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Abstract

In the short note, the inequalities G < L < I < A for the geometric, logarithmic,
identric, and arithmetic means in n variables are proved.
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For positive numbers;, 1 < < 2, let

(11) A= A(aya) =2 ; G2,

(1.2) G = Gl(ay,az) = Jajay;

asInas —aylnay

ex -1, a1 <ao,
(1.3) [=1I(a1,a5) =47 a3 — ay LS
ai, ay = Gg;
g — Q1
— a1 < Qg,
(1.4) L=L(a,a) =4 mag—na,’
ai, a; = Q9.

These are respectively called the arithmetic, geometric, identric, and logarith-

mic means.

The logarithmic meanl], 3], somewhat supprisingly, has applications to the
economical index analysis. K.B. Stolarsky first introduced the identric nhean
and proveds < L < I < Ain two variables in{]. See /] also.

The purpose of this short note is to prove the inequalities L < 1 < A
of the geometric, logarithmic, identric, and arithmetic means wariables.
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Leta = (ay,as,...,a,) anda; > 0 for 1 < i < n, then the arithmetic, geo-
metric, identric, and logarithmic meansiinvariables are defined respectively

as follows
(2.1) A:A(a):A(al,...7an):a1+a22"'+a"7
22) G=Ga)=GClay,...,an) = Yaras—an,
(23) I:I(a>:](al,...,an)
1 - .
=exp | —— -1 n+1a;‘171‘/i a lnai—m ,
7w 2 (a)

(2.4) L=1L(a) = L(a 0) = (n—1)! i<_1)n+¢av(lna)

. 17..-7 n V(lna) . AZ s

wherelna = (Inay,...,Ina,), a; # a; for i # j,

1 1 1
ay as c. (07%%
(2.5) Vie)=1|a? a3 ... d|= H (a; — aj)
cee e : 1<j<i<n
al~t ahyt an—t

The Inequalies G L<I<A
in n Variables

Zhen-Gang Xiao and
Zhi-Hua Zhang

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 4 of 13

J. Ineq. Pure and Appl. Math. 4(2) Art. 39, 2003

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:xzgzzh@163.com
mailto:
mailto:
mailto:zxzh1234@163.com
http://jipam.vu.edu.au/

is the determinant of Van der Monde’s matrix of thh order,

1 1 1 1 1
a a2 ;-1 Qi1 ap,
_ 2 2 2 2 2
(2.6) Vile)=|ai a5 ... ai, aj, ... a; |,
n—2 n—2 n—2 n—2 n—2
a; ) ;1 Qg an

m=3 711 andl <i<n.
The main result of this short note can be stated as

Theorem 2.1.Leta = (ay,as,...,a,) anda; > 0 for 1 < i < n, then the
inequalities

(2.7) Gl(a) < L(a) < I(a) < A(a)

of the geometric, logarithmic, identric, and arithmetic means:inariables
hold. The equalities i2.7) are valid if and only ifa; = ay = - - - = a,,.
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2.1

To prove inequalities inZ.7), we introduce the following means

(3.1) I.(a) = H [Z ﬁ@k] e ;

i1+io+-+in=n+r—1 k=1
11,8250 0n 21

(@)
n . n4+r—1
1k T
(3.2) L= 1] [Z7ak] ,
i1+ig+-Fin=r Lk=1
11,82,-.+,in >0

(3.3) Lr(a):(m%l) D |

r i1+ig++in=r k=1
11,825,010 >0

1 +r—1)
(34) L;,(a) = Z H i/ (n+r—
( r—1 ) i11+i2+-+in=n+r—1 k=1
01,2 ,0nnsin >1
wherea = (aq, as, ..., a,) anda; > 0for1 <i <n.

Lemma 3.1. Leta = (a4, as, ..., a,) anda; > 0 for 1 < i < n, then we have

1. I1(a) = Li(a) = A(a);
2. I{(a)

I
t~
—_~
—~
S
~—
I
Q
—~
S
~—
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. Fori<j<mn-1land

(3.5) T = H Z #alm
k=1

Ctitiettip=ntr—1

ey =iy =" =ik =0, for the resti; >1
we have
n—l 2n+r—2 ntr—2 2n+r—2
(3.6) ];WT?I(CL) = Hﬂ;/(an) [L«(aﬂ( r—1 )/("“*1); The Inequalites G<L<I<A
e in n Variables
Zhen-Gang Xiao and
4. Forl S] S n — 1 and Zhi-Hua Zhang
n
_ i -1 Title Page
@7 4= > [Lai" °
i14-ig+-Ain=ntr—1 k=1 Contents
iy =ik, =" :zk =0, for the resti;, >1
<4< 44
we have
< 4
1
n+r—2
(3.8) Lyyr(a) = (2n+r 5 [Z < . )L;(a)] : Go Back
n+r 1 = Close
5. If r € N, then Quit
Page 7 of 13
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where equalities above hold if and onlyuif = a5 - - - = a,,.

Proof. The formula 8.6) follows from standard arguments and formulasl)

and @.2).

If re Nandi; + iy +---+14, =n+r—1, then

n

i
2T

k=1

zn: Zk n—+r a
T ntr ntr—1"

n—+r ~ ik

a

n+r—1;n+r g
- - i .
n—l—r—l_jzl —n+r
E— 1 ay +

1 [ & & i b
n+r—1 ;Zj;n+rak+;n
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n

- ’ij ikak Q;
= — +
;n—l—r—l Zn—ir'r n+r

k=1

By using the weighted arithmetic-geometric mean inequality, we have
n ) n ij/(n+r—1)

1k " dpag a;
;makzn Zn+r+n+]r ’

j=1 Lk=1

and then »
The Inequalies G L<I<A
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(3.9) H Z n + r_1 A Zhen-Gang Xiao and

t1tig+- +’Ln n+r—1 k=1 Zhi-Hua Zhang
i1,i2,..
n n q14;/(n4+r—1)
@kak j .
> H H 4 Title Page
i1+io+-+i +r—1j=1 Lk= 1 T ntr
i1+t Fip=n+r—1 j=
izt ’ - Contents

n n 74/ (n+r—1)
_ H 11 i aj |’ <“ >
N n—+r n +7r < >

=1li1+ig+-+in=n+r—1 Lk=1

11,82, 0yin>1

n n (v =)/ (n+r=1) Go Back
Vg

I >,

} n+r

j=1 vitve+-tvn=n+r k=1 .

V1,V2, V=1, Vjg 15,V 2 105 22 Quit
n
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1 (Zjovi—n) /(ntr—1)

[ n
Vg
= I a
n—+r
vitvo+-trvpn=n+r [k=1 J
V1,V2,...,Vn>1
m o qr/(n+r—1)
Vg
= I a
n—+r
vitvettrn=ntr k=1 i
V1,V2,...,Vn>1
_ _ (n+r—2 +r—1
. () /()
— H Vk a The Inequalies G L<I<A
n+r k ’ in n Variables
k=1 J
Zhen-Gang Xiao and
Zhi-Hua Zhang

vitve+-tvn=n+tr L

V1,025 Vn 21

notice that the result from line 4 to line 5 iA.Q) follows from a simple fact that

n (vi—1)/(n+r—1)
1% .
Z b —1 for v; = 1. Title Page
n+r
k=1 Contents
The equalities above are valid if and only if
no. 44 44
Qg 10k 5 1A Qn,
kz_;n+r n+7" Zn+r n+r _;nwﬂ n+r’ ¢ >
. . Go Back
which is equivalent ta; = ay = - - - = a,,. This implies that/,(a) > I,1(a).
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The proofs of other formulas and inequalities will be left to the readers.
a,) anda; > 0 for 1 < i < n, then we have

Lemma 3.2. Leta = (a4, as, . . .,
1. lim, o I (a) = lim, o I'(a) = I(a),
2. lim, o L.(a) = lim, ., L!(a) = L(a).

Proof. Itis easy to see thaitm, .., I,(a) = lim, ., I/(a) andlim, . L,(a)

lim, ., L. (a), since
(")

J

—00
n+r—1

n+r—1/ j=1

Straightforward computation yields

In lim 7/ (a)

r—00

= lim In [} (a)

T—00

= lim % Z lnz —ay

r—00 ( )
r i1tig+-- Hn—r =
11,82, 50n >

n—1 n
n/—— 1 u/p J/p [(:1'— 25:1I{> ar + j{::rj__laj] dan1im2. '~d3%1—1
=1 =2

T1+To+-+rn-1<1
2,>0,1<0<n—1

S e @ e — m) = (o)

i 3 5 1, i ey 320y = 0 i =
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and

(3.11) lim L.(a)

1 i
— 1 ik /T
= Jim, G 2 H
T 71 +12+ —Hn r k=1
11,02,.0050n >

X
= n—l / / a’l Z’ 1 Il.-.ainfldxldx2...dxnil

r1+x2+-+xry,_1<1
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Y A Zhen-Gang Xiao and
= %—ncz)) ;(—1)”+’aiVi(ln a) = L(a). Zhi-Hua Zhang
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Proof of Theoren?2.1. This follows from combination of Lemmz l1and Lemm&s.2. Contents
u < >
4 >
Go Back
Close
Quit

Page 12 of 13

J. Ineq. Pure and Appl. Math. 4(2) Art. 39, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:xzgzzh@163.com
mailto:
mailto:
mailto:zxzh1234@163.com
http://jipam.vu.edu.au/

[1] E. LEACH AND M. SHOLANDER, Extended mean value&mer. Math.
Monthly,85 (1978), 84—-90.

[2] A.O. PITTENGER, Two logarithmic mean in variables,Amer. Math.
Monthly,92 (1985), 99-104.

[3] G. POLYA AND G. SZEGO,Isoperimetric Inequalities in Mathematical
Physics Princeton University Press, Princeton, 1951.

[4] K.B. STOLARSKY, Generalizations of the logarithmic me#hag. Math,
48(1975), 87-92.

The Inequalies G L<I<A
in n Variables

Zhen-Gang Xiao and
Zhi-Hua Zhang

Title Page

Contents
44
<
Go Back
Close
Quit
Page 13 of 13

J. Ineq. Pure and Appl. Math. 4(2) Art. 39, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:xzgzzh@163.com
mailto:
mailto:
mailto:zxzh1234@163.com
http://jipam.vu.edu.au/

	Introduction
	Definitions and the Main Result
	Proof of Theorem 2.1

