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Abstract

In this paper, we study the Baker's superstability for the following functional
equation

EE) Y [ kel ) = @00, 2y<6

K

ped”
where G is a locally compact group, K is a compact subgroup of G, wg is the
normalized Haar measure of K, ¢ is a finite group of K-invariant morphisms of
G and f is a continuous complex-valued function on G satisfying the Kannap-
pan type condition, for all z,y,z € G

//f kak ™ hyh ™) dwge (k) dwgc () //f 2kyk ' hah” )dw;\(f\)dwk(h).
K

We treat examples and give some applications.
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Let G be a locally compact group. Leét be a compact subgroup 6f. Let
wg be the normalized Haar measurefof A mappingy : G — G is a mor-
phism of G if ¢ is a homeomorphism af onto itself which is either a group-
homorphism, i.eg(zy) = ¢(z)e(y), z,y € G), or a group-antihomorphism,
i.e (p(ry) = p(y)e(x),z,y € G). We denote byl or(G) the group of mor-
phisms ofG and® a finite subgroup of\/or(G) of a K-invariant morphisms
of G (i.e p(K) C K). The number of elements of a finite gro@pwill be des-
ignated by|®|. The Banach algebra of bounded measure& anth complex
values is denoted by/(G) and the Banach space of all complex measurable
and essentially bounded functions éhby L..(G). C(G) designates the Ba-
nach space of all continuous complex valued functiongzonWe say that a
function f is a K-central function ort if

(1.2) f(kx) = f(zk), z€G, ke K.

In the case wher& = K, a functionf is central if

(1.2) flzy) = f(yz) 2,y €q.

See P] for more information.
In this note, we are going to generalize the results obtained by J.A. Baker in
[2] and [9]. As applications, we discuss the following cases:
a) K C Z(G), (Z(GQ) is the center of7).

b) f(hzk) = f(z), h,k € K, x € G (i.e. f is bi-K-invariant (see{] and
[6D)).-
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c) f(hzk) = x(k)f(z)x(h), z € G, k,h € K (x is a unitary character of
K) (see [L1]).

d) (G, K) is a Gelfand pair (see]], [6] and [L1]).
e) G = K (see})]).

In the next section, we note some results for later use.
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In what follows, we study general properties. etk and® be given as above.

Proposition 2.1. For an arbitrary fixedr € ®, the mapping

b — O,

Y ——YoT
is a bijection.
Proof. Follows from the fact tha® is a finite group. O

Proposition 2.2. Letp € ® and f € C(G), then we have:

)] fK (zko(hy)k ) dwi (k) = [ fxke(yh)k™)dwg(k), z,y € G, he

i) If f satisfy €), the for all z, y, z € G, we have

/K/Kf(zhgp(ykxk;_l)h_l)dw[((h)dWK(k)
:/K/Kf(zhgo(xk:yk_l)h_l)daJK(h)dwK(k)-

Proof. i) Lety € ® andletr,y € G, h € K, then we have
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Case 1: If ¢ is a group-homomorphism, we obtain, by replacingy

ko(h)™
| kot o) = [ Flakohek o )
= [ fakotu)eth ot
= [ fakplub ().

Case 2:if ¢ is a group-antihomomorphism, we have, by repladingy

keo(h)

/ f(zko(hy)k™ N dwg (k / fzkep(y Ddwg (k)

i) Follows by simple computation.

Proposition 2.3. For eachr € ® andx,y € G, we have

@) Y [ flakplrlo)i () = 3 [ pakv i o (k)

ped Pped
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Proof. By applying Propositior2.1, we get that wherp is iterated over, the
morphism of the formp o 7 annihilates all the elements &f ]
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Theorem 3.1.LetG be alocally compact group; let” be a compact subgroup
of G with the normalized Haar measug, and let® given as above.

Leto > 0 and letf € C(G) such thatf satisfies the conditiort} and the
functional inequality

(3.1)

> [ kol dunc(h) = B1f(@) ()| <8, ay € G.
ped On the Stability of A Class of
Functional Equations

Then one of the assertions is satisfied: Belai .
elaid Bouikhalene

(a) If f is bounded, then

Title Page
Q|+ /|P]? + 46 CI)
(3.2) |f(z)] < @]+ VIPP + 49]2| Contents
2|®|
44 >
(b) If fis unbounded, then p >
i) fis K-central, Go Back
i) fOT:f,foraIITE<I> Close
i) [ fokyk ™ dwi (k) = [ fykak ) dwk(k), =,y €G. Quit
Proof. Page 8 of 21
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from which we obtain that
|P|X? — |®|X —§ <0,

such that

2
< |2+ VPP T asa]

2|9|

b) i) Letz,y € G, h € K, then by using Propositioh.2, we find
On the Stability of A Class of

’(I)| !f(x)Hf(hy) _ f(yh)| Functional Equations
— ||@|f(2) f (hy) = [[F (@) f(yh)]
< |3 [ o)k duie(k) - 0] 5(e) (hy) =a—
ped K
Contents
3 [ fahpbk ) durc(h) - 91 f(sh) “« | »
pea 1 < >
< 26.
Go Back
Sincef is unbounded it follows that(yh) = f(hy), forallh € K,y € G. Close
i) Let 7 € ®, by using PropositioR.3, we get for allz,y € G Quit
D[ f(@)|[f oT(y) — f(y)] Page 9 of 21
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< |3 [ Hlakerlo)h don(h) = (0] 1) (r(0)

|3 [ Aotk don(h) — 01£() )

Sincef is unbounded it follows that o 7 = f, for all 7 € .

iii) Let f be an unbounded solution of the functional inequalityl), such
that f satisfies the conditiort§, then, for allz, y € G, we obtain, by using

Part i) of Propositior?.2

[ £(

| [ st tr) - | f(yk:vk“l)dwK(kr)'

=101 [ sttt
~jol [ f(Z)f(ykxkl)dwK(k)‘

Ega@b

B f(zho(zkyk™ )R dwi (h)dwi (k)

) f<z>f<xkyk—1>dwK<k>\
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Sco /K F(sho(yhak A=) dwge (h) dwse (k)

ol [ f(z)f(ykxkl)dwK(k)‘
< 26.

Sincef is unbounded we get

/K F(ekyk Yo (k) = /K F(yhak ) dwg(k), .y C.

The main result is the following theorem.

Theorem 3.2.Letd > 0 and letf € C(G) such thatf satisfies the condition
(*) and the functional inequality

@3 | [ rlakei (k) = 1917/ ) < 6wy € G
Then ei'[h:l’eI>

3.4) o) < PEVEREEL e

or

EE) Y [ fahol)k do(t) = 1017 @)f ), 7.3 €G.
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Proof. The idea is inspired by the papé€i [

If fis bounded, by using Theoreil, we obtain the first case of the theo-
rem.

Now let f be an unbounded solution of the functional inequaliys), then
there exists a sequen¢e,),cy in G such thatf(z,) # 0 andlim,, |f(z,)| =
+00.

For the second case we will use the following lemma.

Lemma 3.3. Let f be an unbounded solution of the functional inequaliysY
satisfying the conditior( and let(z, ),y be a sequence i such thatf(z,) #

0 andlim, |f(z,)] = +oo. It follows that the convergence of the sequences of
functions:

)
(3.5) T — Dpeo Ji f(znk‘P(x)k_l)dwK(/f)7 n €N,
f(zn)
to the function
x — [P f(z).
i)
36) oo Zeer Jic FGahelako(ru) k) dor (h)

f(zn) 7
neN,red ke K, yeG

On the Stability of A Class of
Functional Equations

Belaid Bouikhalene

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 12 of 21

J. Ineq. Pure and Appl. Math. 4(5) Art. 104, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bbouikhalene@yahoo.fr
http://jipam.vu.edu.au/

to the function
T — |<I>|f(xk;7’(y)k:_1) Ted ke K, yed,
is uniform.

By inequality 8.1), we have

ZLPECD fK f(an:QD(y)k’fl)dwK(k‘) B 1)
o) [D[f(y)| < Al

then we have, by letting — +o0, that

i 2w Jic [(znko(y)k™)dwi (k)

n f(zn)

= [®[f(y),

and

y >ovea Jie | (aho (ko (T(y)) k=) h71) dwk (h)
17rln f(zn>

Since by Propositio.3, we have

o Ji znh(x)kp(T E~th—t dwr(h
& f(z,ho(x)k E~1h—t dwg (h
Z/ Zcpe fK (znhep( )(an;y) ) ( )d (k),

Yed

= || f(zkT(y)k ™).
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combining this and the fact thédtsatisfies the conditiort}, we obtain

TED

> ovea S [ nhp(x)kp(T(y) kA
s [ Zelelbetr

—|®f ()

Since the convergence is uniform, we have

thus (£ (

Ddwi ()
f(zn) dwK(k)
Zq/,e@ fK anﬂ,b )dwK(k) < 1)
f(zn) )l
B (x) f(y)] <0,

\(I>|Z/ f(@kp(y)k™ Y dwg (k) —

ped

K)) holds and the proof is complete.
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If K C Z(G), we obtain the following corollary.

Corollary 4.1. Letd > 0 and letf be a complex-valued function éhsatisfying
the Kannappan condition (see(])

*) f(zay) = f(zyz), z,y€G,

and the functional inequality

(4.1) D flae(y) — [0 f(2)f(y)| <6, zyeC.
ped

Then either

(4.2) fw) < 2 |2(|D<1|>2|+45@', €G,

or

(4.3) > flaey) = |21 f(2)f(y), =y€G.
ped

If G is abelian, then the conditiofi) holds and we have the following:
If & = {i} (resp.® = {i,o}), wherei(z) = z ando(z) = —z, we find the
Baker’s stability seed] (resp. [9]).

If f(kxh) = x(k)f(z)x(h), k,h € K andz € G, wherey is a character of
K (see [.1]), then we have the following corollary.
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Corollary 4.2. Leté > 0 and letf € C(G) such thatf(kzh) = x(k) f(z)x(h),
k,he K,z e,

*) /K /K F (eheehy X (B)X(h)dwore (k) dw ()
—/K/Kf(zkyhx)y(k)y(h)dw[((k)dwK(h)

and

OIS | Fako@)R ) don(h) = [017(2) )| <5, .5 € G
e

Then either

45) )< PEVREEOR e

or

@8 X [ Fako)RU)don(k) = [91f(0)1(0). 2.5 € C.

ped

Proposition 4.3. If the algebraywy x M (G) * Ywr is commutative then the
condition () holds.

Proof. Sincef(kxzh) = x(k)f(z)x(h), k,h € K, z € G, then we havewy *
f*xwg = f. Suppose that the algebfax x M (G) * Ywg IS commutative,
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then we get:

/K /K flakyk™ hzh™Y)dwg (k)dwi (h)
- /K /K f(@kyhzh™ k™) dwg (k)dw (h)

— <§Z*YwK*5y*YwK*5xaf>

Let f be bi-K-invariant (i.e f(hxk) =
have:

Corollary 4.4. Letd > 0 and letf € C(G) be bi-K-invariant such that for all

= (0, * XWk * 0y *x XWk * 0y, XWk * f * XWK)

= (XWk * 0, % XWk * 0y * XWk * 0y * XWi, )

= <YWK*6Z*YWK*éx*wa*éy*wa7f>

N /K /K flykak™ hah™ ) dwg (k)dwy (R).

x,y,z € G,

4.7)

//fzkxhy Ydwg (k)dwi (b

ped

3 / F(ekp(y))dwrc (k) — |91 () £ ()

O
f(x),h,k € K,z € G), then we

//f zkyhx)dwg (k)dwg (h),

<4, x,y €qG.
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Then either

.8) )] < |<I>|+\/|¢>|2+45]<I> reG.

2|9|

or

@9 3 / F(ekp(y)) dorc (k) = | O (2)f(4), 2,y € G.

ped

On the Stability of A Class of

Proposition 4.5. If the pair (G, K) is a Gelfand pair (i.evx * M(G) * wk is AU oL STV
commutative), then the conditioh) (holds. Belaid Bouikhalene
Proof. We takexy = 1 (unit character ofK’) in Proposition4.3 (see ] and
[6]). ] Title Page

In the next corollary, we assume th@t= K is a compact group. CRIMEE
Lemma 4.6.If f is central, thenf satisfies the conditiort§. Consequently, we « dd
have < >
(4.10) / Flatyt™V)dt = / flytat Ndt, z,y € G. Go Back

G G Close

Corollary 4.7. Letd > 0 and let f be a complex measurable and essentially Quit

bounded function oY such that

Z/fxw Yt — [9]f() f ()

ped
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Then

(4.12) o) < R VIREHBIR]

2|9| ’

Proof. Let f € L..(G) be a solution of the inequality!(11), thenf is bounded,
if not, then f satisfies the second case of Theor2@which implies thatf is
central (i.e the condition*} holds) andf is a solution of the following func-
tional equation
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