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Abstract

In this paper, an open problem posed respectively by B.-N. Guo and F. Qi in
[4, 6, 7] is partially solved: an integral expression and a new double inequality
of the generalized Mathieu's series ", # are established by using

some properties of gamma function and Fourier transform inequalities, where
a>0,peN.

2000 Mathematics Subject Classification: Primary 26D15, 33E20; Secondary 40A30
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It is well-known that the following

o

(1.1) S(a,1) 2y (nzi—”aw a>0

n=1

is called the Mathieu’s series. The integral expression of Mathieu’s sérigs (
was given in ] as follows

| o . On an Open Problem of Bai-Ni
X s ax Guo and Feng Qi
(1.2) S(a, 1) = —/ - dz.
ato e —1 Zivorad Tomovski and
Kostadin Trencevski

The Mathieu’ series](.1) and related inequalities have been studied by many
mathematicians for more than a century and there has been a vast amount of
literature. Please refer td,[6, 7] and the references therein.

The following Fourier transform inequalities can be foundindp. 89-90]: Contents
If f € L(]0,00)) with lim;_,, f(¢) = 0, then

Title Page

44 44
(1.3) i(—l)kf(lm) < /OO f(t) costdt < i(—1>kf(m>, < d
k=1 0 k=0 Go Back
Close

(1.4) i(_l)kf ((k + %) w) < /OOO f(t)sintdt Quit

k=0 o ki(_wf ((k . %> W) | Page 3 of 16
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By using the integral expressioh.f) and Fourier transform inequality (),
Bai-Ni Guo established in/] the following inequalities for Mathieu’s series

(1.9.
Theorem A ([ ]). for a > 0, then

(.5) a? Z exp (k;—ﬂ )— 1

< S(a,1)

i EOO (—1)k(k3+%)
<2 <1+azoexp[(k+%)§]—1>'

k

At the end of the short notel], B.-N. Guo proposed an open problebet

o

(1.6) S(ap) = Wfﬁ

wherep > 0 anda > 0. Can one establish an integral expressiors¢é, p)?
Soon after, Feng Qi further proposed i) ] a similar open problemLet

e 2na/2
(1.7) Strta) =3 —

fort > 0, > 0anda > 0. Can one obtain an integral expressionf-, t, a)?

Give some sharp inequalities for the serfgs, ¢, ).
In this paper, using the well-known formula

1 1 o
1. — a —xt
(1.8) tott  T(a+1) /0 e dz,
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which can be deduced from the definition of a gamma function, and Fourier
transform inequalities1(3) and (L.4), we will establish an integral expression
and a new double inequality of the generalized Mathieu’s seti€sfor p € N,

the set of all positive integers. Our results partially solve the open problems by
B.-N. Guo and F. Qi in{] and [5, 7] mentioned above.
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One of our main results is to establish an integral expressisiiofp) for a > 0

andp € N, which can be stated as the following.
Theorem 2.1.Leta > 0 andp € N. Then we have

o0

1) Sap=Y

2 2\p+1
= (n® + a?)?

2 o tPcos (B — at
(2a)”p‘ el —1

_QZ et QU

p—k
thcos [Z(2p — k+ 1) — at
X / 5 pt ) }dt.
0 et —1
Proof. Leta,, = (n?@% wherea > 0 andp € N. Then
n—+a+n—at b+
Ay = N X — Up Cn,
(n + ai)Pti(n — ai)pt!
where
1 1

b, =

On an Open Problem of Bai-Ni
Guo and Feng Qi

Zivorad Tomovski and
Kostadin Trencevski

(n+ ai)P(n — ai)r+t’ n =

By puttingn + ai = x, we obtain

p+1

bn:x(m—2azp+1 Z Zx—Zaz

(n + ai)Pt(n — ai)P’
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whereA,, andB), are constants.
Applying the binomial expansion, we get

(z — 2ai)~®T) = (—2a4)~® D <1 _ i>—<p+1)

2a1
o = [(—(p+1) x \*
— (-9 (p+1) (p (__>
(=2ai) kz:; k 2ai
—2ai)” (p+1) ( p]:_ U)xk
k:O
for |z| < 2aq, i.e.
p—1
by ~ (—2ai)~#HD ( (p+ 1));1:’“_7’
k= 0 &
p
+1)\ 1
2 p+1 (p -
ai) kz: —2ai)P ’“( p—k )ak
Hence,
— 1
AL = (—2a¢)—2p+k—1< (p+ )>, k=1,2,....p
p—k
Further, by putting: — ai = y in b,,, we obtain
1
"y iy + 2ai)7
(2ai)~P k
yptl ;( ><2az>
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p+1 p 1 1
= 2 ) _p - < ;. T T .
(2ai) kz:; (p k4 1> (2ai)p—F+1 yF
Hence,

B, = (2qi)~ 21 TP k=12 ... 1.
k (az) p_k+1 b = 7p+

Analogously,

p+1

p
Dy,
Pt (x — 2ai)P Z ; (x — 2ai)k

Applying the same technique, for coefficiedts, D, we obtain

Cn =

Ck:(—2a¢)2P+“< P ) k=1,2,...,p+1,

p—Fk+1
Dy = (2ai) 2P tk=1 (—(p—l— 1)), k=1,2,...,p
p—k
Thus
2ai) " —2ai)
0 — (2ai) (—2ai)

(n —ai)P*t * (n+ ai)rt!

g

k
N Z(_Q) Kp o 1) + (_Zﬁ”f;))} ﬁ
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_ (2(”-')—;) /Oo tpe—(n—ai)tdt+ (_2a'i)_p /OO tpe—(n+ai)tdt
D 0 P 0

P _ —(p+1\] 1 [ 4
2ui —2p+k—1 p (p + _/ k ,—(n—ia)t
—i—;( ai) [(p—k+1)+(p—k Zl t"e dt

+ zp:(_Qai)—szc—l K -p ) i (—(p+ 1))} i/oo tho—(ntia)t gy
k=1 p— k + 1 P — k k' 0

Since

and 1 1 1—-k
(p ks 1) i <_z(op—+k )> - (—;pjk )>1#+1 /

we obtain

ZOO 2i)P [ P, —2ai)P [
a, = ( aZ) / 7 ezatdt + ( (M,) / e—zatdt

n=1 p‘ p'
p [os] k
nopii1 [—(0+ 1) 1—k th
) 2p+k—1 (p / mtdt
+;( ai) ( p—Fk Jkl(p—k+1)J, et —1°
p 00 k
o1 (—(0+1) 1—k ko
—9 2p+k—1 (p / mtdt.
+;( ai) <p—k‘ Hp—kt1) )y, e-1°
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Letz = (2ai)Pe’ andu = (2ai)~#+k—1eiet, Then

2
z2+z= pRe[(cos%—isin%) (cosat—l—z'sinat)]

2 pm
= coS <— — at)

(2a)p 2
and
2Re { [cos w — isin W] (cosat + isin at)}
U+u= (2a)2P+1—F
B 2 2p—k+ 17
= W 5 at| .

Finally, we get

22 -p 0 4
= (a) / tt COS(E—at>dt
0 2
—(p+1)\ 1—k
+Z a)2- k+1<p—k Hp—k+1)

X/o et_lcos[(Zp k + )E—at]dt.

The proof is complete.
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Remark 2.1. Using the well-known formula for the polygamma function (see

)

o] tn —zt
w(n)(z):(_n”*l/ . ee_tdt (n=1,2,3,..., Rez > 0),
. 1-

wherey(z) = 22CE) we obtain

o qp p
2 —at)dt
/Oet—1cos<2 ¢

ot [0 pp—t(1+ia) e~ i [0 pe—(1—ia)t
= / —dt + / —dt
2 0 1 — e 2 0 1 — e
et e iz
= 5 (1+ia) + (1 — ia)

— Re[e?™/ 2P (1 + ia)).

Analogously,

oo tP .
/ 7 cos [(2}) —k+ l)g — at} dt = Re [61(27’_“1)“/21#(7’)(1 +ia)] .
0

et —

So forS(a, p) we have the following expression

(2.2) S(a,p) = Ji2a) Re [e7"/2P)(1 + ia)]
& 2(1 — k) —(p+1)
2 Gk 1>( p—k )

x Re [ei<2p_k+1)”/2w(p)(1 + ia)] .
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Remark 2.2. If p > 0, p € R, then we have

271 2 ©© 2 2
= tPpe W) gt
(0 + a2+t r<p+1>/o "

Using the Cauchy integration test, we obtain thaf~ ne~"* is convergent
forall t > 0,i.e. f(t) = 3.°°  ne~"". Thus

2 oo 2 o 2 . A
= - p,—a"t —n=t On an Open Problem of Bai-Ni
(2.3) S(a,p) T(p+1) /0 e <Z ne ) dt Guo and Feng Qi
n=1
92 /oo ) 2tf( )d Zivorad Tomovski and
[ — tPe= @ t)dt. Kostadin Trencevski
Llp+1) Jo
Remark 2.3. In addition we set an open problem for summing up the functional Title Page
series Contents
S netforall ¢ > 0.
44 44
< >
Go Back
Close
Quit
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Another one of our main results is to obtain a double inequality (@f p) for
a > 0 andp € N by using Fourier transform inequalities.) and (L.4)

Theorem 3.1.For ¢ > 0 andp € N, we have

(3.1) [S(a, p)!

( D)

e (ke oy
- ap+1(2a pp' [ k=0 eXp]%T o +k2=0( 1) eXp((/f‘i‘% ]

N 2( )(2a)—2p+k—1
“—~ kl(p—k+1)a*!

p
y li C1PGn* 5~ CIP[G43) ] |

o exp -1
Proof. Forallk =1, 2,

..,p let
<tk cos at %tk sin at
I(a, k) = e dt and J(a,k)= i et—ldt'
Then
2 pm . pT
S(a,p) = (2a)7p! [[(a,p) cos 7 + J(a,p)sin 7]
L3020 =R ()
] Ellp—Fk+1) p—Fk
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2p—k+1 2p—k+1
x [I(a,k) cosw + J(a, k) sinw
Since
1 > tkcost
I(a, k) = k1 /0 ot/a _ 1dt’
1 < thgint
J(a, k) = ak+1 /0 ot/a _ 1dt
for fixeda > 0andk =1,2,...,p, and
: tr
fr € L([0,00)),  lim fi(t) = lim —2—— =0, lim fi(t) =
wheref.(t) = t/a -, then, using inequalitied (3) and (L.4), we have
S(a.p)] < o [1(a,p) + J(a.p)
)l = reaplilar a, p
& 2(k —1) —(p+1)
I(a,k)+ J(a,k
+ lk(p b+ 1)(2a)2—F+1 ( p—k '[ (a, k) + J(a, k)]

k=

2(2a)7" (DY o~ (CDF [k +3) 7]
— plartt [Z()exp%—”—l—i_;exp [(k+3)Z
1)

— 2(k = 1)(2a) P (—(p +
+Z Ela¥+1(p — k + 1) < p—k ‘
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[e.e]

XZ( +i(1‘j

= exp——

l\')lH
~—

N
—
B

e exp +

)

SEE]

|-1

N[

The proof is complete.

The authors would like to thank Professor Feng Qi and the anonymous refereee
for some valuable suggestions which have improved the final version of this
paper.
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