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Abstract

In this paper, a class of generalized general mixed quasi variational inequalities
is introduced and studied. We prove the existence of the solution of the aux-
iliary problem for the generalized general mixed quasi variational inequalities,
suggest a predictor-corrector method for solving the generalized general mixed
quasi variational inequalities by using the auxiliary principle technique. If the
bi-function involving the mixed quasi variational inequalities is skew-symmetric, Predictor-Corrector Methods for
then it is shown that the convergence of the new method requires the partially Generalized General
relaxed strong monotonicity property of the operator, which is a weak condition “('/‘g::‘g';f; mg‘sga%‘;j‘ss"
than cocoercivity. Our results can be viewed as an important extension of the

previously known results for variational inequalities. Chao Feng LS_hiv Jsa”LYa”Q Liu and
lan Jun Li
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In recent years, variational inequalities have been generalized and extended in
many different directions using novel and innovative techniques to study wider
classes of unrelated problems in mechanics, physics, optimization and control,
nonlinear programming, economics, regional, structural, transportation, elastic-
ity, and applied sciences, etc., seé¢f [¢] and the references therein. An im-
portant and useful generalization of variational inequalities is called the general
mixed quasi variational inequality involving the nonlinear bifunction. Itis well- .

) ) . . . Predictor-Corrector Methods for
known that due to the presence of the nonlinear bifunction, projection method Generalized General
and its variant forms including the Wiener-Hopf equations, descent methods ~ {\!ivaued nggaﬁf:;'
cannot be extended to suggest iterative methods for solving the general mixed
quasi variational inequalities. In particular, it has been shown that if the nonlin-  ©hae Feng Shi, San vang Litand
ear bifunction is proper, convex and lower semicontinuous with respect to the
first argument, then the general mixed quasi variational inequalities are equiva-
lent to the fixed-point problems. This equivalence has been used to suggest and Title Page
analyze some iterative methods for solving the general mixed quasi variational Contents
inequalities. In this approach, one has to evaluate the resolvent of the operator,
which is itself a difficult problem. To overcome these difficulties, Glowinski et « dd
al. [6] suggested another technique, which is called the auxiliary principle tech- < >
nique. Recently, Noorl] extended the auxiliary principle technique to suggest

. . . . Go Back
and analyze a new predictor-corrector method for solving general mixed quasi
variational inequalities. However, the main resultsliyp4lgorithm 3.1, Lemma Close
3.1 and Theorem 3.1] are wrong. Also, Algorithm 3.1 1hig based on the as- Quit
sumption that auxiliary problem has a solution, but the author did not show the
Page 3 of 17

existence of the solution for this auxiliary problem. On the other hand, in 1999,
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Huang et al. ] modified and extended the auxiliary principle technique to
study the existence of a solution for a class of generalized set-valued strongly
nonlinear implicit variational inequalities and suggested some general iterative
algorithms. Inspired and motivated by recent research going on in this fasci-
nating and interesting field, in this paper, a class of generalized general mixed
guasi variational inequalities is introduced and studied, which includes the gen-
eral mixed quasi variational inequality as a special case. We prove the existence
of the solution of the auxiliary problem for the generalized general mixed quasi
variational inequalities, and suggest a predictor-corrector method for solving predictor-Corrector Methods for

the generalized general mixed quasi variational inequalities by using the auxil- Mjﬁ&;;@'&ﬁig”&jsi
iary principle technique. If the bi-function involving the mixed quasi variational Variational Inequalities
inequalities is skew-symmetric, then it is shown that the convergence of the new _ _

. . .. Chao Feng Shi, San Yang Liu and
method requires the partially relaxed strong monotonicity property of the oper- Lian Jun Li

ator, which is a weaker condition than cocoercivity. Our results extend, improve
and modify the main results of Noor][ Ry —
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Let H be a real Hilbert space whose inner product and norm are denoted by
(-,-)and| - ||, respectively. Let CB(H) be the family of all nonempty closed
and bounded sets iH. Let K be a nonempty closed convex sethih Let

o(+,-) : H x H — H be a nondifferentiable nonlinear bifunction. For given
nonlinear operator&V(-,-) : H x H — H,g : H — H and two set-valued
operatorsl’,V : H — CB(H), consider the problem of finding € H,w €

T(u),y € V(u) such that )
Predictor-Corrector Methods for

(2.1) (N(w,y),g(v)—g(u))+p(g(v), g(u)) —p(g(u), g(u)) >0,Vg(v) € H. MUt e uasi

Variational Inequalities

The inequality of typeZ.1) is called the generalized general multivalued mixed

quasi variational inequality. IR R Sl 220 i Y Ene
For a suitable and appropriate choice of the operatorg ¢ and the space

H, one can obtain a wide class of variational inequalities and complementarity

problems, seel]. Furthermore, problem2(1) has important applications in Title Page
various branches of pure and applied sciences. Contents
Lemma 2.1. For all u,v € H, we have <« >
(2.2) 2 (u,v) = [lu+ [ = [Jul* — [[o]*. < >
Definition 2.1. Forall uy, us, z € H,z1 € T(uy), x5 € T(uz), an operatoiV (-, ) Go Back
is said to be:
Close
(i) g-partially relaxed strongly monotone with respect to the first argument, if Quit
there exists a constant > 0 such that
Page 5 of 17

(N(21,) = N(@2,°), 9(2) — g(u2)) > —allg(ur) — g ().
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(i) g-cocoercive with respect to the first argument, if there exists a constant
1 > 0 such that

(N(21,7) = N(x2,-), 9(w1) — g(ua)) = pl|N (1, ) = Nz, )"

(i) T is said to be M-lipschitz continuous, if there exists a constantO such
that
M(T (u1), T (uz)) < 6llur — us],

whereM (-, -)is the Hausdorff metric on CB(H).

We remark that ifN(z,-) = Tz, then Definition2.1 is exactly the Defi-
nition 2.1 of Noor and Memonl]. If z = uy, N(x,-) = Tz, g-partially re-
laxed strongly monotone with respect to the first argumeny of -) is exactly
g-monotone of’’, and g- cocoercive implies g- partially relaxed strongly mono-
tone [3]. This shows that g-partially relaxed strongly monotone with respect
to the first argument ofV(-,-) is a weaker condition than g-cocoercive with
respect to the first argument of(-, -).

Definition 2.2. For all u,v € H,the bifunctiony(-,-) is said to be skew-
symmetric, if
QO(U, ’LL) - QO(U, U) - CP(U,U) + ()O(Ua U) Z 0.

Note that if the bifunctiorp(-, -) is linear in both arguments, then it is nonneg-
ative.

In order to obtain our results, we need the following assumption.

Predictor-Corrector Methods for
Generalized General
Multivalued Mixed Quasi
Variational Inequalities
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Assumption 1. The mappingsV(-,-) : H x H — H, g : H — H satisfy the
following conditions:

(1) for all w,y € H, there exists a constant > 0 such that| N (w, y)| <
T(wll +llylD:;

(2) for a givenxz € H, mappingv —< z, g(v) > is convex;

(3) ©(u,v)is bounded, that is, there exists a constant 0 such that

|o(u, 0)| < Allulll]ol], Vu, v € H;

(4) o(u,v) is linear with respect ta.

(5) ¢(+,-) is continuous ang(g(-), -) is convex with respect to the first argu-
ment.

Remark 2.1. If g = I, itis easy to see that the conditions (2), (5) in Assumption
1 can be easily satisfied.

We also need the following lemma.

Lemma 2.2.[4, 5]. Let X be a nonempty closed convex subset of Hausdorff
linear topological space”, ¢, : X x X — R be mappings satisfying the
following conditions:

D) ¥(z,y) < d(x,y), Y2,y € X;
(2) for eachz € X, ¢(z,y) is upper semicontinuous with respectto

(3) for eachy € X, the sef{xz € X : ¢(z,y) < 0} is a convex set;

Predictor-Corrector Methods for
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Variational Inequalities
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(4) there exist a nonempty compact 96t C X and z, € K such that
W(xe,y) < 0, foranyy € X \ K. Then there exists @ € K such
thato(x,y) > 0,Ve € X.

Predictor-Corrector Methods for
Generalized General
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Variational Inequalities
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In this section, we give an existence theorem of a solution of the auxiliary prob-
lem for the generalized general set-valued quasi variational inequality. (
Based on this existence theorem, we suggest and analyze a new iterative method

for solving the problem4.1).

For givenu € H, w € Tu, y € Vu, consider the problem of finding a
uniquez € H satisfying the auxiliary general mixed quasi variational inequality

(B.1) (pN(w,y) +g(2) — g(u),g(v) — g(2))

+ pp(g(v), g(2)) —pe(9(2),9(2)) >0,

forallv € H, wherep > 0 is a constant.

Remark 3.1. We note that it = u, then clearlyz is a solution of 2.1).

Theorem 3.1. If Assumptionl holds,g : H — H is invertible and Lipschitz

continuous, an® < py < 1, thenP(u,w, y) has a solution.

Proof. Define¢,v : H x H — H by

¢(v, z) = (g(v),
—

g9(v)
g(u),

—9(2))

9

(v) = g(2)) + p(N(w,y),9(v) — g(2))
— pp(9(2), 9(2)) + pe(g(v), g(2))

Predictor-Corrector Methods for
Generalized General
Multivalued Mixed Quasi
Variational Inequalities

Chao Feng Shi, San Yang Liu and
Lian Jun Li

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 9 of 17

J. Ineq. Pure and Appl. Math. 4(2) Art. 38, 2003

httn//itinarm vit odir ann


http://jipam.vu.edu.au/
mailto:
mailto:Shichf@163.com
mailto:
mailto:
http://jipam.vu.edu.au/

|
—~
Q
—~

u), g(v) — g(2)) + p(N(w,y),g(v) — g(2))
— pp(9(2),9(2)) + pe(g(v), 9(2)),

respectively. Now we show that the mappingg> satisfy all the conditions of
LemmaZ2.2

Clearly, ¢ and satisfy condition (1) of Lemma.2 It follows from As-
sumptionl(5) that¢(v, z) is upper semicontinuous with respect:toBy using
Assumptionl (2) and (5), it is easy to show that the $etc H |y (v,2) < 0} is
a convex set for each fixede H and so the conditions (2) and (3) of Lemma
2.2 hold.

Now let

w = [lg(u)l[ + pr(lwll + lyl}), K = {z € H: (1 = py)llg(2)|| < w}.

Sinceg : H — H is invertible, K is a weakly compact subset &f. For any
fixedz € H \ K, takevy € K such thaty(vy) = 0. From Assumptiori, we
have

Y(vo, 2) = —(9(2), 9(2)) + (9(u), 9(2)) + p(N(w,y), —9(2)) — pp(9(2),9(2))
< —llg()I1? + llg(u)lg() | + pr(lwll + lyI)lg() Il + py1lg(2)]1?

= —llg) g = llgC)ll = pr(llwll + llyll) = prllg(2)1D
<0.
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Therefore, the condition (4) of Lemn2a2 holds. By Lemma.2, there exists a
Z € H such thatp(v,z) > 0, forallv € H, that s,

(3.2) (9(v),9(v) —g(z)) — (g(u), g(v) — 9(2)) + p(N(w,y), g(v) — g(2))
—p(9(2),9(Z)) + po(g(v),9(Z)) > 0,Vv € H.

For arbitraryt € (0,1) andv € H, letg(z:) = tg(v) + (1 — t)g(Z). Replacing
v by z; in (3.2), we obtain

0 <A{g(xe), 9(z) — 9(Z)) — (9(u), g(x:) — 9(Z)) + p(N(w,y), g(x¢) — 9(Z))
— pp(9(2), 9(2)) + po(g(1), 9(%))
=t({9(x), g(v) — 9(2)) — (9(u), g(v) — g(Z))) + pt (N (w, y), g(v) — g(2))
+ pto(g(v) — 9(2), 9(2)).
Hence

(9(z+),9(v) — 9(z)) —

and so

(9(x1),9(v) = g(%)) >

Lettingt — 0, we have

Predictor-Corrector Methods for
Generalized General
Multivalued Mixed Quasi
Variational Inequalities
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Thereforez € H is a solution of the auxiliary problem®?(u, w, y). This com-
pletes the proof. ]

By using Theoren8.1, we now suggest the following iterative method for
solving the generalized general set-valued quasi variational inequaly (

Algorithm 3.1. For givenuy € H, &y € Tug,ny € Vug, compute the approxi-
mate solutionu,, | by the iterative scheme

Ty € T(wn) . Hxnﬂ — JZnH < M(T(wn+1), T(wn)), Predictor-Corrector Methods for
Generalized General
Multivalued Mixed Quasi
Yn € V(wn> : Hyn-&-l - yn” < M(V(wn-i-l)v V(wn)>a Variational Inequalities

Chao Feng Shi, San Yang Liu and
(33) <PN($n, yn) + g(um_l) — g(wn), g(U) — g(un+1)> + PQO(Q(U), g(un+1>> Lian Jun Li

- p(p(g(unJrl%g(unJrl)) > O, Yu € H,

Title Page
and Contents
§n € T(un) t (|61 — Sall < M(T'(uny1), T (un)),
M € V (1)« [hgs = 0all < MV (tni0), V (), ‘: ’:
(3.4) (BN (&ns ) + g(wn) — g(un), g(v) — g(wn)) + Be(g(v), g(wy)) Go Back
— Bp(g(wn), g(wn)) 20, Vv € H, Close
wherep > 0, 3 > 0 are constants. Quit

. . . Page 12 of 17
For the convergence analysis of Algorittini, we need the following result.
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Lemma 3.2. Letu € H, x € Tu, y € Vu be the exact solution o2(1) and
un,+1 be the approximate solution obtained from AlgoritBri. If the operator

N(-,-) is g- partially relaxed strongly monotone with respect to the first and

second argument with constants- 0,b > 0, respectively, the bifunctiop(-, -)
is skew-symmetric and the conditions in TheoBfrare satisfied, then

(3.5) llg(uns1) — g(u)|®
< lg(un) = g()|I* = (1 = 2p(a +0))[|g(tns1) — g(un)|*.
Proof. Letu € H,x € Tu,y € Vu be a solution ofZ.1). Then

(3.6) (pN(z,y),9(v) — g(u))
+ pp(g(v), g(u)) — pp(g(w), g(u)) > 0,Yv € H,

(3.7) (BN(x,y),9(v) — g(u))
+ Be(g(v), g(u)) — Be(g(u), g(u)) > 0,Yv € H,

wherep > 0, 5 > 0 are constants. Now taking= w1 in (3.6) andv = w in
(3.3, we have

(3.8) (pN(z,y), g(uns1) — g(u)) + pp(g(tny1), g(w)) — po(g(u), g(u)) > 0,

(3:9) (PN (n,yn) + g(tnt1) — g(wn), g(u) — g(unt1)) + pp(g(u), g(uni1))
— pp(g(unt1), 9(tns1)) > 0.

Predictor-Corrector Methods for
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Adding (3.8) and 3.9), we have 8.10

(3.10) (g(un+1) — g(wn), g(u) — g(uni1))
> pAN(Tn, yn) — N(2,9), g(tny1) —
— @(g(w), g(un+1)) — (g(tn+1),
> p(N(Tn, yn) — N(20n,y),
+ p (N (2, y) = N(z,y), g(tns1) — g(u))
> —pla+b)|lg(wn) — g(ups1)||?

where we have used the fact thé(-, - )is g- partially relaxed strongly monotone
with respect to the first and second argument with constants 0,6 > 0,
respectively, and the bifunctiop(-, -) is skew-symmetric. Setting = g(u) —
9(Uns1),v = g(Uns1) — g(wy,) in (2.2), we obtain

(3.11) (g(unt1) — g(wn), g(u) — g(tny1))

= %{Ilg(u) = g(wa)lI* = lg(uns1) — g(wa)||* =
Combining 3.10 and @.11), we have

(3.12) [lg(tnt1) — g(w)|®
< llg(ws) = g(w)|* —
Similarly, we have

(3.13) |lg(u) — g(wy)|
< g(un) — g(w)||* = (1 = 26(a + b))|lg(un) — g(w,)|?,
< lg(un) — g(u)||*,0 < B < 1/2(a +b).

g(u)) + p{w(g(w), g(u))
g(u)) + ©(g(tny1), g(tny1))}

)
9(unt1) = g(w))
(

lg(u) = g(uns 1)}

(1 = 2p(a +b))l|g(uns1) = g(wn)|,

Predictor-Corrector Methods for
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and

(3.14) [lg(unt1) — g(wn)|* = g(tni1) — g(un) + g(un) — glwy)|?
= llg(tns1) — g(un)I* + [lg(un) — g(w )\!2
+2 <g<un+1) ( )a g(un)

Combining @3.12 — (3.14), we have

”g(un—i-l) - g(u)||2 < Hg(un) - g(u)||2 - (1 - 210(@ + b))||g(un+1) - g(un)HQ' Predictor-Corrector Methods for
Generalized General
; Multivalued Mixed Quasi
The requwed result. O Vl;ar:\;?i:r?al Inzgualit?gl
Theorem 3.3. Let H be finite dimensionaly : H — H be invertible,g~! Chao Feng Shi, San Yang Liu and
is Lipschitz continuous and < p < 1(a + b). Let {u,}, {&.}, {n.} be the SELIRTE
sequences obtained from Algorittini, © € H be the exact solution o2(1) and
the conditions in Lemma.2 are satisfied, thedu, }, {£,}, and {n,} strongly Title Page
converge to a solution o2(1).
Contents
Proof. Letu € H be a solution ofZ.1). Since0d < p < %(a + b), from (3.5), it
) . 24 <44 44
follows that the sequendg|g(u) — g(u,,)||} IS nonincreasing and consequently
{u,} is bounded. Furthermore, we have 4 >
Go Back
B(1 = 2p(a +b))[lg(tns1) — g(un)lI* < [l9(uo) — g(u)|?,
Close
which implies that Quit
(3.15) lim ||g(ups1) — g(u,)|| = 0. Page 15 of 17
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Let  be the cluster point ofu, } and the subsequende,,, } of the sequence
{u,.} converge tai, which implies{u,, } is a Cauchy sequence iii. By (3.4),
we know that both¢,,; } and{n,,} are Cauchy sequencesin Let¢,, — &
andn,, — 3. Since

d(, T(a)) < |2 = &, || + M(T(un,), (@) — 0,

TL]'—>OO.

So we can obtait € T'(z). Similarly, we can obtaig € V(4). Replacingw,,
by u,; in (3.3) and @.4), the limitn; — oo and using §.14), we have

(N(2,9),9(v) = g(@)) + p(g(v), g(2)) — p(g(a),g(@)) >0,

which implies that: € H, © € Tu, y € Vu is a solution of 2.1), and

Vv € H,

lg(uns1 — g()II* < llg(un) — g(u)|.

Thus it follows from the above inequality that the sequdngé has exactly
one cluster point; andlim,, .., g(u,) = g(@). Sinceg is invertible andy~! is
Lipschitz continuouslim,, ., u,, = @. The required result. O

Remark 3.2. Lemma3.2and Theoren3.3improve and modify the main results
of Noor [1].
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