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ABSTRACT. In this paper by using an almost increasing sequence a general theorgm on
| C,a |, summability factors, which generalizes some known results, has been proved under
weaker conditions.
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1. INTRODUCTION

Let (¢,,) be a sequence of complex numbers anddlet,, be a given infinite series with
partial sumgs,,). We denote by andt? then-th Cesaro means of order with v > —1, of
the sequences,,) and(na,), respectively, i.e.,

o 1 - a—1
(1.1) = ; Aol
and
« 1 - a—1
(1.2) o y ; A" Lya,,
where
(1.3) AY=0(n"), a>-1, Aj=1 and A% =0 for n>0.
The series  a,, is said to beC| a|, summable fok > 1 anda > —1, if (see [5])

o0 o 1
(1.4) an_l oo — 02‘71|k = Z - %" < 0.

n=1 n=1
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and it is said to beC, «; 3| , summable fok > 1, « > —1 andj > 0, if (see [6])
(1.5) STttt ge —ge [P =3 ) < oo,
=1 n=1

The series  a,, is said to bep—|C, a|, summable fok > 1 anda > —1, if (see [2])

(1.6) Zn_k lont?]* < co.
n=1
In the special case wher, = n'=k (resp.p, = nﬁ“—%) ©—|C, a|x summability is the same
as|C, ali (resp.|C, «; B]x) summability.
Bor [3] has proved the following theorem fgr|C, 1|, summability factors of infinite series.

Theorem 1.1.Let(X,,) be a positive non-decreasing sequence an@Ng}t be a sequence such
that

(1.7) IAn] Xn =0(1) as n— oo
and
(1.8) D uX, AN =0(1) as n— oo

If there exists am > 0 such that the sequen¢e“* |, |") is non-increasing and
(1.9) > v Fleut|" = 0(X,) as n— oo,

v=1
then the serie$ _ a, A\, is ¢—|C, 1|, summable fok > 1.

The aim of this paper is to generalize Theolflenj 1.1 under weaker conditiops-f6t, a |y,
summability. For this we need the concept of almost increasing sequences. A positive sequence
(b,) is said to be almost increasing if there exists a positive increasing sequeace two
positive constantst and B such thatdc, < b, < Bc, (see[1]). Obviously every increasing
sequence is an almost increasing sequence but the converse need not be true as can be seen from
the examplé,, = ne(~1". So we are weakening the hypotheses of the theorem by replacing the
increasing sequence with an almost increasing sequence.

2. REsuLT

Now, we shall prove the following:

Theorem 2.1. Let (X,,) be an almost increasing sequence and the sequékgesuch that
conditions [(1.J7) —[(1]8) of Theoregm [L.1 are satisfied. If there exists an0 such that the
sequencén<* |g0n|k) is non-increasing and if the sequenee’), defined by (sef®])

| £3] a=1
(2.1) ws =
max [t¢], 0<a<1
1<v<n

satisfies the condition
(2.2) Zn w® o) = 0(X,,) as m — oo,

then the serie$  a, A\, is g0—|C, alr summable fok > 1,0 < o < 1 andka + € > 1.
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We need the following lemmas for the proof of our theorem.

Lemma 2.2. ([4]). If 0 < a < 1andl <wv < n,then

m

§ a—1
Am—pap

p=0

v
« 1
DA
p=0

Lemma 2.3. ([8]). If (X,,) is an almost increasing sequence and the condition$ (1.7)[and (1.8)
of Theorenh 1]1 are satisfied, then

(2.3)

< max
1<m<w

(2.4) > X, |AN|=0(1)
n=1
and
(2.5) mXp |AAn| = O(1), m — .

3. PROOF OF THEOREM 2.7
Let (7)%) be then—th (C, «), with 0 < « < 1, mean of the sequendea,)\,). Then, by

(L.2), we have
:—ZA SUAyp Ay

Using Abel’s transformation, we get

n—1 v
T = % Z AN, Z Ag:;pap Z A% va,,
n oy=1 p=1

so that making use of Lemr@ 2, we have

n

|Ta|<—2m| Z |+ G [0 A
n—1
—ZA"‘ O AN | + M| 0
= n1+T§2, say.
Since
T+ Tl < 20 (1" + [Tl )

to complete the proof of the theorem, it is sufficient to show that
> ot onT2, " <00 for r=1,2, by (L8).
n=1

Now, whenk > 1, applying Holder’s inequality with indices and/’, where + & = 1, we
get that

m+1 m+1

n—1 k
> nFeaT, o |F <Zn (A7 || {ZA§w§|A)\U|}
n=2 _
m+1 n—1 n—1 k=1
= o) S nt o {z Ny 1} {z\w}
v=1 v=1

n=2
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m m+1 _k|§0
03y ian 3 Tl
nak
n=v+1
m m+1 ne— k
k "Pn
1) D v wd)1and >
n=v+1
m m+1 1
k k
W3 e Iane ol 3
n=v+1

3

o o > dx
WD wwnf A el [

= 0(1) Y vlAN v (W pu))
v=1
m—1

=0(1) > A(v|AN,]) Zr wi | )*
v=1
+O0(L)m|AA, |Z (wy eu])"
m—1

1) D IA@[ANDIX, +O(L)mb,X

m—1

v=1
= 0(1) as m — oo,

by virtue of the hypotheses of Theorém|2.1 and Lerpmia 2.3.
Again, sincel\,| = O(1/X,) = O(1), by (1.7), we have that

m

ST T2 =3 Il Al (w0 )

n=1 n=1

= 0(1) > Pl (g fon)*
n=1
m—1
1)ZA|A|Zv )l IMZ" wit lenl)"
n=1

D> AN X+ O(1) [An| X = O(1) as m — o0,

n=1
by virtue of the hypotheses of Theorém|2.1 and Lerpmia 2.3.
Therefore, we get that

Zn_k ’gpnTﬁr = O(l) as m—oo, for r=1,2
n=1

This completes the proof of the theorem.
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4. SPECIAL CASES

1. If we take (X,,) as a positive non-decreasing sequences= 1 andy, = n'=% in
Theorenm 2.]1, then we get Theorgm|1.1.

2. If we take (X,,) as a positive non-decreasing sequences= 1 andp,, = n'=% in
Theoren] 2.1, then we get a result due to Mazhar [7]€brl |, summability factors of
infinite series.

3. If we takee = 1 andy,, = n'~* (resp.e = 1 andy, = n?+1-%), then we get a new
result related tgC, o, (resp.|C, «; Bx) summability factors.
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