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ABSTRACT. In this paper, an open problem posed respectively by B.-N. Guo and F. Qi in [4,
6|,[7] is partially solved: an integral expression and a new double inequality of the generalized
Mathieu’s series" 7, Wfﬂ% are established by using some properties of gamma function
and Fourier transform inequalities, where- 0, p € N.
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1. INTRODUCTION

It is well-known that the following

N > 2n
(11) S(Cl,l) —;m, a>0
is called the Mathieu’s series. The integral expression of Mathieu’s seriés (1.1) was given in [3]
as follows

(1.2) S(a,1) = 1/ TR 2.
0

a

The Mathieu’ serieg (1}1) and related inequalities have been studied by many mathematicians
for more than a century and there has been a vast amount of literature. Please refer(to [4, 6, 7]
and the references therein.
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2 ZIVORAD TOMOVSKI AND KOSTADIN TRENCEVSKI

The following Fourier transform inequalities can be found'in [2, pp. 89-90]:4f L([0, o))
with lim, .., f(t) = 0, then

(1.3) SO (1) £ (k) < /OOO F(t) costdt < 3 (-

(1.4) g(—l)kf <(k: + %) w> < /OOO F(#)sintdt < £(0) + i(—l)’“f ((k + %) w) |

By using the integral expression (IL..2) and Fourier transform inequflity (1.4), Bai-Ni Guo
established in [4] the following inequalities for Mathieu’s serjes|(1.1).

Theorem A ([4]). for a > 0, then

R (k+1) 1 T~ (=DF(k+13)
I 1<S<‘“”<?(”iiexz)[(m%)ﬂ—l)‘

k=

At the end of the short notel[4], B.-N. Guo proposed an open problem:

o0

2n
(1.6) S(a,p) = Z:l 7+ a2
wherep > 0 anda > 0. Can one establish an integral expressiorboé, p)?
Soon after, Feng Qi further proposed|in([6, 7] a similar open problesh:

0 2na/2
1.7) S(rt,a) = ; (ne 1 2yt
fort > 0, > 0 anda > 0. Can one obtain an integral expression$fr, ¢, «)? Give some
sharp inequalities for the series(r, t, «).
In this paper, using the well-known formula

1 1 o
1.8 = ‘e
(1.8) fas1 F(a+1)/0 re e
which can be deduced from the definition of a gamma function, and Fourier transform inequal-
ities (1.3) and[(1)4), we will establish an integral expression and a new double inequality of the
generalized Mathieu’s serigs (IL.6) foE N, the set of all positive integers. Our results partially
solve the open problems by B.-N. Guo and F. Qi lin [4] and [6, 7] mentioned above.

2. THE INTEGRAL EXPRESSIONS

One of our main results is to establish an integral expressioiia@fp) for a > 0 andp € N,
which can be stated as the following.

Theorem 2.1.Leta > 0 andp € N. Then we have

(2.1) S(a,p) = #

n2 + q2)p+l

2 /°° tpcos(%—at)dt

- (2a)Pp! et —1
2i )(2a)k=2r1 (—(p+ 1)) /oo t* cos [g(th— k+1)— aﬂ it
— k;' (p—Fk+1) p—k 0 et —1
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Proof. Leta,, = Wf@% wherea > 0 andp € N. Then
n+at+n—ai

= by Ny
(n 4 ai)Pt(n — ai)p*! e

an =
where
1 1
Cp = , —.
(n + ai)P(n — ai)P*!’ (n + ai)Pt(n — ai)?

By puttingn + ai = x, we obtain

b, =

p+1

1
bn = =
xP(x — 2ai)P+! Z i Z (x — 2az

whereA,;, and B,, are constants.
Applying the binomial expansion, we get

—(p+1)
2ai) Pt — (_944)~ (D) (1 i)
(x — 2a1) (—2ai) i

+1 T \k
S (01) ()
ai) Z 2ai

( pk+ 1)>xk
T G

—2at) —(p+1) Z — (—(p +k1)) ik
ai)P p— x

—2ai)”
for |z| < 2aq, i.e.

b, —2a1)”

Hence,
— 1
A = (—2a¢)—2p+’f—1( (p+ )), k=1,2,...,p.
p—k
Further, by putting: — ai = y in b,,, we obtain
B 1
"yt (y + 2ai)r
(2ai)pzp: —p < y )’ﬂ
yptl k 2ai
k=0
pt1
N —p 1 1
= (2ai)7? - -
(2a7) Z <p —k+ 1) (2ai)p—H+1 yk-
k=1
Hence,
By = (2ai) @1 7P k=12 1
k (al) p—k+1 ) ) “y ap+
Analogously,
1 p+1 Ck . D D,
Cp = = —
Pt (x — 2ai)P ak (x — 2ai)k
k=1 k=1
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Applying the same technique, for coefficiedts, D, we obtain

(%:(am)%Ml( P ) k=1,2,...,p+1,

p—k+1
DW_QMY%MA(_@+ID, k=1,2,...,p.
p—k
Thus
— (2ai)~? (—2ai)?
" (n—ai)Ptt  (n+ ai)pt!
p
N2tk - —(p+1) 1
+ 9 2p+k 1[( p )_,_( (p >] '
;( at) p—k+1 p—k (n — ai)k
P —p 1
_9gi) 2P k-1
+;} ai) {Q k+J+ )}n+m%
= M /oo P~ (n—ailt 1p + 2‘” = P~ (ntai)t gy
b 0 0
p
N2k — +1) _
+ 92 2p+k 1|:( p >+< (p >:|_/ tk (n— zatdt
Z;<m) p—k+1 p— Kl
+ zp:(_Qaz-)—moJrk—l P i —(p+1) l /oo tho—(ntia)t gy
Pt p—k+1 p—Fk k! Jo '
Since
i e—nt — 1
n=1 et o
and
(D) (D)) 1k
p—Fk+1 p—k p—k Jp—k+1
we obtain

= 2ai)7P [ t? —2ai)7P [ P -
Zan = ( az') / - e'tdt + ( a'z) / - e dt
— p! g et —1 p! o e —1

p
—oprie1 (—(0+ 1) 1—k otk
) 2p+k—1 (p / mtdt
-2 (2 (p—k Hp—k+ D)y o—1°

p
NS -+ 1) 1-k%& oo ko
i —9qi) 2Ptk 1( (p ) / o—iat gp
;( ) p—Fk Jkl(p—k+1)/), e —1

Let z = (2ai)Pe’® andu = (2ai)~?+k~1eie!, Then

5 2
2tz = Re [(cos Ig — ¢sin ]02—7T> (cosat 4 isin at)] = a)? CoS <% — at)

(2a)7

J. Inequal. Pure and Appl. Math4(2) Art. 29, 2003 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

ON AN OPEN PROBLEM OF BAI-NI GUO AND FENG QI 5

and

2Re { [cos w — isin W} (cosat + isin at)}

u+u=

(2a)2p+1-k
2 2p—k+1
= (2a)2 i1 coS [< P 2+ i —at] .
a

Finally, we get

o0

S(a,p) = an

n=1

_2(2a)7P [P pr - 2 —(p+1) 1—k
T /0et—lCOS<2_at>dt+;(2a)2p—k+1 p—k JRp—Fk+1)

tt p—k+1)= —at| d
X T o8 [( p—k + )§—at] t.
0

ot —
The proof is complete. O

Remark 2.2. Using the well-known formula for the polygamma function (s€e [1])

w0 = (-t [

—t

e8] tne—zt

dt (n=1,2,3,..., Rez > 0),
wherey(z) = “2L2) e obtain
/ cos (Z2 — at) dt
o e —1 2
ei% 0o tpeft(lJria)d —z— tPe—(1—ia)
= t
2 /0 1 —et * / 1—e-

(p)(l —ia)

= 62 ¢(p)(1 +ia)

— Re[eip”ﬂw(”)(l +ia)].

Analogously,

oo tP .
/ o1 08 [(2p —k+ 1)% - at] dt = Re [e’(Qp_k“)”/Qw(p)(l +ia)] .
o _

So forS(a, p) we have the following expression

(2.2) S(a,p) =

2 . _
e e [0 )]

P 2(1—k) —(p+1) oot 1) /2. 1 (p .
+ ]; (2a)2~ 1l (p — k + 1) ( p—k ) Re [e (2p—k+1) /2¢( )(1 +m)] ‘

Remark 2.3.If p > 0, p € R, then we have

2 2712 1= ” /°° e~ (et gy,
(n*+ a2t D(p+1) Jo
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Using the Cauchy integration test, we obtain thaf’, ne~"t is convergent for alt > 0, i.e.
f(t) =322 ne~™t. Thus

2 > D —a?t - —n?t _ 2 > P —a?t

Remark 2.4. In addition we set an open problem for summing up the functional series
S netforallt > 0.

3. THE INEQUALITY

Another one of our main results is to obtain a double inequality @f, p) for « > 0 and
p € N by using Fourier transform inequalitigs ({1.3) and(1.4).

Theorem 3.1.For a > 0 andp € N, we have

9 Gy G DLT0 710 L— k k
CRIOY [ — [Z e N e

art1(2a)rp! — exp |

+—§§: 2(k — 1)(2a) 2+

Kl (p — k + 1)ak+!

k=1

y li CYunt -~ GG

N |+
~—
=
[
o
—_ 1

SEE
[I—"
|
—_

Proof. Forallk =1,2,...,p, let

oo 41k 00 4k o3
Hm@:/)twﬁ%tam ﬂmM:/‘twm%t
0 0

et — et —1
Then
2
S(a,p) = 2oy [I(a,p) coslg + J(a,p)sin ]g]
+§i2 2@k%1<—@+1»
— Klp—k+1) p—k
2p—k+1 20—k +1
X [[(a,k)cosW—l—J(a,k)sinw :
Since
1 © tkcost
o) = g [ gt
1 > thgint
J(a, k) = a’f“/o S 1dt
for fixeda > 0andk =1,2,...,p, and
: t*
fk S L([07 OO))7 gigéfk( ) tlioo et/la — 1 0, 11_{%]016( )
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wheref(t) = t/a -, then, using inequalitie§ (1.3) arjd ([1.4), we have
|1S(a,p)| < [1(a, p) + J(a,p)]

-1
+Z kl(p— k:—l—l )(2a)2p—k+1

< 220 li LMk | 5~ CI[(k+

2
p!(2a)p

1
2
= plartt exp i —1 — exp [(k+3)Z] -1
Z 2a) 7 (—(p+1)
— ‘ak“ (p— k+1) p—Fk
) 0 —1V (4 1 k
= a—l exp[(i+3) ] -1
The proof is complete. O
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