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Abstract

It is the purpose of the present paper to obtain some sufficient conditions for
p- valently starlikeness for a certain class of functions which are analytic in the
open unit disk E.
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Let A(p) be the class of functions of the form:

f(z)=2"+ Z a, 2" (peN={1,2,3,...}),

n=p+1

which are analyticine = {z € C: |z] < 1}.
A function f(z) € A(p) is said to be p-valently starlike if and only if

Re {z];g))} >0 (z€Bb)

We denote byS(p) the subclass ofi(p) consisting of functions which are-
valently in £/ (see, e.g., Goodman]).

Let
(1.1) f(z)=z+ i anz".
n=2
A function f(z) of the form (L.1) is said to bex—convex inE if it is regular,
Ty 20

and

(1.2) Re (a (1 + zj}((zz))) (1 - oz)z?l((j))) >0
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for all z in E. The set of all such functions is denoted by~ C'V, wherea
is a real number. Of course, df = 1, then ana—convex function is convex;
and if « = 0, ana—convex function is starlike. Thus the seis— C'V give

a “continuous” passage from convex functions to starlike functions. Sakaguchi

considers functions of the form

f(z) =2+ Z a,z",

n=p+1

wherep is a positive integer, and he imposes the condition

'), F(2) }

1.3 Re<1+ +kz >0

(-2) et

for z in E. He proved that it = —1, there is only one function that satisfies

(1.39), namelyf(z) = 2P. If —1 < k < 0,then f(z) is p-valent convex; and if
0 < k, thenf(z) is p-valent starlike. We can pass froh.8) back to (.2) if we
divide by1 + £ > 0 and setnx = HL,C [6]. We denote byS(p, k) the subclass
A(p) consisting of functions which satisfy the conditidn3).

Obradovic and Owa/] have obtained a sufficient condition for starlikeness
of f(z) € A(1) which satisfies a certain condition for the modulus of

21"(2)

e
T

i)

)

we recall their result as:
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Theorem 1.1.1f f(z) € A(1) satisfies

@) |2
eI N

whereK = 1.2849..., thenf(z) € S(1).

‘1+

| Gen)

Nunokawa {]] improved Theoreni..1 by proving

Theorem 1.2.1f f(z) € A(p), and if

") _ |2f'()
f'(2) f(2)

1
—log(4eP™Y) (2 € E),

i
p

thenf(z) € S(p).
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In order to obtain our main result, we need the following lemma attributed to

Jack [] (given also by Miller and Mocanu]).

Lemma 2.1. Let w(z) be analytic inE with w(0) = 0. If |w(z)| attains its
maximum value in the circlez| = » < 1 at a pointz,, then we can write
zow'(z0) = kw(zp), wherek is a real number and > 1.

Making use of Lemma&.1,we first prove
Lemma 2.2. Letg(z) be analytic inE with ¢(0) = p and suppose that
2q'(2) } 1
Re <
{ a(=)1")  p(A+ 1)
thenRe{q(z)} > 0in E.

(2.1) (z€B,0< A< 1),

Proof. Let us put

q(2) :p{(%—F%)\) %Jr (% — %A) 1;—28}
where0 < A < 1.

Thenw(z) is analytic inE with w(0) = 0 and by an easy calculation, we

have
14 (Aw?(2) + 2w (z) + A)z2w'(2)
(w2(z) + 2 w(z) + 1)2

2.
[a(2))’ p
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If we suppose that there exists a poigtc £ such thatmax, ., |w(2)|
|w(zo)| = 1, then, from Lemm&.1, we havezow'(z) = kw(z), (k> 1).
Puttingw(zy) = ¢, we find that

q (20) _ 2 Aw?(20)w'(20) 20 + 2w(20)w'(20) 20 + Aw'(20) 20

20

(=) P (w2 (20) + 2Mw(z0) + 1]
2k AEH 4 2620 4 Al
T (€2i0 4 2)\eif +1)°
2k (A3 +2e%0 + ) (e 42X e + 1)2
T D (9 2ei® 1) (e 42X 4 1)
~k Xcos30 + (4N 4 2) cos 20 + (11X + 4X%) cos 6 + (8N + 2)
P 4 (X +cos6)’
k(14 Acost) (A + cos6)?
T (A + cos)*
k14 Acost
T (A +cos )’
so that
Re {Zo q’(zo)Z} _k o1+ )\00892 _k A2+ Acosf + 12— A2
[q(20)] P (A+cosf)” p (A + cos )
ok A ] A2
Tp { (A +cos0) * ()\+c089)2}
1 1
>3 (1)
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This contradicts4.1). Therefore, we havau(z)| < 1in E, and it follows that
Re{q(z)} > 0in E. This completes our proof of Lemnia2. O

If we take\ = 1 in LemmaZ2.2, then we have the following Lemnia3 by
Nunokawa .

Lemma 2.3. Letq(z) be analytic inE with ¢(0) = p and suppose that

V)

ThenRe {¢q(2)} > 0in E.

(z€E).
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Theorem 3.1.Let f(z) € A(p), f(z) #0,in0 < |z| < 1 and suppose that
L@ i) ’
(3.1) Re< 1+= - <l+——| =) (€ E).
[1 +z <J;,((Z)) g

Thenf(z) € S(p, k).

N

Proof. Let us put
_ 1 f”( O]
Then,q(z) is analytic inE with ¢(0) = p, q(z) # 0in E. We have

£(2) ' £ (2) 1z 9
q(z) <Zf’(Z)> <kz (z)) 7 +Z( ()) + ki ““z( <z)>

B "(z) 'z
q(2) 1—|—zf,(z) + kz e 1+ 2L

Then, we obtain

Ly

f’( ) f(Z)

f’(z) re\ (f"<z>)’
d() _ ~1 k2 (F8) += (55
q(2) 1+ z Z) + kz 142073 4 f, L)

I'(2) fz)

2 | (1"(2) e\ |
z {(f’(d) +k<f(Z))] 1
14
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q'(2)
k+1)q(z)+ =2
( )a(2) e
2 | (@Y e\ |
Z{(ﬂ@) +k<ﬂa>] 1
=1+ e+ (k+ Da(2)
)
2 (1) | 1.1 @Y @ f@ L)’
1+2 +kz@

f’ Z)

OO @ 1)
:1+Z<f%@+%j%d>+zz<ﬂw*kﬂa>+<fu>+kﬂa>

f(z f(z < () ﬂ@)
(2) (2) 1+zf,(z) +/<:zf(z)
Thus
) @Y () L)
1 () Z(ﬂ@ +kfw> +(ﬂ()+kf@>
1+——2 2:1—1-2
k+1 [q(z)] < f%)
P+z< +kﬂdﬂ
=14z

From Lemma2.3and @3.1), we thus find that
f"(2) f'(z)
kz
7o) TR

Re{1+z }20 (z€ E,k>0).
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This completes our proof of Theore®nl O

If we take « = 0, after writing kLH = « in (3.1), then we obtain M.

Nunokawa’s theorem as follows.

Theorem 3.2.Let f(z) € A(p), f(z) #0,in0 < |z| < 1 and suppose that

1 4 2 .
e 1
Re{ e <1—|—2p, ze k.

f(z)

Thenf(z) € S(p).
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