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Abstract

Some companions of Griss inequality in inner product spaces and applications
for integrals are given.
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The following inequality of Griuss type in real or complex linear spaces is known
(see []).

Theorem 1.1.Let(H; (-,-)) be an inner product space ovEr(K = C,R) and
e € H, |le|]| = 1. If ¢,~,®,T are real or complex numbers andy are vectors
in H such that the condition

(1.1) Re <CD€ R ¢6> >0 and Re <F€ - Y,y — ’76> >0 Some Companions of the Griiss
Inequality in Inner Product
or, equivalently (see), S
S.S. Dragomir
) 1 r 1
(1.2) Hx—%u <o g| and Hy— LR
Title Page
holds, then we have the inequality Contents
1 <4 >
(13) ’<l’,y>—<$,€> <€7y>‘ SZ‘¢_¢‘ ‘F_’y‘
< >
The constanti is best possible in the sense that it cannot be replaced by a Go Back
smaller constant.
Close
Remark 1.1. The case folK = R for the above theorem has been published by Quit
the author in [].
Page 3 of 22

The following particular instances for integrals and means are useful in ap-
plications.
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Corollary 1.2. Letf,g : [a,b] — K (K = C,R) be Lebesgue measurable and

such that there exists the constants, , [ € K with the property
(L4) Re (@~ f () (@) - 3)] =0,
Re|[(T—g(@) (9@ —7)] =0

fora.e.z € [a,b], or, equivalently

o+ _1

@9 |7 - 25 < Jlo ol and [y - 1L < i
fora.e.z € [a,].
Then we have the inequality
1 b
(1.6) /f x)dx-b_a/a 7 @)dz

1
< 1o —allr—1l.

The constanﬁ is best possible.
The discrete case is incorporated in

Corollary 1.3. Letx,y € K", withx = (z1,...,z,) andy = (yi, . ..
¢,7,®,I" € K be such that

, Yn) and

(1.7)  Re[(®—z)(Ti—¢)] >0 and Re[(l' —y) (7 —7)] >0,
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foreachi € {1,...,n}, or, equivalently,

1
1. i < - |®— n < -|I'=~|,
(18)  |ri——5—|<35®—9| and < 50—

Yi

_¢+CI>‘ 1

y+T
2

foreach: € {1,....,n}.
Then we have the inequality

I~ 1 I~

The constant is best possible ini(9).

(1.9)

1
<1 9|I0=1].

For some recent results related to Griss type inequalities in inner product
spaces, see3]. More applications of Theorer.1 for integral and discrete
inequalities may be found in'].

The main aim of this paper is to provide other inequalities of Griss type in
the general setting of inner product spaces over the real or complex number field
K. Applications for Lebesgue integrals are pointed out as well.
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The following Griss type inequality in inner product spaces holds.

Theorem 2.1.Letx,y,e € H with [le]| = 1, and the scalars;, 4,0, B € K
(K = C,R) such thatRe (@A) > 0 andRe (bB) > 0. If

(2.1) Re (Ae —z,2 —ae) >0 and Re(Be —y,y —be) >0

or, equivalently (seed), Some Companions of the Griiss

Inequality in Inner Product

(2.2) Hx— a+A€ < %|A—a| and Hy— b+Be < %|B—b|, s.:[;&:::mir
then we have the inequality
Title Page

2.3)  |z,y) — () (e, )] < %1 . \/tje;aj)'f{e_(:?) [(z,€) {e,y)] . Contents

44 44
The constant; is best possible in the sense that it cannot be replaced by a < >
smaller constant. Go Back
Proof. Apply Schwartz’s inequality ifH; (-, -)) for the vectors: — (z, e) e and Close
y — (y, e) e, to get (see alsal]) Quit
24 [z,y) — (@) leml” < (Il = [z e)l”) (lyl” = [y e)) - Page 6 of 22
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Now, assume that,v € H, andc, C' € K with Re (¢C') > 0 andRe(Cv — u,
u — cv) > 0. This last inequality is equivalent to

(2.5) lul?> + Re (2C) [|v]® < Re [C’(u,v) + a<u,v>}
=Re [(C +¢) (u,v)],

since L
Re [C(u, v)} =Re [C (u,v)].

N

Dividing this inequality by[Re (C'¢)]2 > 0, we deduce

Re [(C’ + E) (u, vﬂ .

lull® + [Re (€0)]2 |Jo]* <
[Re (cC)]

(2.6)

[NIE
[NIE

[Re (cC)]
On the other hand, by the elementary inequality
2 l 2
ap”+—q >2pq, a>0,pq=0,
we deduce

1 1
———— [Jul® + [Re (eC)] 2 |Jv]|* .

2.7) 2Jul[ vl <
[Re (eC

N

Making use of 2.6) and @.7) and the fact that for any € C, Re (2) < |z|, we
get )
Re [(C +¢€) (u,v)] < |C + ¢

2[Re(2C))?  2[Re(cC)]?

[ o]l <

[{u, v)]

D=
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Consequently
€+ 0‘2 _ 2
TRe(o) |l

B ks TORSY
4 Re(eC) "™

(2.8) el 1ol — {u, )| <

Now, if we write (2.8) for the choicesu = =z, v = eandu = y, v = e

respectively and use (4), we deduce the desired resut?). The sharpness of

the constant will be proved in the case whéfas a real inner product space.
0

The following corollary which provides a simpler Griss type inequality for
real constants (and in particular, for real inner product spaces) holds.

Corollary 2.2. With the assumptions of Theoréiri and ifa,b, A, B € R are
suchthatd >a >0, B > b > 0and

(2.9) x—a—;Ae §%(A—a) and Hy—b+Be §%(B—b),
then we have the inequality

1 (A—a)(B-0V)
2.10 ) - ) ) < - ) ) .
210) () = (r.e) )l < 7 e (@) ()

The constanﬁ is best possible.
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Proof. The prove the sharpness of the const?rassume that the inequality
(2.10 holds in real inner product spaces with= y and for a constant > 0,
ie.,

(A—a)’
aA
provided||z — ¢t4e|| < 1 (A —a), or equivalently(Ae — z,z — ae) > 0.

We choose? = R?, v = (1, 7,) € R? e = <

(2.11) lz))* — {z e)|* < k- (z.e)” (A>a>0),

X L) Then we have
, .

V2 V2 Some Companions of the Griiss
Inequality in Inner Product

2 2
X T xr1 — X Spaces
2l = [z, e) = a2+ o3 — Lt 2L (07 2 :
9 2 2 S.S. Dragomir
2 (l’l + $2)
(@) T |
Title Page
and by @.11) we get

Contents

(21 — 3)° (A—a)® (214 22)°
2.12 = <k : :
(2.12) 5 <k —r 5 <4 >
Now, if we letz; = 7 x5 = % (A > a>0),then obviously ¢ d
Go Back
2 A a
(Ae —x,x — ae) = Zl (E - xl) (:1:1 — ﬁ) =0, Clos.e
= Quit
which shows that the conditior2 ©) is fulfilled, and by £.12) we get Page 9 of 22

(A—af _, (A=af (a2t AP
4 - aA 4

J. Ineq. Pure and Appl. Math. 4(5) Art. 87, 2003

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

forany A > a > 0. This implies
(2.13) (A+a)’k > aA

forany A > a > 0.
Finally, leta =1 —-¢, A = 1+4¢, ¢ € (0,1). Then from .13 we get
4k > 1 — ¢* for anyq € (0, 1) which produces; > 1. O

Remark 2.1. If (z,e), (y,e) are assumed not to be zero, then the inequality
(2.9 is equivalent to

1 JA—al|B—b
4\ /Re(@)Re (bB)

(2.14)

?

while the inequalityZ.10) is equivalent to

@y |1 A-aB-Y
(2.15) z.e) e, 0) 1‘ < 1 i

The constan§ is best possible in both inequalities.
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The following result holds.

Theorem 3.1.Let(H; (-, -)) be an inner product space ov&r (K = C,R). If
v, T €K, e x,y € Hwith |le] =1and\ € (0,1) are such that

(3.1) Re(Te— Az + (1—XNy), A+ (1—XN)y)—ve) >0,

or, equivalently,

r 1
3.2) ‘MH41—my iy <IP=4l,
then we have the inequality

1 1 9
(3.3) Re[(z,y) — (z. e} e.9)] < 3¢ m! — 7

The constamf—6 is the best possible constant iB.§) in the sense that it cannot
be replaced by a smaller one.

Proof. We know that for any, © € H one has
1
Re (z,u) < 1 |2 4 ul®.
Then for anya, b € H and € (0, 1) one has

(3.4) Re (a,b) < Aa+ (1= \) b

1
“AN(1 =N
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Since

(x,y) = (x,e) {e,y) = {x = (z,e) e,y = (y,e) ) (as]le] = 1),

using @.4), we have

(85) Re[(z,y) —(z,€) (e, y)]

=Re[(z — (z,e) e,y — (y,€) €)]
1

< mll/\(x— (z,€) )+ (1=X) (y — (g, e)e)|’
:m||)\x+(1—)\)y—()\x+(1—/\)y,e)e||2.

Since, form, e € H with ||e|]| = 1, one has the equality
(3.6) lm = (m, e) e||* = [Im]|* = [{m, ),
then by (8.5 we deduce the inequality
(37) Re [<.’E, y> - <$a 6> <67 y>]
1

< - -

TAN(1 =)
Now, if we apply Gruss’ inequality

0 < flal* = [{a,e)]” < 7|7 =~

Ny

Az + (1 =Nyl =[x+ (1= Ay, e)]].
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provided
Re (T'e — a,a — ve) > 0,

fora = Az + (1 — \) y, we have
1
38) A+ 1 =Nyl = [+ 1= Nye)f < 70—

Utilising (3.7) and (3.8) we deduce the desired inequali}.§). To prove the
sharpness of the constaﬁt assume that3(3) holds with a constant’ > 0,
provided @.1) is valid, i.e.,

1

— | —~J7.

(3.9) Re[(z,y) — (z,e) (e, y)] < C-
If in (3.9) we chooser = y, provided (.1) holds withz = y and\ € (0,1),

then

1

T =~

(3.10) l=[|* — [z, &) < C -
provided
Re(I'e — x,x — ve) > 0.

Since we know, in Gruss’ inequality, the const%nis best possible, then by
(3.10, one has

1 C
- < 1
1S3 for A€ (0,1),
giving, forA = 3, C' > .
The theorem is completely proved. H
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The following corollary is a natural consequence of the above result.

Corollary 3.2. Assume that, ', e, x, y and X are as in Theorer3. 1. If

(3.11) Re(Te— (A £ (1=XNy),( Azt (1—=XNy)—e) >0,
or, equivalently,
(3.12) ‘Axi(l—A)y—7+Fe §%|1"—7|2,
then we have the inequality
1 1 )
. — ——— )
@13)  [Rel(.y) = (e (e ) < 15 5=y T

The constant: is best possible in3(13.
Proof. Using Theoren8.1for (—y) instead ofy, we have that
Re(Te — (Az = (1=N)y),(Az = (1 = A)y) —ve) 20,
which implies that
1 1

Re[— (z,y) + (z,€) (e,y)] < T m r — 7|2
giving
(3.14) Re [(z,y) — (z,¢€) (e, y)] > _1_16 _ ﬁ T

Consequently, by3.3) and 3.14) we deduce the desired inequalit/13. [
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Remark 3.1. If M, m € R with M > m and, for\ € (0,1),

(3.15) ‘Ax+(1—A>y—M+me §%(M—m)
then
(o) — (2.€) {eay) < o+ (M = m)?
T ARERGY =06 X (T =) '
If (3.19 holds with “+” instead of “+”, then
1 1 )
: — <— —— (M —m)*.
316) [}~ {me) el < g5 gy (M)
Remark 3.2. If A\ = % in (3.1 or (3.2), then we obtain the result fronz], i.e.,
(3.17) Re<re—x;y,x;y—ye>zo
or, equivalently
r+y ~y+T 1
A1 — Ol |
(3.18) 5 5 6H_2! ol
implies
1
(3.19) Re [(z,y) — (z,€) (e, )] < 70 ="

The constant is best possible in3(19.

For \ = %, Corollary 3.2 and Remark3.1 will produce the corresponding

results obtained inj]. We omit the details.
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Let (2,3, 1) be a measure space consisting of aset a c—algebra of parts
andy a countably additive and positive measureXdowith values inRU {oco} .
Denote byL? (2, K) the Hilbert space of all real or complex valued functigns
defined o2 and2—integrable o, i.e.,

/Q £ ()2 du(s) < oo.

Some Companions of the Griiss
Inequality in Inner Product

The following proposition holds o
Proposition 4.1.1f f, g, h € L* (Q,K) andp, ®,~,T € K, are so thaRe (®p) > S.S. Dragomir
0,Re (T7) >0, [, |1 (s)* du (s) = 1 and

Title Page
: - - >
@1 [ Re[@hs) = 1) (FI %0 0)] du(s) = 0 S—
[ e [h () =9 (9) (575 - 750) | du5) 2 0 “ | »
< >
or, equivalently Go Back
0 bac
P+ ¢ 2 2 Close
4.2 ——h d < - P —
4.2) (/Qf() ~Eh(s) u(5)> <zle -l ot
3 Page 16 of 22
T+ 2 1
(/ 9(s) — 2 (s) du(8)> <2It =,
Q J. Ineq. Pure and Appl. Math. 4(5) Art. 87, 2003
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then we have the following Griss type integral inequality

—/f@h®w<

y [® — ol [T~
=7 V/Re () Re (I'y)

The constan§ is best possible.
The proof follows by Theoren3.1 on choosingd = L? (€, K) with the

inner product
()= [ £()3Gu (o).

We omit the details.
Remark 4.1. It is obvious that a sufficient condition fét.1) to hold is

Re |(@h(s) = £ ()) (F(s] ~ 7R ()] 2 0.

4.3) ﬁ(}ﬂﬁ?@h~@)

>Ah@5®www

and
Re |[(Th(s) = g()) (9(s) = 70 (5)) | = 0,
for u—a.e.s € Q, or equivalently,
’ P+
F(5)~ T2 En(s)| < 5 1@~ el |n(s)| and
()~ S5 )| < yIr =),

for u—a.e.s € Q.
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The following result may be stated as well.

Corollary 4.2. If 2z, Z,t,T € K, withRe (22), Re (tT) > 0, u(Q2) < oo and
f,g € L? (9,K) are such that:

(4.4) Re[(Z = f(s) (F5)-2)| 20,
Re [(T —g(s)) <g (s) — f)] >( fora.e.s € Q)

) Some C ions of the Gril
or, equivalently ® nequalty in Iner Product
Ly Spaces
z
(45) ’f (3) - 9 ' < 5 ’Z - Z‘ ) S.S. Dragomir
t+7T 1
‘g (s) — —5 < 3 T —t| fora.e.seQ; Title Page
then we have the inequality contents
44 44
1 -
(4.6) ‘—/fsgsd,us < >
ol RS0
Go Back
- )d d
o) /f (s Q) /9(8) 1 (s) Close
1 |Z — 2| |T — t| Quit

N 4 VRe (2Z) Re (tT)

. ‘m/ﬂf(S)du(S)-%Q)/ﬂg(s au(s)]

Page 18 of 22
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Remark 4.2. The case of real functions incorporates the following interesting
inequality

Q) fo f(s) /M@ ol Z-) (T -1
*.7) Lz s) dp 8159 =1 VatZT

providedy (2) < oo,
2 f(s)<Zt<g(s) =T

for u —a.e. s € Q, wherez, t, Z,T are real numbers and the integrals at the
denominator are not zero. Here the consténis best possible in the sense
mentioned above.

Using Theoren8.1we may state the following result as well.

Proposition 4.3.1f f,g,h € L?(2,K) andy,T € Kare such thayf,, |7 (s)|” du (s) =
1 and

4.8) / [Re[Th(s) — (M () + (1 — A) g (5))]

x NG+ (1= N g () = 7R (s)| fdu(s) = 0

or, equivalently,

(4.9) (
Q

A () + (L= X)g () = T n (s
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then we have the inequality
(4.10) [:= /QRe [f (s)m} dpu (s)
“re| [ FORGH) - [ h6)a T )

1 1

< T —H.
<% xa-n

The constam;l—6 is best possible.
If (4.8) and @.9) hold with “ + " instead of “ + ” (see Corollary3.2), then
1 1 )
. < — .~  T"-
(4.11) < sa—m T

Remark 4.3. It is obvious that a sufficient condition fo#.g) to hold is

(412) Re{[Th(s) = (Af (s)+ (1 —A) g (s))]
x NG+ =096 -7k ()]} 20

fora.e.s € 2, or equivalently

v+ T

@13)  A(s)+ (=N g(s) ~ Tn(s)| < 50—l ()

fora.e.s € Q.

Finally, the following corollary holds.
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Corollary 4.4. If Z,z € K, u () < oo and f, g € L? (2, K) are such that

(4.14) Re[(Z—(A\f(s)+(1=N)g(s))

fora.e.s € 2, or, equivalently

(4.15) ’/\f (s)+(1=X)g(s)—

for a.e.s € 2, then we have the inequality

J = %/QRe [f(s)ﬁ] dp (s)

)
~te | [ 1@ ) [T

1 |
<= _Z—zP
=16 xa—n I

If (4.14) and (4.15 hold with “ & " instead of “ + ", then

1 1
J<—
=36 xa—wn

(4.16) Z — 2.

Remark 4.4. It is obvious that if one chooses the discrete measure above, then
all the inequalities in this section may be written for sequences of real or com-

plex numbers. We omit the details.
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