n-1

T
ney”> , QﬂKerL,(O,...,O)T>.

Under assumptions{(l) — (H2), one can easily show that the following system
of algebraic equations

(T —anw = 0,
_ Qji—1Uj—1 _ .
JsJ J
—ri+ —2>——— —a.u; =0 2<51<n-1
(2.26) T4 myu, 7T J
N Ap pn—1Un—1 R
-y + ——————— — Gty = 0
L n 1 _"_ nilunil nn*n )

has a unique solutiofu}, . .., «*)” which satisfies;; > 0,i =1,...,n.
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A direct calculation shows that

deg(JQN(yla Y2, - - 7yn)T> QN Ker Lv (Oa 07 s 7O)T)

— sgn {H(—m} — (~1)" £0.

i=1

Finally, it is easy to show that the sk p(I — Q)Nu|u € Q} is equicontinu-
ous and uniformly bounded. By using the Arzela-Ascoli theorem, we see that Existence and Global
Kp(I — Q)N : Q — X is compact. Moreovei) N((2) is bounded. Conse- Attractivity of Periodic

Solutions in  n-Species

guently, N is L—compact. . : ecies
L . . ood-Chain System with Time
By now we have proved th&? satisfies all the requirements in Lemr4. Delays

Hence, system2(3) has at least one-periodic solution. As a consequence,
system {..1) has at least one positive-periodic solution. This completes the
proof. ]

Qiming Liu and Haiyun Zhou

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 23 of 36

J. Ineq. Pure and Appl. Math. 4(5) Art. 89, 2003
P

T 1 L N T


http://jipam.vu.edu.au/
mailto:llqm2002@yahoo.com.cn
http://jipam.vu.edu.au/

We now proceed to a discussion on the global attractivity of the positiyeeriodic
solution of system(.1). It is immediate that if any positive periodic solution
of system (.1) is globally attractive, then it is in fact unique. We first derive
certain upper and lower bound estimates for solutiond dj ¢ (1.2).

Lemma 3.1. Letz(t) = (z1(t), 22(t), ..., x,(t))T denote any positive solution
of systemX.1) with initial conditions (L.2). Then there exists & > 0 such that

(3.1) O0<z; <M; for t>T, i=12...,n,
where
(32) M, = a—Le o,
11
M L
0y = B T oyt G — 93, o,

ajj

The proof of Lemm&.1is similar to that of Lemma.1lin [27], we therefore
omit it here.

We now formulate the global attractivity of the positive periodic solutions
of system {..1) as follows.

Theorem 3.2.In addition to (1) — (H2), assume further that

(H3) liminf A;(t) > 0,i=1,2,...,n,

t—o0
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where
(33) Al (t) = &11(t> — mlalg(t)Mg — 921 (t -+ Tgl)

t+711
— [’I"l(t) + an(t)Ml + CLm(t)MQ]/t an(s)ds

t+27111

— all(t+Tl)M1/ CLH(S)dS
t+711
t+721+T22

— a21(t+7'21)M2/ as (s)ds,

t+7121

(B.4) Aj(t) = ay;(t) — mjaj i1 (t) Mz — aj1(t + Tja)

() [t
_ %_J”/ a;_1;-1(s)ds
t

m;_1

aj;-1(t)
- {Tj(t) + = i (t)M; + aj,j+1(t)Mj+1}
i
t-‘r‘l'jj t+27’jj
X / aji(s)ds — aj;(t + 755) M; a;;(s)ds
t t+754

i1+ i1+
— a1 (t+ T g) My
tTi41,5

ajt1,5+1(8)ds,
for2<j;<n-1,and
(3.5) A.(t) = ann(t) — an—1.,(t)

- [rn(t) - “m—‘f)

t+Tnn
+ ann(t)Mn} / Ui (8)ds
¢
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t+27Tnn Gp1 n(t) t+Tn—1,n—1

— G (t 4 Ton) M, A (8)ds — ————= / Ap—1n-1(8)ds.
t+ T Mp—1 t

Then system1(1) has a unique positiveo—periodic solution z*(t) =

(z%(t),..., 25 ()" which is globally attractive.

rn

Proof. Due to the conclusion of Theoref2, we need only to show the global
attractivity of the positive periodic solution af (1). Letz*(t) = (z}(t),...,z:(t))T

’rn

be a positiveu— periodic solution of {.1), andy(t) = (y1(t),...,y.(t))T be
any positive solution of systemi (1) — (1.2). It follows from Lemma3.1 that
there exist positive constaritsandM; (defined by 8.2)) such that for alt > T,

We define
(3.7) Vii(t) = |Inxi(t) — Iny(t)].

Calculating the upper right derivative bf; (¢) along solution of {.1), it follows
fort > T that

@8 Vi = (B - 2 et - (o)

= sgn(27(t) — yi(t)) [ —a () (2]t — 1) — (t —711))

Can(®zyt) | an)p)
1+myzi(t) 14+ myy(t)
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ar2(t)(x5(t) — ya(2))

14 mle (t)

= sgn(21(t) — (1)) {—an( )(@1(t) =9 () =

maara(t)ya(t) (w7 (t) — 11 (t)) Lo .
(e oy e A SRR

)
< —an(®)]z7(t) = v ()] + are|23(t) — y2()| + miara(t)ya(t) |21 (t) — y1(?)]

t
fan®)| [ (5w - iula)de
t—T11
= —an(t)|z7(t) — y1(t)| + ara(t)|25(t) — yo ()] + maara(t)y2(t) |27 (1) — y1 ()] Aot of periodis
t Solutions in  n-Species
+ an (t) / {x’{(u) |:7’1 (u) Food-Chain System with Time
t—T11 Delays
. all(u)x*(u . 7_11) . alZ(U)wS(U) :| Qiming Liu and Haiyun Zhou
! 1L+ myxi(u)

—yi(u) [rl(u) —ay(u)y(u — 711) — M} } du Title Page

1+ myy(u)
= —an(t)|z7(t) — y1 (O] + ar2(O)]25() — y2(t)| + maara(t)ya(t) |27 (t) — y1(?)]

/ttm { [H(U) — aqq (w)yy (w — T41) 4: ;:

Contents

+an(t)

ara(u)ya(u) () — Go Back
T ) (50— 00 Goss
— aqy(u)x](u) (2] (w — m1) — yi(u — 711)) Quit
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< —an(t)]21(t) — y1(t)] + a12(t)[25(t) — ya(t)]| + maara(t)y2(t)]|27(t) — v ()]

/t {[7“1(“) + an (w)yr(u — 1i1) + ara(w)ya(u)]|27 (u) — yi(u)]

—T11

+ a1 (1)

+ a1 (w)x) (w)|zi (v —7m1) — yr(u — 1) + amm?) |25 (u) — yz(u)|} du

We derive from 8.6) and 3.9) that fort > T + 7
(3.9) D" Vi (1)

Existence and Global

< —an (t)|z7(t) — v (t)| + ar2(t)|25(t) — ya(t)| Attractivity of Periodic
Solutions in  n-Species
+ myaq2 (t)MQ ’.f{(t) — Y1 (t)’ Food-Chain System with Time
¢ Delays
+ an () / {[7“1(“) + an (u) My + arg(u) Mo |z} (u) — y1(u)| Qiming Liu and Haiyun Zhou
t—711
+ an(u)M1|:1:’{(u — 7'11) — yl(u — Tn)‘
Title Page
az(u), .
+ my [23(u) - yg(u)]} du|. Contents
Define <4« >
(3.10) Vis(t) ¢ >
trm et Go Back
[ i+ e+ et - mo)
t s—T11 Close
+ any (u) Moy (u — 111) — y1(u — 711))| Quit
+ ar2(u) |25 (u) — yg(u)|} duds. Page 28 of 36
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It follows from (3.9) and 3.10 that fort > T+ 7

(3.11) D*(Vii(t) + Vaa(t))
< —an (8)|21(t) = y1(8)| + ar2(8)]73(F) — y2(8)] + maara(t) Ma |21 (t) — 1 ()]

+[ mad)%{[()+md>Mer@MMMHﬂ—m@H
““W@@—m@@.

1

+ ayn () My |27 (t — 711) — yu(t — 701)| +

We now define
(3.12) Vi(t) = Viu(t) + Via(t) + Vis(t),

where

1+2711
(3.13) V(¢ Ml/ arn(s)ar (I + )27 (1) — yi(1)|dsdl.
t—711

4711

It then follows from 3.11) — (3.13 that fort > T + 7
(3.14) DHVi(1)
< —an(®)|z1(t) — ()] + ara(t)|25(t) — ya(t)| + maara(t) Ma|zi(t) — y1(2)]
t+711
+/t ai (s )dé’{[ 1(t) + an () My + ara(t) Ma]|27(t) — v1(2)]

2050 - w01} + ante+mdt [ 1ot - ol

t+711

+
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Define

(3.15) V(1) = |Ina(t) — ny; (1)

/ 03105+ T )52 (5) = 952 ()]s
t Tj,5—1

/ - /
S

1(“) *
#2204 a0 b = )
.

) { [0

Tjj

+ aji(u) M|z (u — 755) — y;(u — 755)]
+aj i1 (u) Ml (u—755-1) — yj-1(u—Tj5-1)]

S ) = ()  duds

142755
+ M; / aj;(s)az;(l + Tjj)|x;(l) —y;(1)|dsdl
t—7j;

4755

l+75,5-1+755
+ M; / / ajj(s)ajj-1(l +755-1)
t TJJ 1

I4+755-1

xi (1) — yj-1(0)|dsdl, j=2,3,...,n—1.

(3.16) V(1) = | I (t) — Iy, ()]

t
4 / 1 (5 + Tam )| 1 () — yua(5)|ds
t Tn,n—1
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o

. a"ﬂ’l L +am<u>Mn} 3(0) = )

I+2Tnn
v M, / o (5) (1 4+ Ton) (1) — y(D)|dsdl
t—Tnn

I+Tnn

+Tnn—1+Tnn
+ M / ann(s)an,nfl(l + Tn,nfl))
t Tn,n—1

I4+Tn,n—1
-1 (1) = Yo (D) |dsdl.
Finally, we define

= Vit
=1
We derive from 8.14) — (3.16 that fort > T+ 7
dv (t -
(317) WO < 3 A0lai0) — ulo)]
=1

whereA;(t)(i = 1,...,n) are as defined ir3(3) — (3.5).
By hypothesisi3), there exist constants;, > 0 (: = 1,...,
T + 7, such that

n) andT™ >
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Integrating both sides o8(17) on [T™, ¢], we derive
(3.19) V() + i/; A3 (s) — wa(s)|ds < V(T).
=1
It follows from (3.18 and (3.19 that
Vi / i) = ws)lds < V() for 13T
i=1

Therefore)V/ (t) is bounded ofil™*, oo] and aIsoth* i (s)—yi(s)|ds < o0, i =
1,...,n. On the other hand, by Lemnial, |z} (t) — v;(¢)| are bounded on

[T, 00). According to systemi( 1), we see that(¢) andy;(t) are also bounded.

Hence,|z}(t) — v:(t)| (i = 1,...,n) are uniformly continuous off™*, co). By
Barbalat’'s Lemma (se€ []), we can conclude that

lim |zf(t) —vi(t)|=0, i=1,...,n.

t——+oo

The proof is complete. O]
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