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Abstract

We present a scheme which associates to a generalized quasi-variational in-
equality a dual problem and generalized Kuhn-Tucker conditions. This scheme
allows to solve the primal and the dual problems in the spirit of the classi-
cal Lagrangian duality for constrained optimization problems and extends, in
non necessarily finite dimentional spaces, the duality approach obtained by A.
Auslender for generalized variational inequalities. An application to social Nash
equilibria is presented together with some illustrative examples.

2000 Mathematics Subject Classification: 65K10, 49N15, 91A10.

Key words: Generalized quasi-variational inequality, Primal and dual problems, Gen-
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Let X be a real Banach space with duat or, more generally, leK and X*
be two real locally convex topological vector spaces, duals with respect to a
product of duality(-, -) (see [4, p. 336]).

If A andK are two set-valued operators fram to X* and fromX to X,
respectively, we are interested to the following variational problem (in short
(V-P)):

Generalized Quasi-Variational

UP) find z* € X such thatz* € K (z*) and there exists Inequalities and Duality
2* € A(z") satisfying (z*,z — z*) >0, forallz € K (z").

Jacqueline Morgan and
Maria Romaniello

This problem, called Generalized Quasi-Variational Inequality]([[ 2], [17],
...), generalizes the following problems:

Title Page
— variational inequalities as introduced by G. Stampacchig(see also?], Contents
(6, [11], ...) o S
— generalized variational inequalities[[[5], [11], ...) P >
— quasi-variational inequalitiesd], [17], ...) Go Back
and describes various economic and engineering problems (see Seatidn Close
for example, 11, [7], [10]). ol
Existence results for solutions of such a problem have been giveh amd
Page 3 of 18

[16], while stability of the following problem (equivalent t&’(P) under suitable
assumptions):
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(VP)": findz* € X suchthat* € K (z*) and
inf (z*,x—2%) >0, forallze K (z")
z*€A(x*)
has been investigated inf].

Differently, to our knowledge there exists no results concerning a duality
scheme or a numerical method which solves a generalized quasi-variational in-
equality. Nevertheless, in the case of generalized variational inequalities, for
constraints defined by a finite number of inequalities and in finite dimensional
spaces, A. Auslender introduced i fa duality scheme which associates to Ge?ﬁ;'ﬁﬁé“:‘;&‘I’D""J;‘Itt';’”a'
the Primal Problem another generalized variational inequality (with only con-
straints of positivity) for which an algorithm has been developed (e [ SRS IS M

In this paper, we extend to generalized quasi-variational inequalities in non
necessarily finite dimensional spaces the duality approach obtained by Auslen-

der for generalized variational inequalities. More precisely we present a scheme e P
which associates to the variational problermX): Contents
— a dual problem, called’{V P) 44 (44
— Generalized Kuhn-Tucker Conditions 4 >
Go Back

which allows us to solvel( P) and (DV P) in the spirit of the classical La-
grangian duality for constrained optimization problems. From a numerical point Close
of view, we point out that the dual problem{” P) has a special structure which Quit
allows to apply the algorithm introduced ifi][for generalized variational in-
equalities. Page 4 of 18

In Section2, we present the duality scheme and the connections between the
primal and the dual problems through the Generalized Kuhn-Tucker Conditions. e Pure and Appl. Math. 4(2) Art. 25, 2003
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In Section3, we apply this method to find Social Nash Equilibria for nonzero-
sum games with coupled constraints defined by a finite number of inequalities
and we give some illustrative examples.
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VP

The scheme presented in this section takes advantage of the particular structure
of the set-valued operatdt defined by a finite number of inequalities. More
precisely, we assume that for alle X:

K(x)={2€ X/fj(z,2) <0, forall j =1,2,...,m}

where:

Generalized Quasi-Variational
Inequalities and Duality

H() fi(z,-) : X = RU{+o0} is a proper, closed and

. - C_ Jacqueline Morgan and
convex function (L)) forall j =1,...,m. Maria Romaniello

Now, for allu € R, let

Title Page
(2.2) Fz,y)=(fi(z,y),. . fm(x,y)) Contents
and <4< >
m < 4
2.2 G(u)=3 —F(z,z) 10 A(x) + Oa f (,
(2.2) (u) (2, 2) () Zu 2fj (@, ) CalBaEk
_ _ _ _ _ Close
whered, f; (z, t) is the subdifferential of the functiofy (z, -) at the point, that
is: <L
Page 6 of 18

Oofj(x,t) ={z € X"/ fj (z,y) > fj (z,t) + (z,y — t) Vy € X}
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Definition 2.1. The Dual Problem of the problen¥ (P) (in short (DV P)), is
the following generalized variational inequality:

(DV P) to findu* € R such that there existg' € G(u")
satisfying (d*,u —v*) > 0, forall u € R
The problem OV P) is termed a Dual Problem because we have:

Theorem 2.1. Assume that/ 1) is satisfied and that* is a point of X such
that £ (z*) = N7L, dom(f; (z*,-)) is an open subset oK. If (z*, u*), with

u* € RT, satisfies the following conditions, called "Generalized Kuhn-Tucker
Conditions™:

(KT); : 2" € K (2%);
(KT)2 1 0 € A(x%) + 370, ujoa fj (2%, 2%);
(KT)3 @ F(2%,2") € Ngp (u);
then
() z*is asolutionto ' P)
(i) u*is asolutionto OV P).
Proof. First, to prove (i) we observe that:

“(x*,2%), with z* € A(z"), solves {/ P)”
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is equivalent to
“x* is a solution to the optimization probler® {)”
where O P) is:

oP i r—aT).

(OP) xergl(l(g*)@,x ")

The problem @ ) admits as classical Lagrangian the functiorirom £ (z*) x
R™ to R, defined by:

(2,0 —a*) + > u;f; (2%, z) ifx e E(z*) andu € R}
j=1
L (%, ’LL) = —00 u g_ﬁ RT
+00 otherwise.

Soto prove (i), itis sufficient to apply the Theorem 7.5.1 in{) to the problem
(OP), taking into account thalp,-) (z*) = {0} (sinceE (z*) is open) and
(2", v — ")) = 2% + Np~ (a¥).

Now we prove (ii). In light of the assumptiofkT),, it follows that
—F (z*,2*) € G (u*), whereF andG are defined, respectively, bg.() and
(2.2). So, sincef’ (z*, %) € Ngy (u*) by assumptiof K'T")3, and

{veR?/(v,u—u)<0 VueR}?} ifu €RY
1) otherwise,
thenu* solves the problem/{V P) defined in Definitior2. 1. H
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Theorem 2.2. Assume that/{ 1) is satisfied. Ift* is a solution to {/ ) and if:

() E(a") =
(i) dy € X suchthatf; (z*,y) <Oforallj=1,...,m

N7, dom(f; (%, -)) is an open subset of

then, there exists a point" € R’ such that(z*, v*) satisfies the Generalized
Kuhn-Tucker Condition§K'T"), to (K'T)3 (and therefore.* solves OV P) fol-
lowing Theoren?.1).

Proof. Let z* be a solution to( P) andz* € A («*) such thatz*, x — z*) > 0
forall z € K (z*). By Theorem 7.5.2 inl[4], there exists a poini* € R’ such
that(z*, u*) is a saddle point for the Lagrangidnabove defined. So, it results
that:

0€ 0. L(x"u")=2"+ Zu}k@ij (x*, ")
j=1
which implies thad € A (z*)+>"7" | 0. f; (z*, v*). Moreover, sincd. (z*,u) <
L (z*,u*) forallu € R7:

Z f]ZE.T)

Jj=1

(F(z",2"),u—u") <0 Vu e RY

thatisF' (2, 2*) € Ngm (u*). Therefore(z”, u*) satisfieg K'T'); to (KT')3; and
u* solves OV P). O

In light of Theorems2.1 and 2.2, the variational problem/{V ) can be
considered as a dual problem associatedt8Y
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Remark 2.1. If X = R", forall z € X:
K(x)=C={2z€X/f;(2) <0, forall j =1,2,...,m}

and the generalized quasi-variational inequality comes from an optimization
problem defined by a convex and differentiable function, then the previous the-
orems reduce to the classical theorems of Convex Mathematical Programming
(Theorems 3.2 and 3.3 ir]).

Remark 2.2. Let us observe that the condition

Generalized Quasi-Variational
. Inequalities and Duality
E (z*) = NJL, dom(f; (z*,)) is an open set ofX
Jacqueline Morgan and
has been needed to properly handle convex programs within the formalism of Maria Romaniello

extended valued functionsi(f]).

By the previous theorems it follows that, to solVé), one can solve the Title Page
dual problem OV P) and then, using the generalized Kuhn-Tucker condition Contents
(KT),, one can find the solutions of probler £) proceeding as in the fol-
lowing example. S R
Example 2.1.If S 2

Go Back
K(z)={yeR/y—2zx <0andz —y <0} 0=ac
Close
and .
[ — 3,0 fo<z<i Quit
Az) = 1] if % <r<1 Page 10 of 18
@ OtherW|Se J. Ineq. Pure and Appl. Math. 4(2) Art. 28, 2003
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then the dual problem/{V ) associated to the primal probleny' (°) is the
easier generalized variational inequality:

to findu* € RZ such that there existé* € G (u*)
satisfying (d*,u —u*) > 0, forall u e R?

where
}O,Ug—ul—f-%}X{O} |f—%<U2—U1<O
Generalize_d_ Quasi-Varia_tionaI
G (u1’ u2) _ [%, Uy — Ul] % {0} if % S U — Uy S 1 Inequalities and Duality
Jacqueline Morgan and
0 otherwise. Maria Romaniello
The solutions to the probleni)}/ ) are all the point$0, u,) such that 1/3< Title Page

us < 1, so, using the Generalized Kuhn-Tucker Condit{éfil"),, we find that

all the pointsz* such that 1/3< z* < 1 are solutions tol( P). CPRES
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Let us consider a-person noncooperative game with coupled constraints, as
considered by G. Debreu in][ LetY; be a Banach space (or, more generally,
a real locally convex topological vector space) and, for the playet X; C Y;

be the strategy sef, from X = X; x --- x X, to R be the payoff function, and

K; (l’,l) = {yz S AX'Z/']C]z (yi,.il],i) < O,for a”] =1,2,... ,mi}

be the constraints depending on the strategies of the other players, where Gefl‘r?;'ﬁgle%“::é‘I’D""Jﬁft';’”a'
is a shorthand fofz;) ., (;;- We assume that the players want to minimize
their payoff function and play a Social Nash Equilibriurj (also called Gen- LEGOUEITE LIS £k

Maria Romaniello

eralized Nash Equilibrium1[0], which is a generalization of the concept of
Nash Equilibria [5]). We recall that a Social Nash Equilibrium of the game

I' ={X;, J;, K;} is apointz* € X such that no player can uniterally decrease Title Page
his payoff given the constraints imposed on him by the other players; that is a Contents
point such that:

44 44
(SNE) J;(z*) < J; (z;,2%;) forallz; € K; (z*;) andforalli =1,...n. < >
It is well known that, under suitable assumptions, the Social Nash Equilibrium Go Back
problem can be put into the form of a generalized quasi-variational inequality Close
(see for exampled, 4, 11]). More precisely, if we assume that the following _
condition is satisfied: Quit

_ ] Page 12 of 18
(H2) for everyx_; € X_; the functionJ; (-, z_;) is convex and bounded from

below onX;, foralli =1,...,n
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then, a point:* is a solution to the problemb(V £) if and only if z* solves the
following system of generalized quasi-variational inequalities:

( findz* € X suchthat* € K (z*,) x -+ x K, («*,,) and
there exist} € 0,,J; (¢*), -+, 2} € 0,, J, (x*) satisfying
(SNE) (24,3 —x}) >0, forall z; € K; (z*,)
L <z7*l’ Ty — gj:;> >0, forall z,¢c K, (xtn) Generalized Quasi-Variational

Inequalities and Duality

whered,, J; is the subdifferential of/; (-,z_;) foralli =1,... n.
Now, if we considered the set-valued operator define&doy:

A(x) =0y 1 () X -+ X Oy, Ty, ()

Jacqueline Morgan and
Maria Romaniello

and Title Page
K(z) = {yeX/y e K;(z_;)Vi=1,...,n} Contents
= {yeX/fi(x,y) <0 j=1,....,m} <« >
wherem = my + - - - +m,, and p >
fiy,eoy) f j=1,...,m Go Back
Close

i T i— i— Quit
fitwy) =2 filyo) j=3""m +1,. 0 m+my
_ Page 13 of 18
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thenz* is a Social Nash Equilibrium fdr if and only if it solves the following
generalized quasi-variational inequality:

SNE) find z* € X such that:” € K (z*) and there exists
z* € A(z") satisfying (2", z — 2*) > 0, forallz € K (z7).

If the problem G N F) satisfies the assumptiofid1l) and(H2), we can define
the dual problem:

Generalized Quasi-Variational

satisfying (d*,u — u*) > 0, forall u € R,

Jacqueline Morgan and
Maria Romaniello

where( is the set-valued operator defined by:

m Title Page
G(u) = {—F (x,x)/ 0 € Dy, Jn(x)+ Zujazhfj (z,x), forallh=1,... ,n} : FE—
j=1
, : o . : 4 dd
Therefore, we can find the Social Nash equilibrid afising the method intro-
duced in section 2, as one can see in the following example: < 4
Example 3.1. Let us consider a two-player garfiewith Co ZEice
) ) Close
Ji(x,y) = 2" + 20 —
1(z,y) Y Quit
Jo (z,y) = y° + 2xy Page 14 of 18
and
Kl (y) — {ZE c R / x—y S O} J. Ineq. Pure and Appl. Math. 4(2) Art. 28, 2003

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:morgan@unina.it
mailto:
mailto:
mailto:mromanie@unina.it
http://jipam.vu.edu.au/

Ky(z)={yeR /20—y <0} .

The Social Nash Equilibrium problem associated to this game is equivalent to

the following generalized quasi-variational inequality:

(SNE) find (2%, y") € K (27, y")
such that(2z* + 2) (z — ") + (2y* +22*) (y — y*) > 0
forall (z,y) € K (", y").
Since

G (u1,ug) = {(2uy + ug +4/2,3u; +uy +6/2)},
the dual of 6V E) is the easier problem:

(DSNE) findu* € R% such that
(2u] +us +4/2) (ug —uy) + (Buj + uy +6/2) (ug —usy) >0
forall u € R.

The unique solution of QSN E) is (uf, u}) = (0,0) and so, by the General-
ized Kuhn-Tucker ConditiodKT'),, we have that the poirite*, y*) = (-1, 1)
is a Social Nash Equlibrium for the garhe
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