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Abstract

The authors derive several inequalities associated with differential subordina-
tions between analytic functions and a linear operator defined for a certain
family of p-valent functions, which is introduced here by means of this linear
operator. Some special cases and consequences of the main results are also
considered.
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Let A (p, n) denote the class of functiorfsnormalizedby

(1.1) f(z)=2"+ Z ay 2" (p,n e N:={1,2,3,...}),
k

:p—|—n

which areanalyticin the openunit disk
U:={z:zeCand|z| <1}.
In particular, we set
A(p,1)=A, and A(1,1) = A=A,.

A function f € A (p,n) is said to be in the clasd (p, n; «) if it satisfies the
following inequality:

Zf” (Z)
f'(2)
We also denote byC («) andS* («), respectively, the usual subclassesf

consisting of functions which amonvex of order in U andstarlike of order
« in U. Thus we have (see, for details] pnd [2])

2f" (2)
f'(z)

(1.2)

9‘%(1%— ><a (zeU;a>p).

(1.3) K(a)::{f:feAand%<1+ )>a (z € U; 0§0z<1)}
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and

14) S (a)::{f:feAandER (Z;/(S))M (z € U; 0§a<1)}.

In particular, we write
K(0)=K and & (0)=:85".

For the above-defined clask(p, n; a) of p-valent functions, Owat al. [5]
proved the following results.

Theorem A. (Owa et al. |5, p. 8, Theorem 1} If

Fe)eApaia) (p<aspsgn),

. (];(8)) -

Theorem B. (Owa et al. [, p. 10, Theorem 2] If

then
2p+n
(2a+n)p

(1.5) (z€U).

f(z) e Ap,n; ) (p<a§p+%?»

then

(200 +n)p
2p+n

(1.6) 0<m(zf/ (2)) <

1D (z€U).
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In fact, as already observed by Owgal. [5, p. 10], varioudurther special
cases of (for example) TheoreBnwhenp = n = 1 were considered earlier by
Nunokawa {/], Saitohet al. [7], and Singh and Singt<].

The main object of this paper is to present an extension of each of the
inequalities (.5 and (L.6) asserted by Theoreh and TheorenB, respec-
tively, to hold true for a linear operator associated with a certain general class
A (p, n;a, ¢, «) of p-valent functions, which we introduce here.

For two functionsf (z) given by (L.1) andg (z) given by

z):zp—i-ibkzk (p,n € N),
k=p+n
the Hadamard product (or convolutiofy) * g) (z) is defined, as usual, by
1.7) (f*xg)(2):=2"+ Z ap by 2% =1 (g* f) (2).
k=p+n
In terms of the Pochhammer symljal), or theshiftedfactorial, since
(1), =k! (keNy:=NuU{0}),
given by
A)p:=1 and (N, =AXA+1)---A+k—-1) (keN),

we now define the function, (a, c; z) by

C

(1.8) oy (a,c; 2) ia_)
k=1
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(€U; a€R; ceR\ Zy; Zy :=={0,-1,-2,...}).

Corresponding to the functiop, (a, ¢; z), Saitoh [] introduced a linear opera-
tor L, (a, c¢) which is defined by means of the following Hadamard product (or
convolution):

(1.9) Ly (a,c) [ (2) = dp(a,c2) x [ (2) ([ € Ap)

or, equivalently, by
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if it satisfies the following inequality:

Lp(a+2,c)f(z)
m<Lp(a+1,c)f(2))<a

(zEU;a>1;a€R;c€R\Z§).

(1.11)

The Ruscheweyh derivative ¢f(z) of orderd + p — 1 is defined by

112) D7 [ ()im g # 2) (T€Am); 0 € B (—oc, 1)
or, equivalently, by
(1.13) DOFPTL () 1= 2P 4 i (5+k_1> ay, 2"
k=p+n
(f € -A(pa n); o€ IR\ (—OO, _pD :

In particular, ifo = [ (I + p € N), we find from the definition1.12) or (1.13
that

b1 P dl+p 1 L
(1.14) D" f () = Ty dor RGN AN
(feAlp,n); l+peN).
Since
(1.15) Ly (04 p,1) f(2) = D71 f(2),
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(f € Alp,n); 0 € R\ (o0, —p]),
which can easily be verified by comparing the definitiohd () and (.13, we
may set

(1.16) A(p,n;0+p,1,a) = A(p,n;0,a).
Thus a functionf € A (p,n) is in the class4 (p, n; 0, «) if it satisfies the fol-

lowing inequality:
D§+p+1 f (Z)
() <
(z€U; a>1; 0 €R\(—oc0,—p]).

Finally, for two functionsf and g analytic inU, we say that the function
f (z) is subordinateo ¢ (z) in U, and write

f=g or f(z2)<g(z) (2€0),
if there exists a Schwarz functian(z), analytic inU with
w(0)=0 and |w(z)| <1 (z€U),

(1.17)

such that

(1.18) f(z)= g(w (z)) (z€U).
In particular, if the functiong is univalentin U, the above subordination is
equivalent to
f(0) =g(0) and f(U) C ¢(U).
In our present investigation of the above-defined general gldgsn; a, ¢, «),
we shall require each of the following lemmas.
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Lemma 1. (cf. Miller and Mocanu B, p. 35, Theorem 2.3i (i)] Let(2 be
a set in the complex plan€ and suppose thab (u, v; z) is a complex-valued
mapping:

d:C?*xU—C,
where

uw=1u; +iuy and v = vy + ivs.

Also let® (iug, vq; 2) ¢ 2 for all z € U and for all realu, andwv, such that

(1.19) wE—gn(i+u).

If
q(z) =14cyp 2" +cppr 2"+

is analytic inU and

®(q(2),2q (2);2) €2 (2€0),

then

R{q(2)} >0 (z€0).

Lemma 2. (cf. Miller and Mocanu g, p. 132, Theorem 3.4h] Letv (z) be
univalent inU and suppose that the functiofind ¢ are analytic in a domain
D > ¢ (U) with ¢ (¢) # 0 when( € ¢ (U). Define the functiong) (z) and
h(z) by

(120) Q)= ()p(v (=) and h(x) =9(v () +Q ().
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and assume that

() Q (=) is starlike univalent iflJ

and
anm(gé?)>o<zem.
If

w2y 9(a) +2 @e(a() <h() (zeV),

then
q(z) <¢(2) (2€0)
andv (z) is the best dominant.
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By appealing to Lemma of the preceding section, we first prove Theorém
below.

Theorem 1. Let the parameterg and« satisfy the following inequalities:

(2.1) a>-1 and 1<a <1+

20a+1)

If f(2) € A(p,n;a,c,a), then

Lyp(a, 0)f(2)
(2:2) i)ﬁt(Lp(a—i—l,c)f(z)> ~ 20(a+1)—2+n (z€U)
and

L,(a+1,¢)f(2) 2a(a+1)—2+n
(2.3) R ( L(@.0/(2) ) < Y0 (z € U).
Proof. Define the functiory(z) by
2.4) (L= Bale)+ 0= LT (e )
where
2a +n

(2.5) 0=

2c(a+1)—2+n

Some Inequalities Associated
with a Linear Operator Defined

for a Class of Multivalent
Functions

V. Ravichandran,
N. Seenivasagan and
H.M. Srivastava

1T T Brivm mmrd Al AAmtl A7AN

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 11 of 25

Avé 70 OAND


http://jipam.vu.edu.au/
mailto:
mailto:vravi@svce.ac.in
mailto:
mailto:
mailto:vasagan2000@yahoo.co.in
mailto:
mailto:harimsri@math.uvic.ca
http://jipam.vu.edu.au/

Then, clearlyg(z) is analytic inU and
qz2)=1+c, 2" +cpp 2" +--- (2 €.
By a simple computation, we observe froth4) that
(1—-75)zq(2) _ Z(Lp(a7 c)f(z))/
(1=0)a(z)+8  Lpla,c)f(z)
Making use of the familiar identity:
@7 2(Ly(a.0)f(2) = alyla+1,¢)f(z) = (a—p)Lyla, ) f(2),
we find from @.6) that
(1-B)=q(z) _
(1=B)a(z) + 8
which, in view of @.4), yields
Lia+20/() _ 1 1 ( a O—ﬂﬂ¢@))
Lp(a+1,0)f(z) a+1l a+1\(1-0)q(z)+8 (1-7Pa(z)+p
or, equivalently,
Ly(a+2,c)f(z) 1 (1
Ly(a+1,0)f(z) a+1
If we defined(u, v; z) by

(2.9) ®(u, v; 2) = ﬁ (1 + M) :

/

Z(Lp(a + 1,c)f(z)) ‘

(2.6) Ly(a+1,¢)f(2)

Ly(a+1,¢)f(2) Ly(a+2,¢)f(z)

Lwaiz VI

tha et L,of()

(1=0B)q(z) + 6
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then, by the hypothesis of Theorenthat f € A(p,n;a, ¢, o), we have

Ly(a+2,¢)f(2)
Ly(a+1,¢)f(2)

i)‘i{@(q(z),zq’(z);z)}:i)‘i( ) <a (z€eU; a>1).

We will now show that

RA{D (tug,v1;2)} = «

for all z € U and for all real, andv, constrained by the inequalityl (1L9).

Indeed we find from4.9) that

R D (s, 113 2)} = — {1+9% ((Ci:(;)z_uflmﬁﬂ

ehen(t

~ i (U )

so that, by usingl(.19, we have

. 1
(2.10) R { (W2,v1;2)}2a+1(1+ (1= B)2u2 +

From the inequalities in 1), we get

252 > <a + %n(l - 6)) (1=5),
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and hence the function
a+3n(l—B)(1+a?)
(1= Bpa>+ 5

is an increasing function far = 0. Thus we find from2.10) that

RA{D (iug,v1;2)} 2

1 a+in(l—p)
cH—l(l+ 25

Thefirst assertionZ.2) of Theoreml follows by applying Lemma.

Next, we define the function(z) by

Ly(a, c)f(2)

w@%:ng+L@ﬂ@

(z €U),

where/ is given by @.5). Then, in view of the already proven asserti@nf

of Theoreml, we have

(2.11) R{Y(2)} >pB>0 (z€)
so that
(2.12) R (Mlz)) >0 (ze€l).
Since .12 holds true, we have
1 1
RN R (15) SWEI

):a (z€U).
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or

9ﬁi(wl,z)

1
) $wmmy <)

which, in view of ¢.11), yields

0<“(%@)<%

(z € U)

which is thesecondassertionZ.3) of Theoreml.

The following result is a special case of Theor&émwbtained by taking

Corollary 1. If

f(z) € A(p,n; 4, @) <5—|—p>1; 1§a<1+2

)
)<

then

"
"

and

a=0d+p and c=1.

D(H_p_lf(z)

20+2p+n

Dopf(z)

D7 f(z)

20(6+p+1)—2+n

20(6+p+1)—2+n

D+r=1f(2)

204+2p+n

n

b+p+1)

(= €U),

(z € U).

)
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We begin by proving the following result.

Lemma 3. Let the functiong(z) and(z) be analytic inU and suppose that

¥(z) #0 (2€U)

is also univalent irlU and thatzv'(z) /v (z) is starlike univalent iflU. If

Gy (Som e ) o
(z€U; a,€C; B#0)
and
! 2q'(z Q 2 (z
(82 T e
(z€U; a,8€C; B#£0),
then

q(z) <¢(2) (2€0)

andq(z) is the best dominant.
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Proof. By setting

W) =% and (O =—§,

it is easily observed that both¢) andy(() are analytic inC\{0} and that

p(C) #0 (¢ € C\{0}).

Also, by letting

Zl//(Z) S_ome I_nequalities Associgted
(3-3) Q) = 2 (2)o(¥(2)) = = =/ o a Ciass of Multvalont -
Functions
and V. Ravichandran,
N. Seenivasagan and
! H.M. Sri
(3.4) ) =D(6(2) +QLe) = 75— 2,
itl
we find thatQ(z) is starlike univalent irfJ and that e
Contents
zh’(z)) <a 1 [ 29" (z) zW(z)])
R =R|—-——+ |1+ — > 0, <4< 44
( Q(2) B ¥(2) V(z)  (2) b ,
(:€U; a,f€C; B#0), o Back
0 bacC
by the hypothesis3(1) of Lemma3. Thus, by applying Lemma, our proof of
Lemma3 is completed. O Gles
Quit

We now prove the following result involving differential subordination be-
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Theorem 2. Let the function)(z) # 0 (z € U) be analytic and univalent iy
and suppose thaty’(z) /1 (z) is starlike univalent irflU and

s l "(z) w’(Z)D
Gt -3e) e
(2 € U; a e C\{-1}).

If f € A, satisfies the following subordination:

(3.5)

L,(a+2,¢)f(2) 1 a—zY'(2)
3.6) Lp<a+1,c>f(2)<a+l(1 e ) (el
then
(3.7) Ly(a, ) f(2) <(2) (z€D)

Ly(a+1,¢)f(2)
andi(z) is the best dominant.

Proof. Let the functiong(z) be defined by

Ly(a, o) f(2)
Ly(a+1,¢)f(2)

q(z) = (zeU; feA),

so that, by a straightforward computation, we have

(3.8) 2q'(2) _ 2(Ly(a,e) f(2)) B 2(Ly(a+1,0)f(2)
' q(2) Ly(a,c)f(2) Ly(a+1,0)f(z)
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which follows also from 2.6) in the special case wheh= 0.

Making use of the familiar identityX7) once again (odirectly from (2.8)
with g = 0), we find that

Ly(a+2,¢)f(2) _ . Ly(a+1,¢)f(2)

Lp(a+ 1,C)f(2) Lp(aac)f 2)
1 a zq’(z))
= —-— 1 + —_— e — s
a+1 ( a(z)  q(z)
which, in light of the hypothesis3(6) of Theorem2, yields the following sub-
ordination:
a (), _a__2()

a(z)  q(z)  ¥(z)  P(2)

The assertiond.7) of Theorem2 now follows from LemmaB. ]

Ly(a+2,¢)f(2)
Ly(a+1,¢)f(2)

+1

—(a+1)

(z € U).

Remark 1. If the functiom)(z) is such that
R{vL(2)} >0 (z€)

and if z¢/(z) /vy (z) is starlike inU, then the condition3.5) is satisfied for
a > 0.

In its special case when
a=0+p and c=1,

Theorem?2 yields the following result.
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Corollary 2. Let the function)(z) # 0 (z € U) be analytic and univalent ity
and suppose thaty’(z) /1 (z) is starlike univalent irflU and

54 WD) W)
m(ww»*@*’wv> e

If f € A satisfies the following subordination:

])>0(zeuaeRu—mmn

D) 54 p— ()
D& (2) 5+p+1(1 0 ) =l
then DL ()
D‘STM =< 1/1(2:) (Z € U)

Lastly, by using a similar technique as above, we can prove Thediesn
low.

Theorem 3. If f € A(p,n) and

zf"(z) 1+ Bz" n(A— B)z"
(3.9) Y CPTi A T (U A (Lt B
(:€U; -1<B<A<1),
then
pf(z) | 1+A2"
(3.10) 7 < Type €U
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Proof. Let the functiory(z) be defined by

_ pf(2)

(3.11) q(z) == ()

(z€U; feAlpn)),

so that

(3.12) 2O B IC)

fz) alz) a(z)
If the function(z) is defined by

B 14 A"

= g (FLEB<AZL:eD)

¥(2) :

then, in view of 8.9) and 3.12, we get

p ) p 2
q(2)  alz) () Y(z)

The result (Theorers) now follows from Lemma3 (with o« = p and

3 =1).

The following result is a simple consequence of TheoBem

(z € U).

Corollary 3. If f € A satisfies the following subordination:

2f"(z)  1—4z+ 22

S T R

(2 € U),
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then

(3.13) R (ZJ;(Z)) >0 (z€U)

or, equivalently,f is starlike inU (that s, f € S*).

Remark 2. The foregoing analysis can be appligtutatis mutandisin order
to rederive Theorem of Owa et al. []. Indeed, if

Some Inequalities Associated

1 with a Linear Operator Defined
(3.14) f(Z) € A(p, n, Oz) (p <a= P+ 5”) ) for a Class of Multivalent
Functions
then we can first show that V. Ravichandran,
N. Seenivasagan and
H.M. Srivastava
2f"(2)
1+ <Y(z) (ze€),
f'(2) .
Title Page
where
Contents
n _ n n\2 __ n
b(z) = p 1+ B2" n(A— B)z _ p(l+ Bz")? —n(A+1)z « >
14+ Az (14 Az")(1 4+ Bzn) (14 Az")(1 — zn) ) R
20+ n
. Close
By letting
Quit
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it is easily seen for

(1-A)2p+n(l+ A)—2pcosb|
2(1+ A%+ 2Acosb)

u(f) = (0= 60 =< 2nm)

that

u (0) 2 () = (1-A) [25(11(}1; A+

(3.15) (0£6<2nm),

which shows thag(U) contains the half-plan® (w) < «, whereg (z) is given,
as before, by3.11). Thus, under the hypothegis 14), we have the subordina-

tion (3.9) and hencéby Theorens) also the subordinatiof3.10), which leads
us to the assertiofil.5) of TheorenA.
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