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ABSTRACT. Some new inequalities for certain trigonometric polynomials with complex semi-
convex and complex convex coefficients are given.
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1. INTRODUCTION AND PRELIMINARIES

Petrovt [4] proved the following complementary triangle inequality for sequences of com-
plex numberg zy, 29, ..., 2,} .

Theorem A. Leta be a real number and < 6 < 7. If {21, 2, ..., 2, } are complex numbers
suchthath — 0 < argz, <a+60,vr=1,2,...,n,then

iz,, > (cosb) i |2,
v=1 v=1

For0 < 6 < 7 denote byK (0) the coneK (0) = {z : |argz| < 0}.
Let AN\, = X\, — \yq, forn = 1,2,3,..., where{\,} is a sequence of complex numbers.
Then,

A2\, = A(AN) = ANy — At = Ay — 20p1 + Apsa, n=1,2,3, ...

The author Tomovski (seg![5]) proved the following inequality for cosine and sine polynomials
with complex-valued coefficients.

Theorem B. Letx # 2kn fork =0,+1,+2, ...
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2 ZIVORAD TOMOVSKI

(1) Let{b:} be a positive nondecreasing sequence fng a sequence of complex numbers
such thatA ( ) € K(0).Then

m

Zukf (kx)

k=n

1 1 1 b,
< — {(1—1— —) |t | + — ]un@ , (Vn,m eN, m >n).
oS c

(2) Let{b:} be a positive nondecreasing sequence fing a sequence of complex numbers
such thatA (ubx) € K (0). Then

<

1 1 b,
{(1 + —) || + ——— |um|} , (Vn,m eN, m >n).
co oS

Zukf (k)

|sin§}
Here f (z) = sinxz or f (z) = cosz.

Similarly, the results of Theorein]B were given by the authorlin [5] for sums of type

S (=) upf (kx) , where agairy (z) = sinz or f (x) = cos .
Mitrinovi¢ and Péaric (seel[2] B]) proved the following inequalities for cosine and sine poly-
nomials with nonnegative coefficients.

Theorem C. Letx # 2kw for k =0, +1, +2, ..

(1) Let{b:} be a positive nondecreasing sequence &md a nonnegative sequence such
that {a;b; ' } is a decreasing sequence. Then

m

Z af (kz)| <

k=n

n bm
a—’ (—) , (Vn,meN, m>n).

- ‘sm

(2) Let{bs} be a positive nondecreasing sequence &md a nonnegative sequence such
that{axby} is an increasing sequence. Then

b,
( ), (Vn,m €N, m >n).

B \ 3|
Heref (x) = sinz or f (z) = cos .

The special cases of these inequalities were proved by G.K. Lebeéd fork*, s > 0 (see
[1]). Similarly, the results of Theoreim|C, were given by Mitrinowind Péaric in [2,[3] for
sums of type) ;- (=1)* apf (k) , where agairy (z) = sinz or f (z) = cos .

The sequencéu, } is said to becomplex semiconveif there exists a con& (), such that
A? (5—2) € K (0) or A% (uiby) € K (), where{b,} is a positive nondecreasing sequence. For
br = 1, the sequencéu,} shall be called @omplex convex sequence

In this paper we shall give some estimates for cosine and sine polynomials with complex
semi-convex and complex convex coefficients.

J. Inequal. Pure and Appl. Math4(4) Art. 78, 2003 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

SOME NEW INEQUALITIES FORTRIGONOMETRICPOLYNOMIALS WITH SPECIAL COEFFICIENTS 3

2. MAIN RESULTS
Theorem 2.1.Let{z;} be a sequence of complex numbers suchAhat max ’Zq A

n<p<g<m
Further, let{b;} be a positive nondecreasing sequencdulf} is a sequence of complex num-

bers such that\? ( ) € K (0), then
u
Al 2
(i)l

1 um—l bm
< A ||| + by | 1 A
- {]u I+ ( +cos€>‘ (bm_l)‘+c089
(Vn,m €N, m >n).

Proof. Let us estimate the supn’;” b,z

m
E Uk 2k
k=n

Since |

we obtain - T
Zbkzk = |bn sz—i— i (izk> (bj = bj1)
—n j=n+1 \k=j
< b, sz+i i (b; — b_1)

*) <A(bn+b an)H Ab
Then,

iukzk -~ iib‘—: (brze)

M k=n j=n n r=n j=n k=n
’u | m w m—1 J m—2 u r j

Sb—m Zbkzk +‘A(bm_1) Zzbkzk +Z A? (b—r) ZZkak

M k=n m—1 j=n k=n r=n r j=n k=n

|um| Um—1 Ab,, | &= o [ U
< Ab,, Ab,, |A A | —
s Ao bt )| cost ; b,
Um—1 bm U, Um—1

= A ||uy,| + b, |A Al=2)—-A

et eino (22 [+ 2 () =2 (22

1 Um—1 bm
<A 1+—1] 1A
- {|um|+bm( +cos.9> ‘ (bml)‘+0050

(@)l
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Theorem 2.2.Let{z,} and{b,} be defined as in Theorédm R.1{if,,} is a sequence of complex
numbers such thah? (u;b,) € K (6), then

m
E U2k

k=n

< A [l 077 (14 25 ) 12 (bl + 18 (i)

os 6

(Vn,m €N, m >n).

Proof. The sequencéb;, '} is nonincreasing, so frorﬂ(*) we get

< Ab,t.

Now, we have:

m

k:n

— |unbn Zb 2+ Z (Zb zk> ;b — uj_1b;_1)

Jj=n+1

] m

= unanbglzk — Z A2 (uj,lbj,l)ZZbglzk

j=n+1 r=n k=r

+ A un n Zb Rk — umflbmfl)zzblzlzk

r=n k=r
< Jun by Zb 2| + Z | A% (u;_1bj)| ZZb 2K
Jj=n+1 r=n k=r
+|A unn +|A Uy — 1bm1 Zzb 3
r=n k=r
m—1
< |ty | by Ab Y + AbY Z | A2 (uj_1bj_1)| + Ab, " |A (unby)]
j=n+1
+Ab;1|A(um 1bm 1)|
<A Z Az Uj 1b] 1
j=n+1
+ 0, | A (unbi)| 4 0, | A (U—1bym—1) ]
—1
=A |un|+ |A(un n) A(U/m—lbm—1>|

+ bn ’A (’LLn n)| + bn |A (um—lbm—l)u

<A :\un| e (1 + LS) (12 (b + | A (um_lbm_l)\)] |
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Lemma 2.3. Forall p,q € N, p < g, the following inequalities hold

q J
. — 2
(2.1) E:}:emxfgg—iggﬂ w4 2%kn, k=0,+1,42, ...
e 2 sin 5
ah ke| o 4~ D+ 2
j=p k=l 2

Proof. It is sufficient to prove the first inequality, since the second inequality can be proved
analogously.

pili—H)T _

q
E eilaz :
e —1

Jj=p
1
e — 1

q J
E:E eikx:

J=p k=l

1
ezll

Pl

=p

1 \dqﬁl—u g—p+1

T |2sin%| el — 1 |2sin £
2 — 1 2

< 4P _1°PF
4 sin % 2 sin % 2 sin %

0

By puttingz;, = exp (ikz) in Theorenj 2.1 and Theorgm P.2 and using the inequality (2.1) of
the above lemma, we have:

Theorem 2.4. (i) Let{b;} and{u,} be defined as in Theorgm P.1. Then

n—i—2 1 Um—1 bm U,
<— m| + b A A=),
T 2sin®§ {‘u I+ ( 89)’ <bm1)’+0089‘ (bn)H
(Vn,m €N, m >n).

(i) Let{b,} and{u,} be defined as in Theordm .2. Then

Z uy exp (ikx)
k=n

< P2 0 (14 g ) 0 ()| + 18 G|

2 sin? 5

(Vn,m €N, m >n).
In both cases: # 2kw, k=0,+1,+2,...

Applying the known inequalitie®ez < |z] andImz < |z| for z € C, we obtain the
following result:

Theorem 2.5.Letx # 2krfork =0,+1,+2,....
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(i) Let{bx} and{u;} be defined as in Theorgm P.1. Then

m m—n + 2 1 um,1 bm
kE:n uf (kx)| < 9 sin? & Du |+ ( + coS 9) ‘ (bml ) ‘ " cos 0

»(@)l)

(Vn,m €N, m > n).

2

(i) Let{by} and{u,} be defined as in Theordm P.2. Then

“ —n+2
Z uf (kx)| < mont
k=n

— . 2:2
2 sin 5

]+ 0,1 (1 —— ) (1A (tnb)] + 1A (b))
il (14 55 |

(Vn,m €N, m >n).

Applying inequality [2.2) of Lemmp 2|3, we obtain the following results:

Theorem 2.6.Letx # (2k+ 1)w for k = 0,£1,4+2,... and letz — f (z) be defined as in
Theoreni 25.

(i) If {bx} and{u,} are defined as in Theorgm 2.1, then

m

Z ukf (kx)

—n+2 1 Um—1 bm Uy,
cmznT2 m| Fom |14+ —— ] |A Al — ,
= oo ['” I+ (*0)‘ (%)’*0‘ (b)H

(Vn,m eN, m > n).

(i) If {by} and{w;} are defined as in Theorgm .2, then

m

Z ukf (kx)

m—n-+2
- 20082%

1
il 05 (1 25 ) (18 ) 412 (b))
(Vn,m €N, m > n).
Forb, = 1, we obtain the following theorem.

Theorem 2.7.Let {u;} be a complex convex sequence.
() If v # 2krfork =0,+1,4£2, ..., then we have:

m—n-+2 1
2

(Vn,m eN, m >n).
(i) Ifx# (2k+1)wfork =0,+1,£2,..., then we have:

m

Z ukf (kx)

m—n-+2 1
< m [‘Uﬂ + (1 + —) (| Ay | + [Atty,— 1|)}
2

(Vn,m €N, m >n).
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