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ABSTRACT. In the short note, the inequaliti€s < L < I < A for the geometric, logarithmic,
identric, and arithmetic means invariables are proved.
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1. INTRODUCTION

For positive numbers;, 1 <i < 2, let

(1.1) A= Alar,as) = #;
(1.2) G = G(ay,a2) = Jayaz;
asInas —arlnag
(1.3) I=1(ay,a9) = exp a9 — aq e <a
ar, a; = ag;
az — a
(1.4) L= Lay,a) = { naz —Ina,’ =
aip, a; = as.

These are respectively called the arithmetic, geometric, identric, and logarithmic means.
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2 ZH.-G. XIAO AND ZH.-H. ZHANG

The logarithmic meari [1, 3], somewhat supprisingly, has applications to the economical in-
dex analysis. K.B. Stolarsky first introduced the identric méamd proved>s < L < I < A
in two variables in[[4]. See [2] also.

The purpose of this short note is to prove the inequalities L < I < A of the geometric,
logarithmic, identric, and arithmetic meansrirvariables.

2. DEFINITIONS AND THE MAIN RESULT
Leta = (a,as,...,a,) anda; > 0for 1 < i < n, then the arithmetic, geometric, identric,
and logarithmic means in variables are defined respectively as follows

(21) A:A(a):A<a1a"-7an):a/1+a2+.”+a/n7

(2.2) G =G(a) =G(ay,...,a,) = Yaras - - ay,,

1 < :
(2.3) I=1I(a)=1I(ay,...,a,) =exp |—— > (=1)""a"'Vi(a)Ina; —m|,
Via) 5
(n—1)! & ,

2.4 L= L(a) = L(ay,. .. = 1) a;Vi(l
( ) (a) (a'17 7an) V(ln a) e ( ) al‘/;( na>7
wherelna = (Inay,...,Ina,), a; # a; for i # j,

1 1 ... 1

aq (05} c. Qp,
(2.5) Vi =|a a ... a|= [] (a—a)

1<j<i<n

'iL—l a72’L—1 azfl

1 1 . 1 1 .. 1
aq a9 e A;—1  Qjp1 - .- (07%
_ 2 2 2 2 2
(2.6) Vila)=| a1 a3 ... ai, ay, ... a; |,
n—2 n—2 n—2 n—2 n—2
a; g @1 Qi ap

m=3 711 andl <i<n.
The main result of this short note can be stated as

Theorem 2.1.Leta = (ay,as, ..., a,) anda; > 0 for 1 <i < n, then the inequalities

2.7) G(a) < L(a) < I(a) < A(a)

of the geometric, logarithmic, identric, and arithmetic means wariables hold. The equalities
in (2.7)are valid if and only ifa; = as = - - - = a,.
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3. PROOF OF THEOREM 2.1

To prove inequalities irf (2] 7), we introduce the following means

" (s
/Z:k n”‘iI
3.1 I(a) = L — :
(3.1) (a) 11 [§¢+%44
t1t+ig+-+in=ntr—1 Lk=1
11,89, 0yin >1

(3.2) o= 1] [Z%’“ak] ¢ H,

ilfi2+-~~ji>inzr k=1
11,225--5tn 2

(3.3) Ly(a) = ﬁ > H a",

T i1 +ig+-- +zn T k=1
11,1250

(3.4) Ll (a) = (n+1_2) Z H i/ (n+r—1)

r—1 i1+io++ip=n+r—1 k=1
11,82, 0yin =1

wherea = (aq, as, ..., a,) anda; > 0for1 <i <n.

Lemma 3.1. Leta = (a4, as, ..., a,) anda; > 0 for 1 < i < n, then we have

(1) Li(a) = Li(a) = A(a);
(2) Ii(a) = Li(a) = G(a);
B)For1<j<n-1and

(3.5) T = H Z %ak,

i14ig+Fip=n+r—1 k=1
iy =iy :-~~=ikj =0, for the resti;;>1
we have
n—1
1 2n+l7‘:2 n+r—2 2n+r—2
(3.6) sl = [T w55 1) (7 G50,
j=1

@4)For1<j<n-1and

n

(3.7) §; = Z H g/ =),

i1+ig+Fip=n+r—1 k=1
iy =iy =" =zk._0 for the restip >1
we have
1 — n+r—2\
(3.8) Lyir—i(a) = @) [Z 0; + ( r 1 )Lr(a)] ;
n—+r—1 7=1
B) If r e N, then

@) I.(a) = Ir41(a),

(b) I(a) <L’~+1( a),

(©) L.(a) = Lyya(a),

(d) Li(a) < LLH( a),

(e) I.(a) > L.(a),

() I(a) > Li(a),
where equalities above hold if and onlyuif = a5 - - - = a,,.
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Proof. The formula[(3.p) follows from standard arguments and formd{la$ (3.1) and (3.2).
If re Nandi; + 49 + - - -

n

ZH.-G. XIAO AND ZH.-H. ZHANG

+1, =n+r—1,then

n

ik Zk n—+r
Z e = Z : Qg
n+r—1 n+r n+r—1
k=1 k=1
n+r u Zk
= a
n+r—1 Z n+r "
k=1
n4r—1|[&=" n+r F
_J—l k=1
1 "o
- >
n—l—r—l_yl — kzln—kr
1 S
= — 1 a;
n+r—1 JZIJZ +rk ;n—i-rj
. - le - ikak aj
_Zn—l—'r—l Zn—l—r n+r
j=1 k=1
By using the weighted arithmetic-geometric mean inequality, we have
n i n n i a ij/(”+r_1)
k kWk J
> o —e=1l |2 7
k:1n+7‘—1 et kzln—l—r n—+r
and then
3.9
(3.9) H Z n —|— r— ¢
i1+ig+-+in=n+r—1 k=1
11,82, 0yin >1
n [ n ina a 745/ (n+r=1)
kQk j
>
| R | Pt
i1+t Fin=n+r—1j=1 Lk=1 h
11,02,..,in 21
n 1%/ (n+r—1)
-1l b
j=lii+ig+-+in=n+r—1 Lk=1 n 7” n T_

11,82,5000y0n > 1

11

vitve+-Fvn=n+tr
V1,V2, V= 1,Vj4 1 e Vn 2 115 22

11

Vitve+-trp=n4r

V1,V2,..sVn 2

n (vj=1)/(ntr—1)

2

k=1

Vg

Il

j=1

ag
n—+r

2= (wi=1)/(ntr=1)

n

2

k=1

Vi

Qg
n—+r
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M n 7 (Z;'L:1 ijn)/(n+r71)

Vg
- I a
n+r
Vitvetetvp=n4r k=1
V1,2, Vn 21

mon qr/(ntr—1)

Vg
= I a
n+r
vitvetetvp=ntr k=1
V1,250 Vn 21

- 7 ()
Vi

= 11 2 T ’
vitvo+-tvp=n+r [k=1 " "

vi,V2,..., Vnzl

notice that the result from line 4 to line 5 in (B.9) follows from a simple fact that

noo, (vj—1)/(n+r—1)
[Z i ay =1 for v; =1.
Pt n+r
The equalities above are valid if and only if
i ikak _ Z 1Ay "L igay,
kzln—l—r n—i—r n—+r n+r —n n+r
which is equivalent ta; = ay = - -+ = a,,. This implies that/,.(a) > I,.1(a).

The inequalityl,.(a) > L,(a) follows easily from the generalized Holder inequality

1 1
s

(3.10) 1T [zn: z'jaj] > ) [ﬁ a;?] B

i1tig+tin=r+1 Lj=1 iy tigtetin=r  Lj=1
1212 >1,0i >1 i120,i220,...,in >0
The proofs of other formulas and inequalities will be left to the readers. O

Lemma 3.2. Leta = (a4, as, ..., a,) anda; > 0 for 1 < i < n, then we have

(1) lim, oo (@) = lim, o I/(a) = I(a),
(2) lim, o L.(a) = lim, o L;( ) = L(a).

Proof. Itis easy to see thatm, ., /,(a) = lim,_, I/(a) andlim, ., L,(a) = lim,_, L, (a),
since

—1 n+r—2
) L% i L)
TILI?O T et =1, Tlilgom 0; =0, Tlﬂgo (anrr—2) = 1.
nt+r—1/ j=1 n+r—1
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Straightforward computation yields
In lim [](a) = lim InI}(a)

T—00 rT—00

n .
I L S
—hm ey 2, W)
T l1+zz+ +zn T k=1
11,12,.

71 n
— n — 1 / / [( > ap + Z.leaj] dridxsy . ..dx,—1

T1+x2+ A+ T 1<1 =1 J=2
2p>0,1<0<n—
S ,
- % S (~1)" e i(a) (na; —m)

=1

. . ]_ 7 '
(311)  lim L,(a) = lim —=s > H !

T
r 11+Z2+ +zn r k=1
11,82, 7'Ln

x
= n— 1 / / Lis 1 lagl ...aznfldxldmé...dxnil

r1t+xo+-+r,_1<1
zy>0,1<t<n—1

n—1) — ,
— ﬁ Z(—l)”“aivi(ln a)
=1
= L(a).
The proof is complete. O

Proof of Theorem 2]1This follows from combination of Lemnja 3.1 and Lemma3.2. O
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