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Abstract
The first author [1] proved that all zeros of the reciprocal polynomial

m ZA]‘/V z € C

of degree m > 2 with real coefﬁuents ApeR(ie. Ay, #£0and Ay = A, for
alk=0,..., ,[%]) are on the unit circle, provided that

m m—1

‘Am‘ 2 Z ‘Ak - Am‘ -

k=0 k=1
Moreover, the zeros of P, are near to the m + 1st roots of unity (except the root
1). A. Schinzel [3] generalized the first part of Lakatos’ result for self-inversive

polynomials i.e. polynomials
m Z Ak/

for which A, € C,A,, # 0 and e4;, = A,,, pforallk =0,...,m with a fixed
¢ € C, |¢| = 1. He proved that all zeros of P, are on the unit olrcle, provided that
m

Al > f Ap —d" A,
| ,\70‘ in Z\( L |

C,|d=1—
If the inequality is strict the zeros are single. The aim of this paper is to show
that for real reciprocal polynomials of odd degree Lakatos' result remains valid

even if , T
|Ap| > cos Ay,
2(m+1) Pt

We conjecture that Schinzel's result can also be extended similarly: all zeros of
P, are on the unit circle if P, is self-inversive and

m

Al > cos — Ap—d™ A, ).
[Am| 2 cos 2(m+1)(de \d\ Az;p ml

4A - Am ‘

- Am ‘ .
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Studying the spectral properties of the Coxeter transformation Lakatds [
found that all zeros of the reciprocal polynomial

Pu(z) =) 42 (z€0)
k=0

of degreen > 2 with real coefficients, i.e.

On Zeros of Reciprocal

(1_1) Am 75 0, Ak c R, and Ak — Am—k: (k‘ =0,..., [%D Polynomials of Odd Degree
Piroska Lakat d
are on the unit circle, provided that Irf)assza:o ﬁoioonsc;n
m—1
(1.2) A =) [Ap = Al Title Page
k=1 Contents
She used Chebyshev transformation to prove this result. « b
The manuscript on this was sent to A. Schinzel for his comments. He gener-
alized the above theoremi][for self-inversive polynomials by proving that all < >
ffrso)s of the polynomiaP,,(z) = > ;" , Ax2" where Go Back
An#0, A, €C,and anded, = A, 1 (k=0,...,m) with e € C, |¢| =1 Close
o . uit
are on the unit circle, provided that e
Page 4 of 18
: m—k
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holds.
Schinzel’s proof was based on a theorem of Colihahd on the estimate

m
E : kzm—k
k=1

(1.5) min

z€C,|z|=1

>

m
5 .

Learning of Schinzel's generalization, the first author made an attempt to
improve her result. Although the method of Chebyshev transformation does not
seem to work for self-inversive polynomials, it can be used to obtain information

about the location of the zeros on the unit circle. She could proijethht
condition (L.2) ensures that the distribution of the zekds (j = 1,...,m)

of P.(z) = Y-, Axz® satisfying (.1), (1.2 is quite regular. They can be

arranged such that
m
m+1

(1.6) |ej—ei“j‘ < (j=1,...,m)

holds, where

i _J
€. :€Zm+12ﬂ-

j (j=1,2,...,m)
are them + 1st roots of unity except.
If m = 2n + 1is odd then—1 = e¢™=+! is always a zero and all zeros B%,,
are single.
If m = 2n is even, {.2) holds with equality and

sgn Ag, = sgn(—1)" (A4, — Asy,)

forall k = 1,2,...,nwith A, — Ay, # 0, thenu,, = u,; = m, the number
—1 = e = e+t js a double zero of,,,. Otherwise all zeros of%,, are
single.
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The aim of this paper is to show that for polynomials of odd degree both re-
sults can be improved. For even degree polynomials this is not possible. Since,
for first degree reciprocal or self-inversive polynomials the only zero of the
polynomial has modulus one we may assume that the degree.
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The theorem of Lakatos can be improved as follows.
Theorem 2.1. All zeros of the reciprocal polynomial

2n+1
(2.1) Pyyi(2) =Y A (2€0)
k=0
of odd degre@n + 1 > 3 with real coefficients i.e.
(2.2) Ay #0, Ay eR, and Ay = Agppi—x (K=0,...,n)

are on the unit circle, provided that

. 2n
2.3 Agpiq| > cos® ———— Ay — Aoyl
( ) | 2+1|—COS 2(271_’_2);' k 2+1|

Moreover, if (2.2), (2.3) hold then all zerog™i (7 =1,2,...,2n+ 1) of Py, 44
are single,—1 = ¢+ js always a zero and the zeros can be arranged such
that

™
2n + 2

(2.4) |ej — ™| < (j=1,...,2n+1),

where .
e =eme? (j=1,2,...,2n+1)

are the2n + 2 nd roots of unity except
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Proof. With the notation

lI:AQn_H:AQ,CLl ::A2n—l:A1—l,...,an::An+1—l:An—l

we have

n

hong1(2) : =12 427 4 2 1)+ Y ag (2P 42

k=1
2n+1

= Paai(2) = ) A?* (2 €0).
k=0

(2.2) goes over into
[ #0,l,age R(k=1,...,n)

while (2.3) goes over into

25 [| > 2cos? ——— .
(2.5) 11> 2cos 2@””);!%\
We havehs,, ;1 (z) = (z + 1)hg,(2) with

hon(2) = 102n(2) + ) arer(2)Wan—ok(2)

k=1
where

Uon(2) = 22"+ 2272 4 4 22 4 1
22n+1—2k + 1

Won—ok(2) = S

. er(z) = 2%
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The Chebyshev transforffih,,, of s, was calculated in 1]:

T han(2) = 1T 020 () + > arT (eg - Wan—ok) ()

U, (g) + ;ak [Un_k (g) —Upjq (gﬂ ,

whereU,, is the Chebyshev polynomial of degreef the second kind defined
by U, (cos z) := % (n=1,2,...)andU_;(z) := 0. Evaluating of7 h,,
at the points

i+3
2n+2

xj =2cosy; With y; = 2r (j=0,...,n)

of the open interval — 2, 2] gives that (see 1)

_ l(_l)] n COS%_—%Hy‘
T hop (1) = - 2 9
on(75) sin y; +Zak cos &
k=1 2
_ I(=1) +2%)_ ajsin % cos 2=2ktLy,
sin y; '
We have forj =0,...,n—1
.Yy . Un . (s ™ v
2.6 0< = <sin— = —— ——— | =coS ——
(2.6) ( )sm2 sin < Sln<2 2(2n+2)> 0052(2n+2)’
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while for j = n there is equality here. The absolute value of the factor

2n—2k+1
cos Tyj

2n—k)j+j+(n—k)+3 .
Ccos o+ 2 ™ (/f ) y,n;j =0, a”)

takes its maximum if the fraction

2m—k)j+j5+(n—k)+ % On Zeros of Reciprocal
on + 92 Polynomials of Odd Degree
. . . . . Piroska Lakat d
is nearest to an integer. Clearly the nearest possible value of this fraction to an Irf)ass;o ﬁozoonscjin
integer ism (this value is attained gt= 0, k = n). Thus we have shown
that Title Page
2n — 2k +1 s )
(2.7) |cos — Y < cos m (k=1,...,m;5=0,...,n). Contents
44 44
Letforj =0,...,n P >
& . 2m—2k+1
Sj =2 Zak sin 2 cos uyj . Go Back
2 2
k=1 Close
Then, forj =0,...,n — 1 by (2.6), (2.7) we have Quit
Page 10 of 18
. in % T 2T
SJ S 2 St 2 ; ’ak‘ o 2(277, -+ 2) < 2 o8 2(2n + 2) ; |ak| J. Ineq. Pure and Appl. Math. 4(3) Art. 60, 2003
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unlessy ,_, ag| = 0.
Thus, by ¢.3) or (2.5 we have

T n
S; < 2cos? ———— <
J COS 2<2n+2) ; ’a’k‘ — ’ |
and the resulting inequality

Si < |1

remains valid even ip__,_, |ax| = 0.
Forj = n we have

2n—kn+n+(n—k)+3

Yn N
Sn < 2sin =— E
< 2sin g 2 lag| |cos ) s

n 1
- 1
— 9co8 — 2
0082 ) E |ag| cos< 2)
= 2cos E ]ak\cos
7r
< 2c08% ——
cos 220 +2) 321 |a|

unlessy ;' _, |ax| = 0. Thus, by @.3) or (2.5) we have

3

l\')l»—A

- n
Sy < 2 cos® m Z ‘(Zk;| < |l|
k=1
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and the inequality
Sy < |l
remains valid even iy, _, |a| = 0.

Looking again at the Chebyshev transform we can see that by the inequalities
S; < || (=0,...,n)we have

sgn (T hon(z;)) = sgnl sgn(—1) (j =0,1,...,n)

thereforeZ h,,, hasn different zeros irj — 2, 2[. Writing these zeros in the form On Zeros of Reciprocal
2cosv; With 0 < vy < vy < --- < w, < 7 and applying Lemma 1 of 1] we Polynomials of Odd Degree
conclude that all zeros df,,, are single, and of the formi*®;, where Piroska Lakatos and
Laszl6 Losonczi
(28) Yji—1 <V <Y, (jzl,,’rl)
Title Page
Letu; :=wv; forj = 1,...,n, Upyy := maNduy14j = 20 — Upy1—; (J =
1,...,n),then we obtain that all zeros &5, | = ha,1 aree™ (j =1,... 2n+ SRS
1) and by @.8) the condition 2.4) holds. O < >
< >
Go Back
Close
Quit
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Schinzel’s result can be generalized as follows.

Theorem 3.1.Let P, (2) = >, Axz" be a self-inversive polynomial of de-
greem, i.e. letA, € C,A,, # 0andeA, = A,,_forall k =0,...,mwitha
fixede € C, |¢| = 1. If

_ gm—k
(3.1) |Ap| > Q/medezcn\fd\ IZ|cAk A" F Al
where
3.2 m i= Mmin kzmk
(3.2) fim = i ;

then all zeros of’,, are on the unit circle. If the inequality is strict the zeros are
single.

Apart from minor changes Schinzel’s proai] |s valid for this more general
result hence we omit the proof.
By Cohn’s theorem 4] any self—inversive polynomiaP,, and the polyno-

mial

2P (27 (z€C)
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circle, thus the modulus of the latter takes its positive minimum in the unit disk

on the unit circle:

[ = MiN
|z|=1

> 0.

m
E : kzm—k
k=1

By some known identities (se&,[Part 6, Problems 16, 18]) for trigonometric

sums we easily get that

m

Dy (t): =

z=elt

2
—+

= Z k cos(m — k)t
[ k=1

Zm: k sin(m — k)t]

2
B m+1 sin 2t 2 N msint — sinmt]?
_\ 2 2 sin% 4sin2% )

From this it follows thatu,, = rflin}Dm(t) >
te|0,2m

have equality here, since for= 1

5 and for evenn = 2n we

This means that for even Theorem3.1 coincides with Schinzel's result.

For oddm however m
Mm > 5
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Let fort € [0, 27]

(1) = m N 1 sinm?t 2
Tm\t) =5 Ty sin% ’
msint — sinmt
ym(t) = y

-9 ¢
4 sin 5

Zm(t) = T () + iym (1),

then D2 (t) = |z (D)]* = 2 (t)* + Ym(t)*. AS Dy (m 4+ t) = D, (m — t) itis
enough to consideb,,, on the interval0, 7.

The next figure shows the graph afin the complex plane and an enlarge-
ment of the part which is nearest to the origin. In the latter the distance of
the origin from the graph oty is also shown. The point of the graph with
t=t, = ’”T‘lw is distinguished by a small circle.

Our numerical experiments give base to the following conjecture.

Conjecture 1. For oddm we have

T
2m + 2’

m
m = 1 Dmt>_
i = LR Dn(t) 2 5 sec

A simple calculation shows that for odd = 2n + 1

Dy, () = % sec QL
m
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0 10 20 30 40 0 1 2 3 ) 5

Figure 1: Graph oty.

It is clear thatu,, is thedistance of the graph aof,, from the origin. The mini-
mum of D,, is attained near tg,,. It is relatively easy to show that the minimum
is attained in the intervat,,, 7]. Numerical calculations seem to justify that the
minimum point is in the smaller interval

2T
o+ 2.
m

Theorem3.1and Conjecturé give

Conjecture 2. All zeros of the seli—inversive polynomial

2n+1

Pyyi(2) = Y A2 (2€0)
k=0
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of odd degre@n + 1, i.e.
A2n+1 7& 0, A € C, ande[lk = A2n+1—k (k‘ =0,..., 2n—|—1) withe € (C, |€| =1

are on the unit circle, provided that

2n+1

|A2n+1| > cOoS inf E |CAk — d2n+1ka2n+1’.
¢, deC, |d|=1 —0

m
2(2n + 2)

holds. If the inequality is strict here then the zeros are single.
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