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Abstract

We shall discuss operator inequalities for 1 > p > 0 associated with Holder-
McCarthy and Kantorovich inequalities.
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In this paper, an operator is taken to be a bounded linear operator on a Hilbert
spaceH. An operatofl’ is said to be positive (denoted By> 0) if (Tx,z) > 0,

alsoT is said to be strictly positive (denoted By> 0) if 7" is positive and in-
vertible. The celebrated Kantorovich inequality asserts thaisfa strictly pos-

itive operator such tha/7 > T > mI > 0, then(T 'z, x) (Tz,z) < %

holds for every unit vector in H. There have been many papers published on
Kantorovich type inequalities, some of them are the papers of B. Mond and J. . . vich Type Inequalities
Pearic [9], [10], and [L1]. Other examples of Kantorovich type inequalities for 1>p>0

can be found in the work of Furuté][and the extended workl]. More gen-
eral results may be seen in the work of Li and Mathias/jn YWe shall discuss
operator inequalities for > p > 0 associated with the Holder-McCarthy and
Kantorovich inequalities as a complementary resulthf | Title Page

Contents

Mariko Giga

44 44
< >
Go Back
Close
Quit
Page 3 of 13

J. Ineq. Pure and Appl. Math. 4(5) Art. 105, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:mariko@nms.ac.jp
http://jipam.vu.edu.au/

Theorem 2.1.LetT be a strictly positive operator on a Hilbert spaé¢g such
that M1 > T > mI > 0, whereM > m > 0. Also, letf(¢) be a real valued
continuous concave function ¢m, M| and letl > ¢ > 0.

Then the following inequality holds for every unit vector

(2.1) f(Tx,2)) > (f(T)z,x) > K(m, M, f,q)(Tx,x)",
whereK (m, M, f, q) is defined by
K(m7 MJ f7 Q)
_ (mf(M)=Mf(m) ((e=D)(f(M)—f(m)\T .
By = S arm) <q(mf(M)fo(m))> if Case 1 holds;
=q B, =12 if Case 2 holds;
Bs = % if Case 3 holds,
where Case 1, Case 2 and Case 3 are as follows:
M M) — M
Case 1700) > fm), L0 _ F00) o Fm) o FO0) = flm)  FOM)
M m m —-m M

Case 2f (M) > f(m),

q <

M
M) _ fm) - Fm)  FM) = fm)
M

3

M m
Case 3f (M) > f(m), f(]y) fszl)
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Theorem2.1 easily implies the following result.

Corollary 2.2. LetT be a strictly positive operator on a Hilbert spaé¢ésuch
that MI > T > mI > 0, whereM > m > 0. Also letl > p > 0 and
1 > ¢ > 0, then we have

(2.2) (T, )P > (TPx,x) > K(m, M,p,q)(Tz,z)",

whereK (m, M, p, q) is defined by

P _ mp
r K(l)(m, ]\4,])7 q) if mp—lq > M—m > Mp—lq;
M—m
. MP — mpP
K(m,M,p, Q) = mP~—4 if mp—1q< —m;
M —m
MP — mpP
Mr—e if pplg> — —
\ q U —

where K (m, M, p, q) is defined by

(23) K(l)(m7M7p, q) - (mMp 5 Mmp) ((q — 1)(Mp - mp))q

(¢ = )M —m) \ g(mMP — Mmr)
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2

We state the following fundamental lemma before giving proofs of the results
in 82.

Lemma 3.1. Leth(t) be defined by3.1) on (0, o) for any real number; such
thatq € (0, 1) and any real number&” andk, andM > m > 0

1 K-k
A1 = — _ )
(3 ) h(t) t4q (k T M — m(t m)) Kantorovich Type Inequalities
for1>p>0
Thenh(t) has the following lower boun®D(m, M, k, K, q) on [m, M]: Mariko Giga
_ _(mK-Mk) ((=D(E-K\T . :
Bi = (¢—1)(M—m) (q(mK—Mk)> if Case 1 holds; Title Page
BD(m, Mk, K,q) = { B, = & if Case 2 holds; Contents
By =k if Case 3 holds, <« >
where Case 1, Case 2 and Case 3 are as follows: < 4
Go Back
K k k K-k K
Case 1K > k,— < —and—q > > —q:
"M m mq_M—m_Mq’ Close
K k k K-k Quit
Case 2K > k,— < —and—qg < ;
M m m M—-—m Page 6 of 13
K-k

K k K
Case3:K >k, — < —and—q >
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Proof. We have that/(¢;) = 0 when

o q (mK—Mk) " _
tl_(q—l)' K h and h"(t;) =

—q(mK — Mk)
(M —m)t{™

and the conditions in Case 1 ensure that ¢, < M, h”(t;) > 0 andh(t) has
the lower boundB; = h(t;) on[m, M]. By the geometric properties &f(z),
the conditions in Case 2 ensure that t; < m andh(t) has the lower bound
By = h(m) on[m, M]. Also the conditions in Case 3 ensure that- M and
h(t) has the lower bounds = h(M) on [m, M]. O

Proof of Theoren2.1. As f(t) is a real valued continuous concave function on
[m, M], we have

f(M) — f(m)
M—m

By applying the standard operational calculus of positive opefattr (3.1),
sinceM > (Tz,z) > m, we obtain for every unit vectar

(M) — f(m)
M—m

(3.2) f(t) > f(m) + (t—m) foranyt e [m,M].

(3.3) (f(T)z,x) = f(m) + (Tz,z) —m).
Multiplying by (T'z, x)~% on both sides of3.2), we have
(3.4) (Tz,x) 1 f(T)x,z) > h((Tz,x)),

where
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Then we obtain

(3.5) (f(T)z,z) > [ min h(t)] (Tz,x).

m<t<M

PuttingK' = f(M) andk = f(m)in Lemma3.1, so that the latter inequality
of (2.1) follows by (3.5 and Lemma3.1 and the former inequality in2(1)
follows by the Jensen inequality (for examples, sde[[Z], [3] and [/]) since
f(t) is a concave function. Whence the proof is complete by Ledrha [

Proof of Corollary2.2. Put f(t) = t* for p € (0,1) in Theorem2.1 As f(¢) is
a real valued continuous concave function[en M|, M? > m? and M?~! <
- i S o fm)
m?~" hold for anyp € (0,1), thatis, f(M) > f(m) and-= < £ for any
p € (0,1).
Whence the proof of Corollarg.2is complete by Theorera. 1. O
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2.2

Theorem 4.1.Let A and B be two strictly positive operators on a Hilbert space

H such thatMI > A > mI > 0and Myl > B > myl > 0, where
M; >mq; >0andM,; > my > 0andA > B.

(@) If p > 1 andq > 1, then the following inequality holds:
K(m27 MZapa Q)Aq Z pr

Kantorovich Type Inequalities
. . for 1 0
whereK (mq, My, p, q) is defined by rLor
K(l)(m M ) i mp_l < MP—m? < Mp_l ' Mariko Giga
2, V12, D, q 2 4= Mo—mg — 2 4
- - if =1 M3 —mj Title P
K(mga, Mo, p,q) = mb* if my g > 37— 237 itle Page
i Contents
ME1 if MP g < Mimme
2 1S Momma «“ 3
(b) If p < 0andq < 0, then the following inequality holds: < >
q p
K<m17M17p7q)B Z A ’ Go Back
whereK (my, My, p, q) is defined by Close
: -1 MP— -1
KW (my, My,p,q) ifmf g < 500 < Mg, Quit
_ . _ MP— P 9 of 13
K(mq, My, p.q) = ¢ mi™* if mp~lq > 37— Z}; 2ge=o
— 1 M J. Ineq. Pure and Appl. Math. 4(5) Art. 105, 2003
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() If 1 > p>o0andl > ¢q > 0, then the following inequality holds:

(4.1) AP > K (my, My, p, q)BY,

KW (my, My,p,q) it my g > 32" > pply;
K(my, My,p,q) = ¢ mj* it mP g < Aj\f:g?

My it Mg > M

where KW (m, M, p, q) in (@), (b) and (c) is defined ir2(3).

Proof. We have only to prove (c) since (a) and (b) are both showalin [
Proof of (c).For every unit vector, 1 > p > 0 andl > ¢ > 0, we have

(APz,x) > K(my, My, p,q)(Az,z)? by Corollary2.2
> K(my, My, p,q)(Bz,x)?! sinceA> B >0andl >¢q >0
> K(my, My, p,q)(Blz,xz) by the Holder-McCarthy inequality,
sincel > ¢ >0

so that ¢.1) is shown and the proof is complete. O

Corollary 4.2. Let A and B be two strictly positive operators on a Hilbert
spaceH such thatM{I > A > myI > 0and Myl > B > mol > 0, where
M; >m; >0, My >my >0andA > B.

(i) If p > 1, then the following inequality holds
KW (ma, My, p)AP > BP.
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(ii) If p <0, then then the following inequality holds
K(l)(mly Mlvp)Bp Z Ap7

where

KO (m, M, p) = (1M = Mm") ((p —1)(M? - mp))p'

(p—1)(M —m) \ p(mMP — Mmp)

Proof of Corollary4.2. Sincet? is a convex function fop > 1 or p < 0, and

# is a concave function faf > p > 0, we have only to pup = ¢ in Theorem Kantorovich Type Inequalities

for1>p>0
4.1 O
Mariko Giga
Remark 4.1. We remark that (i) of Corollaryt.2is shown in [}, Theorem 2.1]
and Theorem 1 in 83.6.2 of]. In the casep = ¢ € (0, 1), the result ¢.1) may _
be given as followsA > B > 0 ensures thatl? > B? > K (my, My, p, p) B” Title Page
for all p € (0,1). In fact, the first inequality follows by the Lowner-Heinz in- Contents
equality and the second one holds sirc¢én,, M;,p,p) < 1 which is derived
44 44
from (2.2).
< | 2
Remark 4.2. We remark that fop > 1 andq > 1, K™ (m, M, p, q) can be
rewritten as Go Back
q
KO (m, M, p,q) = (mMP — Mmp) ((q —1)(MP — mp)) Close
(¢ =1)(M —m) \ qg(mMP — Mm?) Quit
— (¢ =D (MP — mP)t Page 11 of 13
q? (M —m)(mMpP — mp)a—1
and in fact this latter simple form is irt]. 3. Ineg. Pure and Appl. Math. 4(5) Art. 105, 2003
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