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Abstract

In this paper we deal with a nonlinear singular integral inequality which arises
in the study of partial differential equations. The integral term is non local in
time and space and the kernel involved is also singular in both the time and
the space variable. The estimates we prove may be used to establish (global)
existence and asymptotic behavior results for solutions of the corresponding
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We consider the following integral inequality

L.1) o(t,z) < k(t,z) +I(t, ) /Q /0 0 _FS ;fii?;s_’?glwdyds,

reQ, t>0,
where(? is a domain inR™ (n > 1) (bounded or possibly equal "), the
functionsk(t, x), I(t, =) and F'(t) are given positive continuous functionstin
The constants < a < n,0 < 4 < 1 andm > 1 will be specified below.

This inequality arises in the theory of partial differential equations, for ex-
ample, when treating the heat equation with a source of polynomial type

w(t,x) = Au(t,z) + u™(t,x), x e R", t >0, m > 1
u(0,x) = ug(x), x € R™

If we write the (weak) solution using the fundamental solut®ft, =) of the
heat equation
ut(ta I) = Au(ta SL’),

namely,

ttea) = [ Gl =ty [ [ 6 sa—ypun(s.p)ivds

and take into account the Solonnikov estimates of this fundamental solution (see

[14] for instance), then one is led to an inequality of tyfel).
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The features of this inequality, which make it difficult to deal with, are the
singularities of the kernel in both the space and time variables. It is also non
integrable with respect to the time variable. The standard methods one can find
in the literature (see the recent books by Bainov and Simeorjenfl Pachpatte
[17] and the references therein) concerning regular and/or summable kernels
cannot be applied in our situation. Indeed, these methods are based on estimates
involving the value of the kernels at zero and/or saifie norms of the kernels.

In contrast, there are very few papers dealing explicitly with singular kernels
similar to ours. Let us point out, however, some works concerning integral on an Integral Inequality with a
equations with singularities in time. In Henry,[Lemmas 7.1.1 and 7.1.2], a il Singg'sgégﬁme el
similar inequality to {.1) with only the integral with respect to time, namely

Nasser-eddine Tatar

W(t) < alt) + b/ot(t — 8)P s h(s)ds, B3>0, v >0

Title Page
i.e. the linear casent = 1) has been treated. The case > 1 has been Contents
considered by Medved ir¥], [ 10]. More precisely, the following inequality « o
t
U(t) < a(t) + b(t)/ (t = )77 1s7 F (s)y™ (s)ds, B> 0,7 >0 < d
_ ° _ Go Back
was discussed. The result was used to prove a global existence and an exponen-
tial decay result for a parabolic Cauchy problem with a source of power type Close
and a time dependent coefficient, namely Quit
u + Au = f(t,u), ue X, etz il
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with || f(t,w)|| < t"n(t) [Jul|., m > 1, kK > 0, where A is a sectorial operator
(see []) and ||-||, stands for the norm of the fractional spaké associated to
the operatorA (see also]1]). This, in turn, has been improved and extended to
integro-differential equations and functional differential equations by M. Kirane
and N.-E. Tatar in] (see also N.-E. Tatar.[]] and S. Mazouzi and N.-E. Tatar
[7, 8] for more general abstract semilinear evolution problems).

Here, we shall combine the techniques ¥ 1], based on the application
of LemmaZ2.1 and the use of Lemma.3 below, with the Hardy-Littlewood-
Sobolev inequality (see Lemn2a?) to prove our result. We will give sufficient On an Integral Inequality with a
conditions yielding boundedness by continuous functions, exponential decay eme! Sdags B Time and
and polynomial decay of solutions to the integral inequality),

The paper is organized as follows. In the next section we prepare some
notation and lemmas needed in the proofs of our results. Settiontains the

Nasser-eddine Tatar

statement and proof of our result and two corollaries giving sufficient conditions Title Page
for the exponential decay and the polynomial decay. Finally we point out that Contents
our results holdd fortiori) for weaklysingular kernels in time.
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In this section we introduce some material necessary for our results. We will

use the usual?-space with its nornf-|| .

Lemma 2.1. (Young inequality) We have, fer= % + ;, the inequality

1fgll, < 1LF1, - llgll, -

Lemma 2.2. Leta € [0,1) and 5 € R. There exists a positive constafit=
C(a, ) such that

Ce’, if 3> 0;

t
/ s7%Mds < C(t+1), if3=0;

0
C, if 3<0.

Lemma 2.3. (Hardy-Littlewood-Sobolev inequality)

Letu € LP(R") (p > 1),0 <y <nandl > 11— then(1/[z]") *
u € LYR") with - = 1+ - — 1. Also the mapping from € L?(R") into
(1/|x|") xw € LI(R™) is continuous.

See p, Theorem 4.5.3, p. 117].

Lemma 2.4. Leta(t), b(t), K(t), ¥ (t) be nonnegative, continuous functions
on the intervall = (0,7) (0 < T < o0), w : (0,00) — R be a continuous,
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nonnegative and nondecreasing functiof)) = 0, w(u) > 0 for u > 0 and let
A(t) = maxg<s<t as), B(t) = maxo<s<: b(s). Assume that

»(t) < alt) + b(t)/o K(s)w((s))ds, t € I.
Then .
W(t) < Wt [W(A(t)) + B(t)/o K(s)ds} , t€(0,Ty),
where v g
W (v) :/ FZ),UEUO > 0,

W~—tis the inverse of¥ and7} > 0 is such that
t
W(A(t)) + B(t)/ K(s)ds € D(W™)
0

forall ¢t € (0,77).
See P] (or [5]) for the proof.

Lemma2.5.1f§, v, 7 > 0andz > 0, then
ZU/ (z=¢)" ' e d¢ < M (v,6,7)
0

whereM (v,6,7) = max (1,2' )T (6) (1 + 2) 77°.

See [J] for the proof of this lemma.
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In this section we state and prove our result on boundedness and also present an

exponential and a polynomial decay result.

Theorem 3.1. Assume that the constantss andm are such that < a < (n,
0<pf<landm > 1.

(m=1)n

(i) If © =R", then for anyr satisfyingmax (T, %) <r < ™ we have
l(t, )], < Uprp(t)
with

m(p—1) 1

Upmp(t) =2 K(t)i

x |1 =2 D — DCP ' CVK ()™ L(t) e

t (=D
X / eEpSFp(s)ds} ,
0

where K (t) = maxo<s< [|k(s, )|}, L(t) = maxocs<: [|U(s, )1}, p =
andp = ——- for some: > 0. HereC'; andC, are the best constants

. (m—1)n : . . .
in Lemma2.2and Lemm&.3, respectively. The estimation is valid as long
as
t
1
(3.1) K(t)m_lL(t)egpt/ e P FP(s)ds < S o=T) (m —1)CP~CP.
0
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(ii) If Q2 is bounded, then
e, 2)|l; < Uparp(t)

for anyr < r wherep, r and p are as in (i). If moreover;

not necessarily > ") that is% < r < min (M nﬂn ) then this

estimation holds for anfg < p < L~ provided thatp > W

Proof. (i) Suppose tha = R". By the Minkowski inequality and the Young
inequality (Lemma&2.1), we have

On an Integral Inequality with a
Kernel Singular in Time and

(3.2) ||g0(t,a7)||r < ||k(t :E)H Space

) Nasser-eddine Tatar
—dsdy
(t—s) 5 |x y|" ‘

Title Page
for 7, p andq such that; = - + . Contents
Let p be such tha€= = + % andp' its conjugate.e. +[% = 1. Using <« >
the Holder mequahty we see that ) R

t
@3 [ (=5 P ()" (. 0)ds Go Back
0 ) ) Close
t o t ?
< </ (t — 5)B- 1P eep Sds) (/ espSFp(s)gomp(s,y)ds> : Quit
0 0 Page 9 of 20
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Choosingg = (nm"jm), we see thap = . By our assumption on it is
easytoseethat> 1,p > 1 andl + (5 — 1)p’ > 0. Therefore, we may

apply Lemma2.2to get

t
/ (t — s)F=PeP'sds < et
0

Hence, inequality3.3) becomes

t E t % On an Integral Inequality with a
/ (Zf _ S)ﬁilF(S)gom(S, y)ds < Clp et </ eigpst(s)(pmp(S, y)ds) . Kernel Singular in Time and
0 0 Space
It follows that Nasser-eddine Tatar
t F m
(3.4) / / (s)e™ (s, y)n_a dsdy Title Page
nJo (t—s)7Plz -yl ;
1 Contents
1/ ¢ P dy
<Ofe / (/ egpst(S)SOmp(&y)dS) —a <« 33
» \Jo |z =y
! < >
As me we may apply the results in Lemn2a3to obtain
TS y apply Go Back
t 7 dy Close
3.5 / (/ e PEP(s)p™P (s, ds> _ :
SNy ()™ (s,) rerad ) Quit
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with p as above and’, is the best constant in the result of Lemi&.
From 3.2, (3.4) and 3.5) it appears that

( /0 e (s o (s, ~)ds);

o, )],

< [kt ), + Cse™ [li(t, 2)]],

p

or
(3.6) Ilp(t, )|,

< ||k(t, )], + Cse™ ||I(t, z) (/ / e P FP(s)"P (s, m)dsd:v)p7

whereCs = O{'L' Cs. Inequality 3.6) can also be written as
le(t, )],
< e, + e i, ([ &P Iots. ol )
Observe that by our choice pfwe haver = mp. It follows that
B.7) e, )l

t
< |kt 2)ll, + Cse |lit, ), </0 e P FP(s) ||90(8,56)||:d8)

=
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Applying the algebraic inequality
(a+b)P <2071 (a? +b°), a,b >0, p> 1,

we deduce from3.7) that
3.8) llw(t =)l

t
<27 [k(t, )17 + Cae* [t )] / e~ F7(s) ||ip(s, )| ds,

whereC, = 2P71C%. Let us puty(t) = ||o(t, x)H:/m, then @3.8) takes the
form

() < 2771 [[k(t, I + Cae™ ||l(1t,$)||’;/0 e P FP(s)y™ (s)ds

By the Lemma2.4 with w(u) = u™, W(v) = —(v!=™ — v5~™) and

1—-m

Wlz)=[(1—m)z+ vy ™] =7 we conclude that

Wb(t) { W (22 K (1)) + Cae™ L(t) /O te_epSFp(s)ds}

—1)Cy (27 K ()" e L(1)

1
i—m
« / —eps oo (g )ds] |
0

whereK (t) andL(t) are as in the statement of the theorem.

(
< 2P7LK (1) {
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(i) If Q is bounded, then the first part in the assertion (ii) of the theorem
follows from the argument in (i) by an extension procedure and the appli-

cation of the embedding”(2) c L"(Q) for 7 < r. Now if r < i
we chooseg such thatr < ¢ < —— andp > The Young

nr
nf—a n—(np—a)r"

inequality is therefore applicable. Also as< ¢ < -“2 the Hardy-

n—ap’

Littlewood-Sobolev inequality (Lemm2.3) applies (see alsd3[ p. 660]
when(2 is bounded).

]

In what follows, in order to simplify the statement of our next results, we

definev := r or 7 according to the cases (i) or (ii) in Theoréir, respectively.

Corollary 3.2. Suppose that the hypotheses of Theo&ifnhold. Assume
further thatk(¢, ) and [(¢, x) decay exponentially in time, that igt, z) <
e ME(z) and I(t,z) < e "i(x) for some positive constanfsand . Then
o(t, x) is also exponentially decaying to zero i.e.,

(3.9) le(t,2)ll, < Cse™, £ >0

for some positive constants and . provided that

e oo 1 _
[ i, [ Frieds < g (m = 1)C B

whereCjy is the best constant in Lemn2a2 (third estimation) and the other
constants are as in (i) and (ii) of Theoresrl
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Proof. From the inequality1.1) we have

e t(z // (5:y) _dsdy.
t—slﬁlx—y] Y

e wherey = min{k,l}, we use the Holder

(3.10)  o(t,z) < e Mi(z

After multiplying by e=#t .
inequality to get

/ (£ = )1 F(s)g™ (5, y)ds

t T :
< (/ (t— S)(Bl)p/emp/”tds> (/ FP(s)e™PHtpmP (g, y)ds) :
0 0

As in the proof of Theorer3.1, 0 < (1 — 3)p’ < 1. If Cy is the best constant in
Lemma2.2, then we may write

=

P

1) [ (- FE) s < €y (/ () (s, 0)is)

From 3.10 and 3.11) it appears that

<o)+ Gl [ ([ t Fp<s>em%mp<s,y>ds); =

eo(t, x)
z—yl

Taking theL” —norm and applying the Minkowski inequality and then the Young

On an Integral Inequality with a
Kernel Singular in Time and
Space

Nasser-eddine Tatar

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 14 of 20

J. Ineq. Pure and Appl. Math. 4(4) Art. 82, 2003

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:tatarn@kfupm.edu.sa
http://jipam.vu.edu.au/

inequality (Lemma2.1), we find

e llg(t, ), < |[F@)], + Co [[1)]),

1
t » dyd
/ </ Fp(s)emp“tgpmp(s,y)d8> y—SH
o \Jo |$—y|

X 9
q
with - = - + 2. Applying Lemma2.3, we arrive at
e Nlo(t, )|,
1
t »
< Hk(x)”r + C2Cs Hl(a:)Hp H (/ FP(s)e™Phom (s, y)ds)
0

p

or
(3.12) e |lo(t, )|,

< [, + csculil], ([ e ol as)”
Taking both sides ofy 12 to the powemp, we obtain

(3.13) " lo(t, )7

<2 I+ N, [ e et ol ds
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Next, putting
X(t) = e [lo(t, 2)I7
the inequality 8.13 may be written as

X0 <27 [+ €] [ e ss

The rest of the proof is essentially the same as that of The8r&m O

In the following corollary we consider the somewhat more general inequality

(3.14) o(t,x) < k(t,x) +1(t,x) // s)¢ (S’y)n_adyds,
(t—s)! ﬁ\x Y|
ret>0

for some specified.

Corollary 3.3. Suppose that the hypotheses of Theatehhold. Assume fur-
ther thatk(t,z) < t*k(z) and1 + 6p/ — mp/ min{k,1 — 5} > 0. Then any
o(t, z) satisfying 8.14) is also polynomially decaying to zero

lo(t, )|, < Cst™, Cs,w >0
provided that
I m—1 ‘ Eps 1 _
%), L(t)/o e FP(s)ds < m(m —1)CECy

where(y is the best constant in Lemndeb.
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Proof. Let us consider the inequality

(3.15)  o(t,x) <t Fk(z) + It z) // (S’yl_adyds.
t—sl 5|$ yl

Multiplying by s—mmin{k1-8}—es . gmmin{l1-6} 25 e obtain

(3.16) /

s)7 71" F(s) ™ (s, y)ds

S (/ (t — 3)(5_1)17/851)’_77117/min{k,l_ﬂ}e_gp/Sds)
0
t . ~
) (/ Smpmm{mﬁ}epsst(S)SOmp(s,y)dJ
0

As 1+ d0p' —mp' min{k,1— 3} > 0, we may apply Lemma.5to the first term
in the right hand side of3(16) to get

(3.17) /
t .
< Mt (/ Smpmln{k,lﬁ}ep55Fp(5)gpmp(S,y)d5>
0

Using (3.17) we infer from inequality 8.15 that

Y e

1
I3

s) 71 F(s)¢™ (s, y)ds

1
P

tmin{k,1—ﬁ}gp(t7 r) < k(x) + MI(t, z)

' mpmin{k,1—-8} pes m g dy
X s™P TIPS FP (5) " (s, y)ds | ————.
Q \Jo |z =yl
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Next, after using the Hardy-Littlewood-Sobolev inequality and defining
ot @) = 7RI o, 2) |17

we proceed as in Theore®nlto find a (uniform) bound fop (¢, x). ]

Remark 3.1. The investigation ofl( 1) with a weakly singular kernel in time,

that is

o(t,z) < k(t, ) —i—ltx// (s)p™(s, yc)ydyds,7>0
(t—s)t ﬁ|3: y|"

is simpler since this kernel is summable (in time).
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