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Abstract

Carleman’s inequality reads

a1 +arag + ...+ Yar..ap <elag +ag+....),

where a, , k = 1,2,...., are positive numbers. In this paper we present some
simple proofs of and several remarks (e.g. historical) about the inequality and
its corresponding continuous version. Moreover, we discuss and comment on Carleman’s Inequality - History,

; Proofs and Some New
some very new results. We also include some new proofs and results e.g. a Goneralizations
weight characterization of a general weighted Carleman type inequality for the

case 0 < p < g < oo. We also include some facts about T. Carleman and his Maria Johansson,
Lars-Erik Perssonand
work. Anna Wedestig
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In this paper we discuss the following remarkable inequality:

(1.2) a; ++vajas + -+ Yajas - ap < e(ag +ag+ ),

wherea,, as, ... are positive numbers angd.” | a; is convergent. This inequality
was presented in 1922 in][by the Swedish mathematician Torsten Carleman
(1892-1942) and it is called Carleman’s inequality. Carleman discovered this
inequality during his important work on quasianalytical functions and he could Ca”e;:ggf’z g‘ne(fgi'x‘NHe‘afOW’
hardly have imagined at that time that this discovery would be an object of such Generalizations

great interest. The continuous version bflj reads

Maria Johansson,
Lars-Erik Perssonand

(1.2) /000 exp (é /0“3 In f(t)dt) dx < e/ooo f(x)dx, Anna Wedestig

Title Page

where f(t) > 0 and it is sometimes called Knopp’s inequality with reference
to [37] (cf. Remark3.2). However, it seems that it was G. Pélya who first dis- Contents
covered this inequality (see Remdtkd). Therefore we prefer to call Rolya-

o ) <« >
Knopp’s inequality
In Section? of this paper we present several proofs of and remarkd d ( 4 >
In Section3 we prove that1.2) implies (1.1) and present some proofs df.p) Go Back
(and thus some more proofs df.{)). Close

In Sectiord we give some examples of recently published generalizations of
(1.7) and (L.2). We discuss and comment on these results and put them into the Quit
frame presented above. We also include some new proofs and results, namely,

. .. . Page 3 of 42
we prove a new weight characterization of a general weighted Carleman type
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inequality for the casé < p < ¢ < oo, i.e., we prove a necessary and sufficient
condition on the sequencés, } -, and{d;},-, so that the inequality

(1.3) (Z (Yara ak>%k)q <c <Z azdk) p

k=1 k=1

holds for some finite and positive constartand for all sequencegu; } .-, of
non-negative numbers. Moreover, we give upper and lower estimates of the

Carleman’s Inequality - History,

best constan€’' in the inequality (the corresponding operator norm). Finally, e e
we include some facts about Torsten Carleman and his work, which we have Generalizations
found, for example, by studying:i] and [>&] and this partly complements the Maria Johansson.
information given by Professor Lars Garding in his excellent descriptior‘in | Lars-Erik Perssonand

Anna Wedestig
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1.1

Proof 1.(Rough sketch of Carleman’s original proof) Carleman first noted that
the problem can be solved by finding a maximum of the expression

k

Z(ach? ay)

i=1

k
Z a; — 1.
=1

He then substituted; = e~** and obtained the simpler problem:
Find a maximum\/, fork =1,2,... of

[T

under the constraint

k

_zitmot--Huy
G = E e i

under the constraint

This problem can be solved by using the Lagrange multiplier method. Unfor-
tunately this leads to some technical calculations, which of course Carleman
carried out in an elegant way. We leave out these calculations here, and only re-
fer to Carleman’s papef], where all the details are presented. The result is that
My < eforall k € Z,. Carleman then showed separately that the inequality

(1.2) is strict when the sum on the left hand side converges. -

Carleman’s Inequality - History,
Proofs and Some New
Generalizations
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Remark 2.1. In the same paper], Carleman proved that the inequality. ()
does not hold in general for any constafit < e, i.e., that the constant is
sharp.

Proof 2.(via Hardy’s inequality)
The discrete version of Hardy’s inequality reads (s&¢,[[23])

0o k p 0o
(2.1) Z (lZal) < (L)pZaZ, p> 1.
o\ r—-1) =

1
Replacez; with a7 and note that by using that= ¢ and the definition of the
derivative we find that

1 F 0\’ 1 koo k
(E Zaf’) = exp — (anaf - ana?)
i=1 p i=1 i=1
k
— exp ( [D(lnz af)] ) (whenp — o0)
=0

i=1
k
:exp<[Zaf1nai/Zaf] )
=1 i=1 =0
k k %
= exp — Zlnai = (Hal)
i=1 i=1

L . . P
and we see that(1) leads to the non-strict inequalityL.(l) since (%) —

e whenp — oo. Observe that this method does not automatically prove that
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we have strict inequality inl(2) and this has to be proved separately (see for
example our later proofs).

O

Remark 2.2. G.H. Hardy formulated his inequality2(1) in 1920 in [2(] and
proved it in 1925 P1] but it seems that Carleman did not know about the in-
equality @.1) at this time, since he does not refer to the simple connection that
holds according to the proof above. This is somewhat remarkable since Carle-
man worked together with Hardy at that time, see for example their joint paper  Carleman’s inequality - History,

Proofs and Some New
[ ] Generalizations
Remark 2.3. The above means thét.() may be considered as a limit inequal- Maria Johansson,
ity for the scale 2.1) of Hardy inequalities. This was pointed out by G.H. Hardy Lars-Erik Perssonand

Anna Wedestig

in 1925 in the paper{1, p. 156], but he pronounced that it was G. Polya who
made him aware of this interesting fact.

Title Page
We now present two proofs which are based on variations of the arithmetic-
geometric mean inequality (the AG-inequality). CEiES
Proof 3. We use the AG-inequality together with the fact that « dd
< | 2
k+1)F 1 1\? 1\"
. Close
to obtain
Quit
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1+2a2+---+kak
k(k+1)

e (1)

i( ) () =t ()

= — a; > - a; .

k=1 <k + 1) =1 € k=1 \i=1

This strict inequality holds, since we cannot have equality at the same time in

all terms of the inequality. This can only occurdf = £ for somec > 0 but
this cannot hold sincg&_® a; is convergent.

Sl
==

O

Remark 2.4. In the paper PO, p. 77], G.H. Hardy presented essentially this
proof but he also pronounced that it was G. Knopp who pointed out this proof
to him.

Proof 4. Because of the AG-inequality the following holds for every=
1,2,...,everyk and all¢; > 0:

o (1)) () ()

-
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We now choose; = 450 i = 1,2 ... k. Then

K %
(2.4) (H ci> =k+1

1

and @.3) and @.4) give that

00 9] k
1 L
D Vi < ) gy ) e R e e
k=1 k=1 = Generalizations
oo oo 1
— (1 - Maria Johansson,
Z Cilti Z E(k+1) Lars-Erik Perssonand
i=1 k=i Anna Wedestig
= Zczaz/z = Zai (1 + —) < 62%
i=1 i=1 = Title Page
The strict inequality can be proved in a similar manner to PBoof Contents
] <4« >
Remark 2.5. This proof was presented by G. Pdlya (s€€, [p. 249]) but here h d
we follow the presentation which can be found in Professor Lars Hormander’s Go Back
book [26, p. 24].
Close
Proof 5. (Carleson’s proof) Quit
We first note that we can assume that> a, > --- (because the sum on the Page 9 of 42
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rearranged in non-increasing order while the sum at the right hand side will be
the same for every rearrangement). betr) be a polygon through the points

(0,0) and (k,Z’f log(l/ai)) , kK =1,2,... The functionm(z) is obviously
convex and because of that it holds that for every 1

(2.5) m(rz) > m(z)+ (r — Dam/(z).
Furthermore
(2.6) m/(x) =log(1/ag), = € (k—1,k),

and sincen (0) = 0 andm is convex we have

(2.7) = <

We now make a substitution and use Hdlder’s inequality &18).( Then, we
find, for everyA > 0 andr > 1,

1 A 1 rA
1 / em@/rgy < 1 / o=@/ g
T Jo " Jo

A
— / 6—m(rx)/rzdx
0
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A
< / p—m(@) re—((r=1)/r)m’(z) .,

0
(r=1)

A : A .
(/ e_m(m)/mdx> </ e ™ (”)dx>
0 0

<
so that
A A
/ e M@/ gy < TTTI/ e " @ .
0 - 0 Carleman’s Inequality - History,
We letA — oo, r — 1+ and note thatr—— — ¢ so that Prooefzninrglsgz?oenzlew
> —m(z)/x > —m/(x Maria Johansson,
(2.8) / e /T dy < 6/ e . Lars-Erik Perssonand
0 0 Anna Wedestig
We now useZ.6) and @.7) and get
o o .k oo 0o Title Page
/ e ™ @) dy = Z/ e~ ™ @) dy = Z e~ los(l/ak) — Z ag, Contents
0 k=1 k-1 k=1 k=1
44 44
respectively, > N
00 00 k
/ efm(x)/xdx _ Z / efm(x)/zdx Go Back
0 —1 Y k=1 Close
1
0o k 00 k k :
1 1 Quit
> exp | —— log [ — = a; )
_; p( k; g(m)) ;(11 > Page 11 of 42
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The non-strict inequalityl(.1) follows by using these estimates aridg). The
strict inequality follows from the fact that we cannot have equalityZi)(at
the same time for alt andk.

U

Remark 2.6. This is L. Carleson’s proof (se€.{]) and in fact he proved that
the even more general inequalit.8) holds for every piecewise differentiable
convex functionn(z) on [0, co] such thatn(0) = 0. In fact, Carleson formu-
lated his inequality in the following slightly more general form:

(2.9) / aFe @)/ T gy < ekH/ e ™ @ dy k> —1.
0 0

Proof 6.(via Redheffer’s inequality) R.M. Redheffer proved in 1967 the follow-
ing interesting inequality (seé {] and also {9)):

(2.10) nGo+ > kb —1)Gr <Y agbf,

which holds for alln. = 1,2,... and all positive sequence$,} and where

Gy = (Hle ai> " n particular, we see that if
a)by=1,k=1,2,... ,thenG, <13  a =A,, ie. the AG-inequality,
b)b =1+ L k=1,2,... , thennG, + 1_ Gx <30, (1+ 1) a4,

which |mpI|es that the non-strict inequality.() follows whenn — oo. The
strict inequality can also be proved by using the arguments in the following

Carleman’s Inequality - History,
Proofs and Some New
Generalizations

Maria Johansson,
Lars-Erik Perssonand
Anna Wedestig
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proof of the inequalityZ.10). We use the elementary inequality
(2.12) l+a(x—1)<z%z>0,a>1,

(a simple proof of 2.11) can be obtained by putting = % and replacing: with
2% in the following form of the AG-inequalityz®1'~ < az + (1 — a) 1). We

now use .11) with a = k andz = Z-b; (k > 2) to obtain

- ) (Gk )k o
14k bo—1) < b ) = - gk
<Gk—1 g “ \Gra " Gra "

which can be written as

(2.12) Gr1 + k (Giby — Gi_1) < agbf.
We use 2.12) with k = n to get
Gn—l +n (ann - Gn—l) S anb:i

ie.
nG, +n (b, — 1) G, —a,br < (n—1)G,_;.
In the same way we have, by usiiy12 withk =n—1,n—-2,...,2,

m—1)Gp 1+ n—1)(bp1—1)Gp1 — an_lej < (n—2)Gpo

2G2 + 2 (b2 — 1) G2 — agb% S Gl.

ObviouslyG; = a; so thatG; + (b — 1) G; — a;by = 0 and the inequality
(2.10 follows by summing the inequalities above.

Carleman’s Inequality - History,
Proofs and Some New
Generalizations
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O

Remark 2.7. The proof above is somewhat more complicated than the other
proofs but it leads to a better result. In fact, this method of proving inequalities
uses a well-known principle which is sometimes referred to as Redheffer’s re-
cursion principle (see4€]). This principle can also be used to improve several
other classical inequalities.

Leta™ = {ay,as,...,a,} be apositive sequence = 1,2, ...). We define

the powermeans/,.,, of ™ in the following way: Carleman's Inequality - History,
Proofs and Some New

p Generalizations

1
n r
% Z CLZ, , T 7& 0, Maria Johansson,
k=1 Lars-Erik Perssonand
Mnn = Mnn (a(”)) = Anna Wedestig
1
( n )n
[Tae) , 7r=0. :
L \G=1 Title Page

Note thatd, = M, ,, G, = Mo, andH, = M_,, are the usual arithmetic, Contents

geometric and harmonic means, respectively. We also look at the following 4« 33
sequence of powermeans:

4 4
M = (M1, My 2,...,M,,). Go Back
In 1996 B. Mond and J. Raric proved the following interesting inequality Close
(between iterative powermeans), (se|]: Quit
(2.13) My, (M™™) < M,,, (M*"), Page 14 of 42
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for everyr < s. We have equality if and only éi; = - - - = a,,. The next proof
is based on this result.

Proof 7.We use 2.13 with s = 1 andr = 0 to obtain

n n k %
(2.14) %zak < (H (%Z)) .
k=1

k=1 =1

By using this inequality and the fact that

k
Zaiﬁiamkﬁn,
i—1 i—1

we find that

3
3

n

(2.15) G <

k=1

ag.
k=1

vn!

n:

We use our previous estimate. ) with £k = n — 1 and get

n n—1

B e e, < elw
n!  (n—1) B /] '

By combining this inequality withZ.14) we have

n k % n
(2.16) Z (H ai> <elw Z Q.
1 \i=1 k=1

k=

Carleman’s Inequality - History,
Proofs and Some New
Generalizations
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The non-strict inequalityl(.1) follows when we letn — oo. The fact that the
inequality actually is strict follows from the fact that equality ih15 only can
occur when alk; are equal, but this cannot be true under our assumption that
> re | a is convergent.

O

Remark 2.8. More information about howZ 13 can be used to prove and
improve inequalities can be found in the fairly new paperq pnd [17].

. . . . Carleman’s Inequality - History,
Remark 2.9. We note that if we, in the proof above, combiGelL{) with the Proofs and Some New

following variant of the AG-inequality Generalizations

Maria Johansson,

n 1 % 1 1 Lars-Erik Perssonand
" 1 Anna Wedestig
<ngaz) :<E> (ai (a1 +ag)--- (a1 +ag +---+ay))"
k=1 i=1
< 1\ " (na;+ (n—1)as+---+ay,) Tite Page
— \n! n ’ Contents
we obtain the following strict improvement &f {6): 4« dd
1 4 >
- A 1—+ - _ k-1 Go Back
Z( a,) <e Z(l - )ak.
k=1 \i=1 k=1 Close
Quit
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1.2

We begin by proving thatl(2) implies (1.1). As before we note that it is enough
to prove (L.1) when{a;};" is a non-increasing sequence. U$€e2) with the
functionf(z) =a,z € [k —1,k),k=1,2,.... Then

(3.1) /mf@meE:%
0 k=1

Carleman’s Inequality - History,
Proofs and Some New

o0 1 [* s k 1 [* Generalizations
(3.2) / exp (—/ In f(t)dt) dr = / exp (—/ In f(t)dt) dx.
0 T Jo k—1 T Jo Maria Johansson,

k=1 Lars-Erik Perssonand

Furthermore, it yields that Anna Wedestig
1 1 T
(3.3) / exp (5/ In f(t)dt) dr = a; Title Page
0 0
and, fork =1,2,... , GO
i 44 44
(3.4) / exp ( lnf (t) dt) dx < >
k—1 0
k k-1 Go Back
1 i r—(k—1)
- i 1 dx
/ P (1‘ ; i nak+1)> Close

i LA k 3 Quit
/k 1 exp <E Z n az) dr = (H az’) ~ Page 17 of 42
- i—1 i=1
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The crucial inequality in .4) depends on the fact that the integrand is a
weighted arithmetic mean of the numbéns:;, i = 1,2,..., k, with weights
1., % (k-1 weights) and%’“_l). Herek — 1 < x < k and since the
sequence is decreasing the mean value is smallest fer & i.e., when all
weights= % Now (1.1) follows by combining 8.1) - (3.4).

We now present some simple proofs ©f3) (and thereby some more proofs
of (1.1)).

Proof 8. We note that the functiom (z) = — [ In f* (t) dt fulfils the condi- Carlomans Ineaualit - Hic
tions to use Carleson’s inequalitg.f) (here f (t) is the decreasmg rearrange- L e
ment of the functiory). Therefore, according t&(9), it holds that Generalizations
0o 00 Maria_Johansson,
@5 [wew(s [ mrwa)asen [Top@, N
0 0
for everyp > —1. Carleson’s argument shows that we in fact have strict inequal- -
Lo . . s . itle Page
ity in (3.5 and especially fop = 0 we thereby get Pdlya-Knopp’s inequality
(1.2). Contents
0 « >
Remark 3.1. Carleson did not note this fact explicitly in his pap€r] since S 4
he was obviously only interested in giving a simple proof of the inequality. Go Back
We now present two other proofs cf.9) and thereby of1.1) which, like Close
Carleson’s proof, only are based on convexity arguments. Quit
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Proof 9. First we note that

(3.6) exp( / In f(£)d )
~ exp (i/ﬂ Intf (1) /Olntdt)
~ exp (;/ﬂ Intf(t )dt) exp< i lntdt>.

Furthermore, it yields that

&I»—

1 [* 1
(3.7) ——/ Intdt = ——[tInt —t]y = —Inz +1
T Jo T

and, in view of Jensen’s inequality (or the AG-inequality),

(3.8) exp (é /ff lntf(t)dt) < é/x tf(t)dt

We integrate, use3(6) — (3.8), change the order of integration and find that

[Tew (5 [msoa)de< [Temens ([ooar) do
_ e/oooé (/;tf(t)dt) dz

_ e/oootf(t)joédx _ e/OOO F(#)dt
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The strict inequality follows since equality in Jensen’s inequality requires that
tf(t) is constant a.e. but this cannot occur sirf¢e f (z)dx is convergent.

O

Remark 3.2. The proof above is partly related to Knopp’s original idea (see
[32, p. 211]). However, Knopp worked with the interValz] instead of|0, z]

and hence Jensen’s inequality can not be used. Moreover, Knopp never wrote
out the inequality 1.2) explicitly even if it is sometimes referred in the literature

as this is the case, see for exampie,[p. 250] and 7, p. 143].

Remark 3.3. By modifying the proof above we can easily prove even some
weighted versions ofi(2), for instance the following

(o9} 1 x o0
/ exp (—/ In f(t)dt) PPdr < —— f(x)2Pdx
0 T Jo L=pJo
for everyp < 1 which is more general thari(2) and also than§.5) for p < 0.

Proof 10. We first note that if we replacg(t) by f(¢)/t in (1.2), then the left
hand side in1.2) equals

/OOOGXP G </Omlnf(t)dt—/oxlntdt>)dq;
—e/oooeXp (é/:lnf(t)dt) df

I 1
——/ Intdt = ——[tlnt —t]; = —Inxz + 1.
T Jo z

since
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Thus, (L.2) can be written in the equivalent and maybe more natural form

(3.9) /Oooexp( /lnf( )dt> de _ /f =

In order to prove§.9) we use the fact that the functigiju) = ¢* is convex and
Jensen’s inequality:

o 1 dl’ 1 v
/ exp | — / In f( ) > / ) / f(t)dt dx Carleman’s Inequality - History,
0 T Jo Z o 7T 0

Proofs and Some New
oo | Generalizations
= fo —dz | dt

0 ¢ xT Maria Johansson,

oS dt Lars-Erik Perssonand
- [ o

Anna Wedestig

The strict inequality follows in the same way as in Préof Title Page

0 Contents
44 44
< | 2
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Remark 4.1. Proof 9 is of course similar to Proof0 but it contains the impor-
tant information that {.1) can be equivalently rewritten in the forr.@) with

the best constarit. By using this observation and modifying the proof, we find
that, in fact, the following more general theorem holds (2, [Theorem 4.1]):

Theorem 4.1. Let ¢ be a positive and convex function on the range of the mea-
surable functionf. Then

Carleman’s Inequality - History,

o 1 [* dx ° dx
an  [To(5 [rwa) < [Touen
0 T Jo T 0 z
Remark 4.2. By choosingy (u) = e* and replacingf () with In f (z) we La“f:ré?.&]%ﬁg:ﬁgnd
see that4.1) becomes3.9) and thereby the equivalent inequality.{) and by AT EEESE

choosingy (u) = u? we find that 4.1) implies Hardy’s inequality in the form

) d X Title Page
- P()—
(4.2) /0 (x /0 dt) / @ p = 1, Contents

which for the case > 1 (after some substitutions) can be written in the usual <44 >»
form < >
[e'¢) 1 T p p [oe]
(4.3) / (—/ g(t)dt) dr < (L) / g’ (x)dx, p > 1, Go Back
o \TJo p—1 0 Close
whereg (z) = f 2% ) 277, Note especially that Hardy’s inequality written Quit
in the form ¢.2) holds even whep = 1 but that the inequality4.3) then has Page 22 of 42

no meaning.
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Remark 4.3. This result and proof can be found in the relatively new paper
[29). We note that the same proof shows that also the more general inequality

/¢(i/ dt>—</¢ (- 5y

holds for every positive and convex functipion the range of the measurable
functiong and0 < b < oo. Especially, this means that if we argue as in
Remark4.2, we get the following improvement of the PAlya-Knopp and Hardy

. . S . . Carleman’s Inequality - History,
inequalities for finite interval$0,b) , b < co: S AT s N

Generalizations

b T b
1 T
/ exp (_/ f(t>dt> dx < 6/ (1 - g) f (575) dx Maria Johansson,
0 T Jo 0 Lars-Erik Perssonand

Anna Wedestig

respectively

/ "’ (1 | g(t)dt)pda:< (_p )p /’”’ . (g) i Title Page
o \Z.Jo “\p-—1 0 bo 7 Contents

whereb, = v/~ andg(z) = f( P=1/P) ~» as before. These inequal- « dd
ities have recently been proved in the papét][(see also [ 7] ) with a dif- < >
ferent method which is built on the inequalities between mixed means (cf. our

Proof 7). The idea in this remark is further developed and applied'ii.| Go Back
Another interesting question which has recently been studied is to find gen- Close

eral weighted versions of the inequalitly.®). Partly guided by the development Quit

concerning Hardy type inequalities (see for example the boo¥sand [/~]) Page 23 of 42

one has asked:
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Let0 < p, ¢ < oo. Find necessary and sufficient conditions for the weights (i.e.
the positive and measurable functions):) andv (x) so that

(4.4) ( /0 N (exp (i /O “In f(t)dt))qu(x) dgc)i
<c (/OOO ()0 (x) dx>;

holds with a stable estimate of the operator norm (= the smallest coilistsmt
that @.4) holds).
The following has recently been proved:

Theorem 4.2.Let0 < p < g < oo. Then the inequality4.4) holds if and only

if 1
D:= supxii (/ w(s)ds) " < 00,
>0 0
where
= L 81 L d '
w(s) = (exp (5/0 nm t)) u(s)
and
D < C <erD.
Theorem 4.3.Let0 < ¢ < p < oo, ; = ; — .. Then the inequality4.4) holds
if and only if

B:— (/OOO (i /jw(m)dr)zcw(x)dx)},
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wherew(x) is defined as in Theoret?2, andC =~ B.

Remark 4.4. These results were recently proved #5]. We also refer the
reader to some earlier results of this type which can be found in the papers
[25], [4]1] and [46]. Further developments of Theorems? and 4.3 can be
found in [4(] and the new Ph.D thesis by Maria Nassyrova].

We will now present an example of a new generalizationlof)((see P9,
Theorem 2.1]).

oo . Carleman’s Inequality - History,
Theorem 4.4. Let {a;};° be a sequence of positive numbers and put= Proofs and Some New

ia; (14+1)',i=1,2,.... Then the following holds fa¥ € 7, : Generalizations

Maria Johansson,

N N I N & 1 k Lars-Erik Perssonand
Anna Wedestig
4.5 G —r < l——— ) (14+=
@9 Yord oty (1-5) (1)
k=1 k=1 k=1
Title Page
where
[=] 9 Contents
G = Yajas -+ a, andly, := Z («/xz_iﬂ — \/x;f) ) » N
=1
Here|z] is the usual integer part of and{z; } is the sequencgr, } rearranged 4 >
in non-increasing order. Go Back
Remark 4.5. For previous results of this type we also refer to the papéts [ Close
[3], [4], [44], [ 54], [ 56] and the references found there. We note that by using Qut
ul

the estimate, > 0, (1 + %)k < eand lettingN — oo we get (..1) as a special
case of 4.5). Page 25 of 42
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Remark 4.6. Refinements of Carleman’s inequality.X) with e replaced by
(1 + %)k have been known since at least 1967 (s&#@ &nd [4°] and compare
with our Proof6). We also note that the factar— NLH in (4.5 means that the
“usual” sum on the right hand side of the inequality has been replaced by the
equivalent Cesaro sum, i.e., we have calculated the arithmetic mean of partial
sums. This mean value is of course strictly less than the “usual” sum since the

terms are positive.

Remark 4.7. Inthe paper p4], P. Yan and G. Sun proved Carleman’s inequality
(1.1 can be improved in the following way:

00 k % 00 —%
(4.6) Z(Haz> <GZ(1+kil> ay.
5

k=1 \i=1 k=1

This result easily follows fromi(5) by estimating the important factgi + %)k
in the following way:

4.7 1 1k< 1 L i
TR

wherec* = 8¢ ~ 0, 1802696 < £. The inequality 4.7) does not hold for
numbers smaller thaer. (See P9, Remark 12]). This means that by usidgd)

we see that4.6) actually can be replaced with the sharper inequality

0o k % o0 oo 1
I 1 2
(1) St G () -

k=1 \i=1 k=1

N|=
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Remark 4.8. The factor(1 + %)k has also been of interest in some other new
papers. For example M. Gyllenberg and P. Yan recently proved in the paper

[1] that
RS R U
<+E> —e\ X )

n=1

where alla,, are positive and can be calculated recursively. For example-

3, a2 = 3;, az = 35 etc. This answers an earlier question raised by Yang (see
[ ]) Carleman’s Inequality - History,
Proofs and Some New
Remark 4.9. We have noted before that Carleson’s inequalitygf gives both Generalizations
(1.9 and (1.2) as special cases. Another inequality with that property has re- Maria Johansson.
cently been proved, namely the following (s&g, [Theorem 3.1]): Lars-Erik Perssonand
Anna Wedestig
B 1 T
/0 exp {W /0 In f(t)dM(t)} M (z) e Page
B
M,
N e/ (1 A (x)> ()M (2) Contents
0 (z) . . « 13
M, (x
< 1— dM (z).
<e [ (1-575) r@an <
) ] ] ] ) ) Go Back
Here B € R;, M (x) is a right continuous and increasing function @ oo)
and M, () is a special defined function with the property thdf(z) < M (z). Close
By using this theorem with/(x) = x and B = co we get (L.2) and by using it Quit

Page 27 of 42

J. Ineq. Pure and Appl. Math. 4(3) Art. 53, 2003
P

T 1 L N T


http://jipam.vu.edu.au/
mailto:
mailto:marjoh@sm.luth.se
mailto:
mailto:
mailto:larserik@sm.luth.se
mailto:
mailto:annaw@sm.luth.se
http://jipam.vu.edu.au/

with
1,

N
(@)
I
8
A

M(x) =

ko
w
IN

r<k+1 k=12...
we get a refinement of (1).

In view of the questions raised in connection 404j it is natural to ask the
following which is connected tol(1): Let0 < p,q < oco. Find necessary and
sufficient conditions on the non-negative sequeroégs,” and{d, }," such that

Carleman’s Inequality - History,
Proofs and Some New
Generalizations

1 1
o q a4 e P Maria Johansson,
(4.8) E ( v ajag - - ak) bk S C E aﬁdk Lars-Erik Perssonand
k=1

1 Anna Wedestig
holds. _
. . . . . Title Page
We have the following generalized weighted Carleman’s inequality:
Contents
Theorem4.5.Fork=1,2,...,leta, > 0,b, > 0andd, > 0. If0<p<g¢g<
00, then the inequality4.8) holds for some finite consta6t > 0, if and only if 44 >
! < 4
. N+1 k “kp a
(4.9) By =sup N » Z <H di> by < 0. Go Back
=0 k=1 \i=1 Close
Moreover, for the best constaatin (4.8) it yields that Quit
Page 28 of 42
(4.10) C =~ B,.
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1

Proof. Assume that4.9) holds. Let firstw, = 0, and replacey, with ad, * in
(4.9). Then @.9) is equivalent to

() i) ) <o (57)

k=1 \i=1

_a
. k kp
or, if w, = ( s d») by,
' HZ_I ’ ’ Carleman’s Inequality - History,
Proofs and Some New

Generalizations

1 1
oo k o0 P
1 ~ ~ .
(4.11) la:= E H a; | wg <C E a, | - Maria Johansson,
Lars-Erik Perssonand

k=1 \i=1 k=1 Anna Wedestig

e
=]

Now if {a; },-,is the decreasing arrangement{@f} ;- , , then

L . Title Page
00 k % a 00 k % q
Contents
> (I18) o) = (3 (1) =) -
k=1 \i=1 k=1 \i=1 44 44
Let < >
f*(x) = a; andw(z) = wi forz € [k — 1,k). Go Back
Then Close
Quit
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k=1 i i=1
0o kT 1 k—1 L 1 q
< / exp | — Z loga; + ( ) log ay, wydx
k=17k-1 | T3
0 kT T q
-y / exp (— / In f*(t)dt)} w(x)de
k-1 L 0

k=1

_ (/OOO [exp (i /0 lnf*(t)dtﬂqw(:c)d:v);

Moreover, it follows from Theorem.2 that if

(4.13)

then the inequality

1
D= supx_% </ w(t)dt)
>0 0

(4.14) (/OOO (exp (i /O lnf*(t)dt))qw(:c) dx);
<c (/OOO f*p(x)dx);

q

< 00,
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holds, and ifC' is the best possible constant k14, then
(4.15) C < evD.

Hence, by combining4(12) with (4.14), we have that
o0 . . - 1
(4.16) (Z ( Y aqas - - -Zik> wk> <C (/ f*P(;z;)dx)
k=1 0
k=1 k=1

i.e. 4.17) (and thus 4.8)) holds whenever4.13 holds. ForN € Z. , we have

. . N4+1 3
su TP w(t)dt < Nfﬁ W
N<:13§I])V+1 (/0 ( ) > (Z k)

Hence

>0 N>0

YT IRY [ O\
(4.17) supx™» (/ w(t)dt) < supN » Z (Hd) b | = B;.
0 1

If w; # 0, then, by using what we just have proved and an elementary inequal-
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ity, we have

00 k %
(418) [% = 5‘{w1 + Z (H @) Wi
k=2 =1
< max (1, 2%_1> (w% + C’) (i’dﬁ) !

k=1
Therefore, by using4(9), (4.17), (4.13 and @.18, we conclude that4(8)
holds, and also that the upper estimate holdslihd) (whenb, = 0).
On the contrary, assume that.§) (and, thus, 4.11)) holds for all non-
negative sequences. In particular,dgt= 1, £ = 1,..., N + 1 anda;, = 0,
k > N + 1. Then the left hand side irt(11) can be estimated as follows:

1

o [/ k i a N+1 [ k i a N+1 ¢
> (I18) ) = (3 (M18) w) - (3u)
k=1 \i=1 k=1 \i=1 k=1
For the right hand side we have

(£9) (5] oo

k=1

3=

< (2N)7

and in view of ¢.117), it follows that

L N+1 %
(2N)"» (Z wk> < C,
k=1
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so that ¢.9) and the lower estimate i (10 holds. The proof is complete.[]

Remark 4.10. We note that our proof gives concrete values of the equivalence
constants in4.10. For example, we always ha\‘Zé%B1 < C and, if, in addi-
tion, b; = 0, then

27vB; < C < er By,

Remark 4.11. In [25] the weighted Carleman’s inequality! @) was proved
with another condition tharB; and without any estimate of the best constant
C.
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Remark 5.1. A main reference concerning Torsten Carleman and his mathe-
matics is of course the book {] of L. Garding (see pp. 233-276). In this book
Carleman is described in the following way: “With Torsten Carleman (1892-
1949) Sweden got their so far most outstanding mathematician.” It is therefore
not curious that Garding spent the next 30 pages to describe Carleman and

his mathematical work and no other mathematician was given even close to SO Carleman’s Inequality - History,
Proofs and Some New

much space in the book. It is remarkable thatlf is not explicitly mentioned Generalizations
in Garding’s book, which can depend on the fact that he (as well as Carleman _

. . . . . Maria Johansson,
himself) obviously regarded the inequality only as a necessary tool to prove his Lars.Erik Perssonand
important main results concerning quasianalytical functions. However, as we Anna Wedestig
have seen in this article, Carleman’s inequalityX) and its continuous variant
(Polya-Knopp's inequality(.2)) has attracted a lot of attention and it is even Title Page
mentioned in the title of a number of papers. See our list of references contain-

Contents

ing 58 references, Chapter 4 in the boak/] (with 174 references), Chapter 1
in the book BZ] and the recently published review papet/] (with 53 refer- PP Y

ences). And the interest seems only to have increased during the last few years. g

Remark 5.2. (About the person Torsten Carleman). There is a lot of interesting
information in Garding’s book [9] and some complementary information can
be found in p€]. Tage Gillis Torsten Carleman was born 8 July, 1892. He de- Close
fended his Ph.D. thesis 1917 at Uppsala University. In 1923 he was appointed Quit
a full professor at the Lund University. Shortly after this, and on an initiative
of Professor Gosta Mittag-Leffler (which has initiated and given name of the

Go Back
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famous mathematical research institute in Djursholm, Sweden), he was called
as professor at Stockholms University, in 1924. He died in 1949. Carleman
was a remarkable person and there are many rumours concerning him (see e.g
Professor Bo Kjellberg's interesting and very personal description3in p.

93)).
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