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ABSTRACT. In this paper, by means of a sharpening of Hélder’'s inequality, Hardy-Hilbert's
integral inequality with parameters is improved. Some new inequalities are established.
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1. INTRODUCTION
Letp > 1,0+ =1,f,9>0.1f0 < [T fP(t)dt < +00,0 < [ g*(t)dt < +o0, then

wy [y T ([ pwa) ([Cewm)

where the constangm(frw is best possible. The inequalit 1) is well known as Hardy-
Hilbert’s integral inequality. In recent years, some improvements and extensions of Hilbert's
inequality and Hardy-Hilbert’s inequality have been giveriin [2] - [6], Yang [2] gave a general-
ization of [1.1) as follows:
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If A > 2 —min{p,q},a <T < ocothen

(1.2) /aT /aT %dzd@;
< { | [k‘x(P)—ex(p) (7=2) " ](t—af—kfp(t)dt}

X {/aT [kzx(p) — 0x(q) (;__i) q ] (t — a)lqu(t)dt}i (T < o0)

and
(1.3) /:O/j%dmy

+A=2 g+ N—2
kx(p)IB(p A ),

p q

Os(r) = /Olﬁ (%)MW du (r=p.q)

The main purpose of this paper is to build a few new inequalities which include improvements
of the inequalities (1]2) anfl (1.3), and extensions of corresponding results iri [3] — [5].

where

2. LEMMAS AND THEIR PROOFS

For convenience, we firstly introduce some notations:

T T .
)= [ e @dn 1al,= ([ P 1=,
We next introduce a function defined by
Sy (H,x) = (@) ||H|,""*,

wherez is a parametric variable vector which is a variable unit vector. Under the general case,
it is properly chosen such that the specific problems discussed are simplified.
Clearly, S, (H,z) = 0 when the vector: selected is orthogonal t&?/2. Throughout this

paper, the exponent indicatesm = min {%, é} a<T < oo.

In order to verify our assertions, we need to build the following lemmas.

Lemma 2.1.Let f (z),g () > 0, 7 + ;= Landp > 1. If 0 < || f||, < +00 and0 < [|g||, <
+00, then

(2.1) (f,9) <A1, lgll, (1= R)™,

whereR = (S, (f,h) — S, (g,h)), ||h|| = 1, f/%(z), g/*(z)and h(z) are linearly indepen-
dent.
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Proof. First of all, we discuss the case pf+# g. Without loss of generality suppose that

p>q>1smce +—_1 we havep > 2. LetR = Q- Then +— 1. By
Holder’s |nequaI|ty we obtaln
2.2 o= [ 1@

- /T (f ) g‘J/p)gl_(Q/p)dx

a

< (/GT(ﬂgq/p)Rdxf (/GT(Q () da:)é

= () gl
And the equality in[(2]2) holds if and only j/ andg%/? are linearly dependent In fact, the
equality in ) holds if and only if, there exists:-asuch that( f - gQ/p) = ¢ (g*~/P) )Q It
is easy to deduce thgt/? = ¢, ¢%/2.
In our previous paperf [3], with the help of the positive definiteness of the Gram matrix, we
established an important inequality of the form

(2.3) (a, 8)° < [P 18I = (el = = 181 9)* = lladl” 181* (1 = 7)

2
wherey = <”79H — ”“”37”> ,x = (6,7),y = (a,y) with ||7|]| = 1 andzy > 0. The equality in
(2.3) holds if and only iftv and3 are linearly dependent; or the vectpis a linear combination

of o and g, andzy = 0 butz # y. If a, 4 and~ in (2.3) are replaced by?/?, ¢/*> andh
respectively, then we get

(2.4) (7%, 972)" < IfIP1lgll2 (1 — R)

where R = (S, (f,h) — S, (g,h))* with ||n]| = 1. The equality in ) holds if and only

if fP/?2and g%/ are linearly dependent, dr is a linear combination off?/? and ¢%/?, and
(fP2,h) (972, h) = 0, but (P2, h) # (g?? h). Sincef?/*> andg?/? are linearly indepen-
dent, it is impossible to have equality in (2.4). Substituting](2.4) iptol (2.2), we obtain after
simplifications

(2.5) (f.9) < If1, g, (1 = R)»

Provided thath(x) is properly chosen, theR # 0 is achieved. (The choice @éf(z) is quite
flexible, as long as conditiof:|| = 1 is satisfied, on which we can refer to[3, 4], etc.). Noticing
the symmetry op andg, the inequality[(2.]1) follows fronj (2]5).

Next, we discuss the caset ¢. According to the hypothesis: wheig andh are linearly
independent, we immediately obtain from (2.3) the following result:

(o) < I gl (1 =7)2,

2
wherer = <% - %) , and||h|| = 1. Thus the lemma is proved. O

Lemma2.2.Letp > 1, %+% =1,A>2—min{p, q},a < T < oo. Define the weight function
wy as follows:
2—X

r 1 rT—a\ "
(2.6) w,\(a,T,r,x):/ Gty =2 (y—a) dy z € (a,T).
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' — 1 _ PHA—2 g+A—2
Settingw (o, 00, 7, ) = limy_ oo wy (o, T, 7, x) and ky(p) = B (T’ T)’

- 1 1\ @-V0=1/7)
@7 0= [ (3) . (r=pa),
then we have
(28) W)\(Oé, o0, T,y .Z') = k)\(p)(x - O[)li)\v S (Oé, OO)
and
B r— o 1+(A=2)(1-1/7)
29) w0 L) < (o) -00) (72 ) (r—a) e (aT)
—

whereB(m, n) is the beta function.

The proof of this lemma is given in the paper [2]; it is omitted here.

3. MAIN RESuULTS

In order to state it conveniently, we need again to define the functions and introduce some
notations

P (C) et WU () y—a\m
(x+y—2a)MP \y — « ’ (x+y—2a)M1 \z -« ’

Sy(F, hr) = {/ / Fr? thxdy} {/ / dexdy} 2,

Sq(G,hT):{ /a /a Gq/%dedy} { /a /a quxdy} 2,

wherehr = hr(z,y) IS a unit vector with two variants, namely

T T 3
||hT||:{/ / hQdedy} =1, a<T<x

andF?/2 | G42 h; are linearly independent.
Theorem3.1.Letp > 1, -+ 1 =1,A > 2 —min{p,q},« < T < o0, f(t),g(t) > 0. If

[

-

0 </ (t—a) fP(t)dt < +o0 and

0< / (t—a)' g7 (t) dt < 400,

then
() For T < oo, we have

L @)
(3.1) /a/amdxdy
T o\ A/ z
<{ / (mw—wm (+=2) )(t—a)“fp(t)dt}
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T oo\ @t )/e
x { / (mm -0 (7=%) )(t - a)l-kg%t)dt} (- B,

where

Q=

+A=—2 g+A—-2
k/\(p):B(p 7q )7

b 27qA
GA(T):/Olﬁ(£>Tdu (r=p.q).

(i) For T = oo, we have
< flo)g(y)
(32) /a /a mdl‘dy

<ia) ([T - arrpa) ([T - aea) o ror

whereRy = (S, (F,hy) — S, (G, hr))?,

1
2\ 2 a—zx . 1
() e (o) e
™) (r+y—2a)2 \Yy—a
I—a e(l_ 2<sz<11> B 2(7;;3)
(r —a)(y — )

Proof. By Lemmd 2.1, we get
T T
f(x)g(y)
(3.4) /a /a oy — 2y
T T
:/ / FGdxdy
T T - T T :
<{/ / de:vdy} {/ / qua:dy} (1—Rp)™
T

~ ([ wresanro dt); (/ " (e Bop. g (1) dt); (1— Re)",

wherew,(a, T, r,t) (r = p, q) is the function defined by (2.6) .

Now notice thai(p) = 0.(q), 6x(¢) = Ox(p) and substituting[ (2|9) andl (2.8) into (B.4)
respectively, the inequalities (3.1) and (3.2) follow.

It remains to discuss the expression®f. We may choose the functialy: indicated by

@B.3.

WhenT = o, settings =z — a, t =y — a, then

1 1
oo 00 b 2 oo 00 1 S% 2

ho|| = h2 dedy) =12 2Sd/ 2V ary =1.
ol (// oo<x,y>xy) {W/ s [ (%) }
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WhenT < oo, settingé = then we have

:voﬂn_ya

||hTH:(/ / h?dxdy)
= / e

([ [

According to Lemml and the givén, we haveR; = (S, (F,hr) — S, (G, hr)). Itis
obvious thatf?/2, Gq/2 andhr are linearly independent, so it is impossible for equality to hold
in (3.4). Thus the proof of theorem is completed. O

Remark 3.2. Clearly, the inequalitieg (3.1) and (B.2) are the improvements of (1.2) and (1.3)
respectively .

Owing top,q > 1, whenX = 1,2, 3, the condition\ > 2 — min(p, q) is satisfied, then we
have

L1 /1\ ] 11 T
() /0 1+u <u) u>/0 1+u v 1(p) (q’p) sin(w/p)’

L | 1 p+2—2 q—|—2—2)
0 :/—d ——. k(p)=B : — B(1,1) =1,
)= [ i g i) =5 (P2 (8}

= [ o (D) [ =t

ko(p) = =B (17 1) _ =

2pq " \q'p) 2p*sin(m/p)
By Theorenj 3.1, some corollaries are established as follows:

Corollary 3.3. If p > 1, s+ - =L, A=1,a <T < ccoandf(t),g ()>00<f fP(t)dt <
+ooand0 < [T ge(t dt<+oo then we have

(35)// +y_2&dd
AL () )]
x{/:@m@/m<;z>é-m>-f<f>df}%w

(36)/ / Hy 2a dndy < o (/ (¢ dt) (/:qu(t)dt)é(l—ﬂ)m.

Remark 3.4. Whena = 0 andp = ¢ = 2, the inequality[(3.6) is reduced to a result which
is equivalent to inequality (3.1) in[3] after simple computations. As a result, the inequalities

3.1), (3.2) and[(3]5) + (3.6) are all extensiond of|(3.1)in [3].

=
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Corollary 3.5. Letp > 1, 5 + . =1, < T < oo and f(t), g(t) > 0. If

|
O</ fP(t)dt < 400 and

t—«

T
O</ g% (t) dt < +o0,
o t—a

then we obtain

3.7) /aT /aT %dmd@;
< {/ (s ) e p(t)dt};

X /T j__t-o ! 9(t)dt é(1— )™, for T <
N 2(T—a)) t—a« g T2 >
and

e fla)gy) .
(3.8) /a/a—(x%—y—Za)Qd dy

< (/a - _1 afp(t)dt); </:O ; _1 agq(t)dt) (1 —7)™.

Corollary 3.6. If p> 1,1+ 1 =1,A=3,a <T <ocandf(t),g(t) >0,

|
0< /a mfp (t)dt < 400,

T
1
0< / = a)ng (t)dt < +o0,

then we get

(3.9) LL<$+y_2a)3d dy
RS WA Syt W VS SR
<{/°‘ (21’25111(7T/p) S(T—a) )(t—a)2f <t>dt}

T (p—m 1/t—a I+3 1 , 7 i
’ {/a (m_§<T—a> >(t_a)29 (t)dt} (I=ry)" T < oo,
and

’ (/:O (t—;a)”q(t)dty (1—73)™.

B(3,%),and\ > 2 — min(2,2) = 0, we also have

Sincek,(2) = B(3,3), 0.(2) =

1
2
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Corollary 3.7. If p=q=2,A>0,a <T < occand f(t), g(t) > 0,
T
0< / (t—a) 2 () dt < 400,

0</T(t—a)1 Ag% (t) dt < 400,

then we have

(3.11) // x—i—y 2)d:cdy
L -2 oo
A3

and )

(3.12) /:o/f%dmy

< B (% %) {/:O (t — a)' fQ(t)dt}é {/aoo (t—a)' ™ g2t )dt}é (1— By,

Remark 3.8. The inequalitied (3.11)] (3.12) are new generalizations of (20) in [4] and improve-
ments of the inequalities (4) and (12) in [6] respectively.

D=

(t—a)' (¢ )dt} (1—R)™, for T < oo
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