Journal of Inequalities in Pure and
Applied Mathematics

INCLUSION THEOREMS FOR ABSOLUTE SUMMABILITY

METHODS
volume 4, issue 4, article 66,
2003.
H. S. OZARSLAN Received 07 April, 2003;
Department of Mathematics, accepted 30 April, 2003.
Erciyes University, Communicated by: L. Leindler
38039 Kayseri,
Turkey.
EMail: seyhan@erciyes.edu.tr
Abstract
Contents
44
| 2
Home Page
Go Back
Close
(©2000Victoria University .
ISSN (electronic): 1443-5756 Quit

046-03


Please quote this number (046-03) in correspondence regarding this paper with the Editorial Office.

mailto:leindler@math.u-szeged.hu
http://jipam.vu.edu.au/
mailto:seyhan@erciyes.edu.tr
http://www.vu.edu.au/

Abstract

In this paper we have proved two theorems concerning an inclusion between
two absolute summability methods by using any absolute summability factor.
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Let " a,, be a given infinite series with partial surfis,), andr,, = na,. By
u, andt, we denote the:-th (C,1) means of the sequencés,) and (r,),
respectively. The seri€s; a,, is said to be summabl€’, 1|, , £ > 1, if (see [])

(1.1) an_l |ty — Uy |" < 0.

n=1
But sincet,, = n(u, — u,_1) (see []), the condition {.1) can also be written
as

[e.e]

1
(1.2) > - It |" < o0.

n=1

The series) | a,, is said to be summablg’, 1;4|, £ > 1 andd > 0, if (see
[°D)

o0

(1.3) Zn‘sk_l It,|" < .

n=1

If we taked = 0, then|C, 1; 6|, summability is the same &€', 1|, summability.
Let (p,,) be a sequence of positive numbers such that

(1.4) Pn:zpv_”)o as n—oo, (Py=p,;=0,1>1).

v=0
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The Sequence-tO'Sequence transformation
us oL
. n— 55 vSv
Pn v=0 !

defines the sequen¢g,,) of the (N, p,,) mean of the sequencs, ), generated
by the sequence of coefficients,) (see []).

The serie$” a,, is said to be summableV, p, |, , k > 1, if (see [1])

i

o] P k—1
(1.6) > (—”) AT, 1F < 0o

Pn

n=1

and it is said to be summablé/, p,,; §

ok >1andd > 0, if (see [])

00 P Ok+k—1
@7) S () It
=1 \Pn
where
Pn
1.8 AT, | =— P,_ia,, n>1.
19 = P

In the special case wheh= 0 (resp. p, = 1 for all values ofn) |N,p,; 4|,
summability is the same a4, p, |, (resp.|C, 1;4|,) summability.

Concerning inclusion relations betwegn 1|, and\N,pn summabilities,
the following theorems are known.

Ik
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Theorem 1.1.([1]).Let £ > 1 and let(p, ) be a sequence of positive numbers
such that as: — oo

(1.9) (1) P, =0(npn), (i) np, =O(F,).

If the series) _ a,, is summableC, 1|, , then it is also summablﬁff,pn{k .
Theorem 1.2.([7]). Let £k > 1 and let(p,) be a sequence of positive num-
bers such that conditioriL(9) of Theoreml.1is satisfied. If the series’ a,, is

summablg N, p, |, , then itis also summable’, 1], .
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The aim of this paper is to generalize the above theorems(for; 5|, and

}N,pn; 6}k summabilities, by using a summability factors. Now, we shall prove

the following theorems.

Theorem 2.1.Letk > 1 and0 < ¢k < 1. Let(p,) be a sequence of positive
numbers such tha®, = O(np,) and

00 Pn ok—1 1 Pv ok 1

2 o)
n=v+1 Pn Pn—l Do Pv
Let > a, be summablgC,1;6|,. Then) a,\, is summabqu,pn;é
(\,) satisfies the following conditions:

(2.1)

if

k>’

1-45k

2.2) nAN, = O (&) o
npn
%
2.3) N =0 (&) ,
npn

Theorem 2.2.Letk > 1 and0 < §k < 1. Let(p,) be a sequence of positive
numbers such thatp, = O(P,) and satisfies the conditior2 (). Let>" a,
be summabléN, p,,; 6|, . Theny_ a, A, is summabléC, 1; 4], , if (\,) satisfies
the following conditions:

1-6k

npn\ *
AN, = —
=0 ()

(2.4)
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(P .
25) o)

Remark 2.1. It may be noted that, if we take, = 1 andd = 0 in Theoren®.1
and Theoren?.2, then we get Theorerm1 and Theoreni.2, respectively. In
this case condition4.1) reduces to

m—+1 D m+1 1 1 1
- = ——)=0(—=] as
Z PnPn—l Z (Pn—l Pn> <Pv) e

n=v+1 n=v-+1

which always holds.

Proof of Theoren2.1 Since

1 n
tn—n+1;vav

we have that
n+1

n

Let (7;,) denote thé N, p,,) mean of the seri€s a,,\,,. Then, by definition and
changing the order of summation, we have

Tn = % va Z ai>\i = Pi Z(Pn - Pvfl)av)\v-
™ v=0 =0 ™ y=0

Ap = tn — tnfl.
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Then, forn > 1, we have

Pn
Tn - Tnf = P,Uf ’U)\’U-
! Pnpnfl ; 1

By Abel’s transformation, we have

n—1 n—1
Pn v+1 Pn v+1
T, —T,.1= P,AN, t, — Ay t,
! PnPn—l ; PnPn—l leU
n—1
Dn P, Pn . n+1
—Aptity + = th
tPp . ; y vttt g A
= 1Ina + Tn,2 + Tn,3 + Tn,47 say.
Since

Tt 4 Too 4 Tos + Tosl® < 45 (|Tr|” + [Tool® + | Tosl® + |Tal®),

to complete the proof of the theorem, it is enough to show that
9 P Ok+k—1

(2.6) > (—") T |f < oo for r=1,234.
1 \Pn

Now, whenk > 1, applying Holder’s inequality with indicek andk’, where

Inclusion Theorems for
Absolute Summability Methods

H. S. Ozarslan

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 8 of 18

J. Ineq. Pure and Appl. Math. 4(4) Art. 66, 2003

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:seyhan@erciyes.edu.tr
http://jipam.vu.edu.au/

T+ % =1, we get

m+1 Sk+k—1
P,
S (2)

2 Pn
m+1 Sk—1 n—1 k

P, 1 v+1
< —_ P, v v
S (7)) 5 (Ertrmsu)

n=2 v=1
m+1 Sk—1 n—1 k
1 P,
=0(1 = v v . Do
( ); (pn> Pf—l (; VPy )

mAl oo\ Gkel g n—1 k
—omy () 4 (Z 1] |vAAU|pU>

n=2 Dn -1 v=1

m+1 Sk—1 n—1 -1

P, 1
=0 (—") Po
m+1 0k—1
P, 1
tol” [vAN|" Dy —
R)a lpn;(pn)
Sk—1
1 ty b VAN, F (—U)
DIANENN

=0(1) Zv‘sk_l t,)" =0(1) as m — co.

v=1

by virtue of the hypotheses of Theorehi.
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Again using Hoélder’s inequality,

m4+1 Sk+k—1
P,
S () el

=5 \Pn

m+1 P 0k—1 1 n—1 . i} 1
o o
ol >Z(pn) e DN (PM

n=2
m+1 ok—1
P, 1
Zmu Y ()
n=v+1 DPn Pn—l
m P ok—1 N .
=0(1)) (—) o] [A]
o1 \Pv
— 0(1) Zvék—l ’tvlk |/\v|k
v=1

DY e f =0(1) as m — o,

by virtue of the hypotheses of Theoréhi.
Also

m+1 Sk+k—1
P,
() m.
=2 \Pn
m1 oh-1 4 n—1 Do k
v+
< (5 o (S alelu)
n—1 v=1 v

k
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m+1 Sk—1 n—1 k
P, 1 Ao
~om3 ()" (S el

n=2 p_n Prlf_l v=1
m—+1 P 0k—1 1 n—1 1 n k-1
=0(1 = v >\v g tv b v
m> (32) - > el (P Zp>
m . . m—+1 P 0k—1 1
=0(1 v [ Ao ty ==
O pbat it 3 () 5y
m ) P 0k—1 N
—om X (22) P
— Py
=0()Y vt [" =0(1) as m— oo,
v=1

by virtue of the hypotheses of Theorehi.

Lastly
m P Ok+k—1 3 m <P )5k—1 N N
— Thal” =001 — Anl” tn
S () ma=omX ()
=0(1) i <&)6k_1 Al [t 0%
=1 \"Pn

by virtue of the hypotheses of Theoréihi.
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This completes the proof of Theorel O

Proof of Theoren2.2. Let (7,,) denotes thé N, p,,) mean of the serie¥_ a,,.
We have

1 < 1 <
Tn = Fn ;pwsv = EUZ:O(PVL - P’U*l)a’U'

Since

n
DPn
Tn - Tnfl = E Pvflam .
Pnpn,l = Inclusion Theorems for
v= Absolute Summability Methods
we have that )
H. S. Ozarslan

—-P, P,_
(27) ap = ATn,1 + 2ATn,2.
b Pt Title Page
et 1 n Contents
t, = .
nt 1 2_; v «“ b
By using @.7) we get < >
1 " P, P,_s Go Back
= ;v ( - AT, | + - ATH) Ao Cloce
n—1 Quit
1 P nbP,\
= —0) AT, Ny — —"— AT,
n+1 ;( v) Py ! (n+ p, ! Page 12 of 18
1 << P,
i +1 Z ! Po_1 Auah . h‘i't;://jipamﬁ.zdﬁlﬁf’At‘ o

v=1
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v=1
n—1
f%—l 7LF%An
1 AT, 1\ Apy1 — ———AT,_
n 12;@+ i VT e
n—1
1 Z&j;_l nl%zAn
—vA\, Py DAi1 Py} — —— AT,
n+1; p, U OMB 0 DA P =GR AT
n—1
1 zﬁjl_l nf%An
—v\, Py DAi1(Py —po)} — ———AT,
—1> o APt 0 DA (P = po)} = oy AT

n—1

nP,\,
(n+1p, "
n—1
1 AT,y nP,\,
—(A Av) Py — + 1A, v T _____———Z&T%_
n ‘I’ 1 UZ; pv { ( v ) (U ) +1p } (7’1, + 1)pn 1
n—1 n—1
1 —P, 1
T ; -~ ATy {oAN = Ao} = —— 2 AT, (v + 1D Apss
P
_ A A
(n+1)pn
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1 — an
= — Z A)\ AT 1+—Z ATU 1/\U+1

n+1 Do
n—1
1 nP,\
_ DA AT, 1 — —2 " AT,
”*1;(v+ Moo (n+1p, "

=tp1 tithot1ty3+1tha, say.
Since
ltnt 4 tng + tos + toal™ < A ([t |" + tnal® + | 1tasl + t4]5),
to complete the proof of Theoref?, it is enough to show that

ank_l |tn’r|k <o for r=1,2,3,4

n=1

Now, whenk > 1 applying Holder’s inequality with indices and k', where
T+ % = 1, we have that

m—+1 n—1 P k
Z =l 1 |F < Znék i <Z —”v|A/\vl|ATv_1|>
b

n=2 v=1 Y
m+1 17171 k—].
k
<SS (B) ity (; 1)
v=1
m+1

IN

S S () anriant
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m+1

1
k
(2) st vianar ¥

n=v+1

S
oY (£ At
s

Sktk—1
( ) AT, ,|"=0(1) as m — oo,

by virtue of the hypotheses of Theoren?.
Again using Holder’s inequality,

Z Sk— g | <Zn6k 1— "”(ZP\HH_MTU 1|>
n=2 n=2
. | no k-1
< Z n2 ook Z (]%) |/\v+1| | AT, 1| (ﬁ — 1)
m P k m+1 1
v k k __
:O(l)Z(—) | Avga]” [AT, 1| Z n2—ok
o1 Dy n=v+1
m Pq) k 1
=0(1) Z (p_> Aot | AT, | D10k
v=1 v
o 37 (B) st ar,
= ( )Z » ) | ’U—1|
v=1 v

Inclusion Theorems for
Absolute Summability Methods

H. S. Ozarslan

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 15 of 18

J. Ineq. Pure and Appl. Math. 4(4) Art. 66, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:seyhan@erciyes.edu.tr
http://jipam.vu.edu.au/

Also, we have that

m+1 m+1

n—1 k
Z 1y o < Znék 1k (Z(U+ 1) [Aori] ]ATU1\>
n=2 v=1
m+1 k
= Z nék 1—k <Z |/\v+1| |ATv_1|>

v=1
m+1 1 n—1 1 n—1 k-1
k k
- O<1) Z n2—9ok ka ‘)‘v+1| |ATv71‘ (ﬁ 1)
n=2 v=1 v=1

m+1

=01 Z i 2
m+1 1
1>karw’“mnf1!’“ 2

|/\U+1|k |ATU—1|k

v=1 n=v+1
1) Z Uék-ﬁ-k—l ’ATu—l|k
v=1
m P Ok+k—1 3
—omX () et
v=1 v

=0(1) as m — o0,

by virtue of the hypotheses of Theoren?.
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Finally, we have that

m m Pn k -
Zntﬂcfl |tn’4’k _ O(l) Z (p_) nék 1 |)\n|k ’ATnfl‘k
n=1 n=1 n

NE

Pn Ok+k—1
= 0(1) (—) AT, |

n=1 n

=0(1) as m — oo,

by virtue of the hypotheses of Theoren?.
Therefore, we get that

m

> 0 e, [f=0(1) as m— oo, for r=1,2,34.

n=1

This completes the proof of Theorei?.
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