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Abstract

In 1967, as a converse of the arithmetic-geometric mean inequality, Mond and
Shisha gave an estimate of the difference between the arithmtic mean and the
geometric one, which we call it the Mond-Shisha difference. As an applica-
tion of the Mond-Pecari¢c method, we show some order relations between the
power means of positive operators on a Hilbert space. Among others, we show
that the upper bound of the difference between the arithmetic mean and the
chaotically geometric one of positive operators coincides with the Mond-Shisha
difference.

2000 Mathematics Subject Classification: Primary 47A30, 47A63.
Key words: Operator concavity, Power mean, Arithmetic mean, Geometric mean.
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In 1960, as a converse of the arithmetic-geometric mean inequality, W. Specht

[17] estimated the upper bound of the arithmetic mean by the geometric one for

positive numbers: Fary, ..., x, € [m, M]with0 < m < M,

T +To+ -+ Ty
n

whereh = (> 1) is a generalized condition number in the sense of Turing
[15] and the Specht ratid/,, (1) is defined forh > 1 as

(1.1)

VT Xg - Xy < < Mp(1) /129 - - - Ty,

(h — 1)k
elogh

On the other hand, Mond and Shisha,[17] gave an estimate of the dif-
ference between the arithmetic mean and the geometric one:;For., z,, €
[m, M]with 0 < m < M,

1131+.CE2+"‘+$

" — wxe - x, < L(m, M) log My (1),
n
where the logarithmic meah(m, M) is defined fol0 < m < M as
M —m
= (M # m)

~ log M —logm
J.l. Fujii and one of the authors,[Z] showed an operator version of the
Mond-Shisha theorem(2): Let A be a positive operator on a Hilbert spaide
satisfyingm < A < M for some scalar8 < m < M. Then

(1.3) (Az,x) —exp(log Az, z) < L(m, M)log M,(1)

My(1) = (h>1) and M(1) = 1.

12) 0<

L(m, M) and L(m,m) = m.
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holds for every unit vector in H. Incidentally, if we putd = diag(zy, xo, . . ., ;)
andz = %ﬁ(l’ 1,...,1)in (1.3, then we havel(.2).

Next, we recall the geometric mean in the sense of Kubo-Ando thefry [
For two positive operatord and B on a Hilbert spacé/, the geometric mean
and arithmetic mean ol and B are defined as follows:

Ay B=A2(A2BA2)*4z and AV,B=(1—\A+AB

for A € [0, 1]. Like the numerical case, the arithmetic-geometric mean inequal-

ity holds: Reverse Inequalities on
Chaotically Geometr_ic Mean via
(1.4) AtxB<AVy\B forall\eo,1]. Specht Ratio. I
Masatoshi Fujii, Jadranka Micic,
Tominaga [ 4] showed the following inequality, as a reverse inequality of the J. Pecaricand Yuki Seo
noncommutative arithmetic-geometric mean inequality)(which differs from
(1.9): Let A and B be positive operators on a Hilbert spaidesatisfyingm < Title Page
A, B < M for some scalar8 < m < M. Then
Contents
(1.5) 0<AV,B-At,B<hL(m,M)log M,(1) forall A € [0, 1], <« R
whereh = X |tis considered as another operator version of the Mond-Shisha < >
theorem (.2).
On the other hand, M. Fujii and R. Nakamoto discussed the monotonicity of Go Back
a family of power means in]. For fixed A, B > 0 and\ € [0, 1], we put Close
F(T) _ (Ar Yy Br)% (T 7£ O), _ 6IogA Vs logB (T’ _ 0) Quit
Page 4 of 20

Then the power meaR(r) is monotone increasing dd under the chaotic order
X > Y, ie,logX > logY for X, Y > 0, [4, Lemma 2]. In particular,
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A Oy B = eloe4 Va g B g called the chaoticall-geometric mean. In general,
it does not concide witid £, B.

In this note, as a continuation of][ we consider some order relations be-
tween the arithmetic mean and the chaotically geometric one. Among others,
we show that ifA and B are positive operators on a Hilbert spaéesatisfying
m < A, B < M for some scalar8 < m < M andh = % then

—L(m, M) 10g Mh(l) S AV)\B - A<>>\B
< L(m, M) log Mh(l) forall \ € [0, 1]. Reverse Inequalities on

Chaotically Geometric Mean via
. . . . . . Specht Ratio, Il
Concluding this section, we have to mention that almost all results in this

note are based on our previous restjtCorollary 4] coming from the Mond- e IR ﬂja%irgaeg’“c'c
Pe&aric method §]. Namely this note might be understood as an application of '
the Mond-Péaric method.
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Let A be a positive operator on a Hilbert spaldesatisfyingm < A < M for
some scalar§ < m < M, and letf(¢) be a real valued continuous convex
function on[m, M]. Mond and Péaric [9] proved that

(2.1) 0 < (f(A)z,z) = f((Az,x)) < B(m, M, [)

holds for every unit vectar € H, where

Reverse Inequalities on
Chaotically Geometric Mean via

(2-2) ﬁ(ﬂ%Ma f) Specht Ratio, Il
= s { A ) ¢ g — oyt €m0 | R

Similarly, we have the following complementary result ®flj for a concave

Title Page
function. If f(¢) is concave, then
Contents
(2.3) B(m, M, f) < (f(A)z,2) — f((Az,2)) <0 <« N
holds for every unit vectar € H, where < >
2 Go Back
(2.4) B(m, M, [) o
[ f(M) — f(m) ,
Page 6 of 20

The following result is a generalization d.() and based on the idea due to
Furuta’s work p, 6]. We cite it here for convenience:
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Theorem A ([2]). LetA; (7 = 1,2,...,k) be positive operators on a Hilbert
spaceH satisfyingm < A; < M for some scalar® < m < M. Let f(t) be a
real valued continuous convex function jom, M/]. Then

k k
(2.5) Z Nz, xi) — f (Z(ijj,xj)> < B(m, M, f)

j=1

holds for allk—tuples(z, . . ., =
is defined as irf2.2).

)in Hwith "% ||| = 1, whereB(m, M, f)

For the power functiory(t) = ¢?, we know the following fact, which is a
reverse inequality of the Holder-McCarthy inequality:

Theorem B. Let A be a positive operator on a Hilbert spaé¢e satisfyingm <
A < M for some scalar® < m < M and puth = % For eachp > 1

(2.6) 0 < (APz,z) — (Az,z)? < C(m, M, p)

holds for every unit vectar € H, where the constart'(m, M, p) ([8, 16]) is
defined as

MmP — mMP

@7) Clm,M.p) = ==

forall p > 1.
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We obtain a complement of Theore® Under the assumption of Theorem
B, foreach0 < p <1

P _ P
(2.8) M? = m C (mp,Mp, 1) < (APz,z) — (Az,z)? <0
D

M -—m

holds for every unit vector: € H. It easily can be proved by the fact that
B(m, M, 7) = —Mr=m? <mp, M, ;3) for0 < p < 1.
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Continuous functions which are convex as real functions need not be operator
convex. In this section, we estimate the bounds of the operator convexity for
convex functions.

Lemma 3.1. Let A and B be positive operators on a Hilbert spaéksatisfying
m < A,/ B < M for some scalard < m < M. If f(t) is a real valued
continuous convex function ¢m, M|, then for each\ € [0, 1]

Reverse Inequalities on

B —Bm M) < FAVA(B) ~ [(AVAB) < Bm, M. ). Chaotcaly Ceoret Moan via
wheres(m, M, f) is defined a§2.2). Mas?.t%iehéiaiiuéjg}n 3a3$:1§2 gmdc’
Proof. For each0 < A\ < 1 and unit vectorr € H, putA; = A, Ay, = B,
z1 = /1 — Az andzy, = v/ Az in TheoremA. Then we have Title Page
(L= (f(A)z, 2)+A(f(B)z, z) < f(1-A)(Az, z)+N( Bz, x))+5(m, M, f). Contents
Hence it follows that « dd
< 4
(1= NFA) + A (B))z,2) < F(((1 = NA+AB)z,2)) + B(m, M, ) o Back
< (f(1=XNA+AB)z,z)+ B(m, M, f)
Close
where the last inequality holds by the convexityfof) [9, Theorem 1] orZ.1). Quit
Therefore we have
Page 9 of 20

FAVAf(B) < f(AV B) + 8(m, M, f).
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Next, sincef (t) is convex, it follows that
1 =N(f(A)z,2) + Mf(B)z,2) = (1 = N f((Az, 7)) + Af((Bz, 7))
> f((1 = N (Azx,x) + A(Bz, z)).
Sinced <m < (1 — XA+ AB < M, it follows from (2.1) that
F((1 =) Az, z) + A(Bz, 7)) = f(((A Vy B)z, 7))
Z (f(A V)\ B)[L‘,l’) _ﬁ(m7Ma f)

holds for every unit vectar € H. Therefore we have Reverse Inequalities on
Chaotically Geometr_lc Mean via
—B(m, M, f) + f(AVAB) < f(A)VAf(B). Specht Rato. I
[] Masatoshi Fujii, Jadranka Micic,

J. Pecaricand Yuki Seo

We have the following complementary result of Lem@a for concave

functions. Title Page
Lemma 3.2. Let A and B be positive operators on a Hilbert spaéesatisfying Contents
m < A, B < M for some scalard < m < M. If f(t) is a real valued
continuous concave function ¢m, M|, then for each\ € [0, 1] « dd
(32)  —f(m, M, f)> f(AVAFf(B) — f(AVAB) > B(m. M, f), < g
wheres(m, M, f) is defined ag2.4). Co 2EES
Next, consider the functiong(t) = " on [0,00). Then f(t) is operator Cllose
concave if0 < r < 1, operator convex it < r < 2, and f(t¢) is not opera- Quit

tor convex but it is convex if > 2. By Lemmas3.1 and3.2, we obtain the
following reverse inequalities on operator convexity and operator concavity for

f(t) =t

Page 10 of 20
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Corollary 3.3. Let A and B be positive operators on a Hilbert spaég satis-
fyingm < A, B < M for some scalar® < m < M and\ € [0, 1].

(i) If 0 <r <1,then

M —mr 1
= " (m’”, M, —) < A'V,\B" — (AV,\B)" < 0.
M—m r

(17) If 1 <r < 2,then
0 < A'V\B" — (AV,\B)" < C(m, M,r).
(z3i) If r > 2, then
—C(m, M,r) < A"V,\B" — (AV,\B)" < C(m, M, r),

whereC(m, M, r)is defined a$2.7).

Proof. Put f(¢) = ¢ for » > 1 in Lemma3.1, then we obtaind(m, M, f) =
C(m, M,r). Also, in the case of < r < 1, we have

> M"—m" r T 1
B, M, f) = ——r——C <m ,m ,;>

in Lemma3.2

Reverse Inequalities on
Chaotically Geometric Mean via
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Let A and B be positive operators on a Hilbert spaeand A € [0,1]. The
operator functionF'(r) = (A"V,B")'"(r € R) is monotone increasing on
[1,00) and not monotone increasing ¢ 1] under the usual order. Recently,
Nakamoto and one of the author§ investigated some properties of the chaoti-
cally geometric mearl (), B = 4V 1s B and showed that the operator func-

tion F'(r) is monotone increasing dR under the chaotic order and(r) con- Reverse Inequalities on
. Chaotically Geometric Mean via
verges toA), B asr — +0 in the strong operator topology. Specht Ratio, I
In this section, we shall consider some order relations among the chaotically o
. . . . Masatoshi Fujii, Jadranka Micic,
geometric mean, the arithmetic one and the power miéan by using the J. Pecaricand Yuki Seo
results in the previous section. The obtained inequality
—L(m, M)log My,(1) < AV B — AQ\B < L(m, M) log Mj(1) Title Page
Contents
is understood as a variant of a reverse Young inequality
44 44
0 < AV,B — A, B < hL(m, M)log M (1) < >
due to Tominagal[/], whereh = . Go Back
Firstly, by virtue of Corollary3.3, we see an estimate of the bounds of the dif- Close
ference among the family?'(r) : » > 0}. Incidentally the constardt (m, M, r) _
is defined asZ.7). oLt

. : . Page 12 of 2
Theorem 4.1.Let A and B be positive operators on a Hilbert spaéesatisfy- age 12 of 20

ingm < A, B < M for some scalar§ < m < M and\ € [0, 1].
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(1) If0<r <1<s,then
1
—C (mr,]\/[”,;) < F(s)— F(r)
1 M —m
< "M, - S — M,s).
_C(m, ’7”) +M5—msc<m, 78)

(17) If 0 < 1 <r < s, then

0< F(s)— F(r) < 4 =™

>~ m0<mv M? S)’

(737) If 0 <r < s <1,then
|F(s)— F(r)|<C <mT,MT,1) +C (ms,Ms,l) .
r S

Proof. Suppose that < r < 1or1 < <. By (i) of Corollary 3.3, it follows
that

1 1 1 1 ]_
—C (m, M, —) S A;V)\B; — (AV)\B); S C (m, M, —> .
T T
We apply ittom™ < A", B" < M" instead ofmn < A, B < M. That s,

(4.1 -C (mM 1) < AV,\B — (A'V,\B")r < C (m’“, M, 1) .
T

r
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If s > 1, then! < 1 and by(i) of Corollary3.3

Ml/s _ ml/s

T O (m M) < ASV,Bs — (AV,\B)* <0,
Sincem® < A®, B®* < M*, we have also

M —m
Ms_ms

By using @.1) and @.2), it follows that

(4.2) - C'(m, M,s) < AV\B — (A*V,\B*): < 0.

- (mr’ M 1) < AVAB — (A'V,B) by (4.1)
< (AVAB)Ys — (AVLBN)YT by (4.2)
M —m
< -
< AV,B + o mSC(m, M, s)
—~AV,\B +C (mr, M, 1) by (4.1) and ¢.2)
T
M —m 1
= s Cm Ms)+C (m M ,;> )

and hence we havé) inthe case of < r <1 <.
Inthe case 0f < 1 <r < s,we havel/s < 1/r < 1and by @.2)

M —m

mc(m7 M7S> S AV)\B — (ASVABS)I/S
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and
AV,B — (A"V,B")Y" <.

Therefore it follows that

0< (ASV)\BS)US . (ATV)\BT)I/T

M—m
< AVAB + m(](m, M, S) - AV)\B
M —
< _ZSC’(m,M, s)

Inthe case 0f < r < s < 1,we havel < 1/s < 1/r and by ¢.1)
1 1 1
—C <mr, M, —) < AV,B — (A"V,B")* < C (mT, M’ —)
r r

and

1 ) 1
—C <m M*, —) < AV,\B — (A*V,\B%): < C (ms, M*, —) :
S

S

Therefore it follows that

1 1
—C (mr7Mr’ ;> —C (ms’ MS, ;) < (ASV)\BS)]./S . (Arv/\Br)l/r

1 1
<c (mr, M _) e <m e, _) |
r s
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Though the operator functioR'(r) converges tcA0, B asr — 0 in the
strong operator topology;'(s) is not generally monotone increasing @ 1]

under the usual order. Thus, we have the following estimation of the difference

betweenF'(r) and AQ,B.

Theorem 4.2. Let A and B be positive operators on a Hilbert spadé sat-
isfyingm < A, B < M for some scalar$) < m < M and X € [0,1]. Put
h=2

(7) If 0 < s < 1, then

—C (ms, M?, %) — L(m, M) log M(1)
< F(s) — AO\B

1
<C (ms, M?, —) + L(m, M) log M(1).
s

(1) If 1 < s, then

—L(m, M)log M,(1) < F(s) — AQ\B
M —m
- Ms —ms

N

C(m, M, s) + L(m, M) log M(1).

Proof. To prove this, we need the following facts 6ftm, M, r) for 0 < m <
M andr > 1 by Yamazaki [L6]:

@0 C(m,M,r) < MM —m 1 forr >1
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(b) C(m,M,r) — 0asr — 1
() C (m",M", ) — L(m, M)log M(1) asr — +0.

In the case of) < r < s < 1, if we putr — 0 in (i) of Theorem4.1,
then F(r) — AO\B andC (m",M", %) — L(m,M)log My,(1) asr — 0.
Therefore we havé).

In the case of) < r < 1 < s, if we putr — 0in (i) of Theoremd.1, then

we have(ii). O

As a result, we obtain an operator version of the Mond-Shisha thedré)n ( Chagx;g?;g;;}‘;‘ﬁe‘;ﬁ via
Theorem 4.3.Let A and B be positive operators on a Hilbert spaéesatisfy- Specht Ratlo, l
ingm < A, B < M for some scalar < m < M andh = . Then Masatoshi Fujii, Jadranka Micie,

m J. Pecaricand Yuki Seo
—L(m, M)log Mj,(1) < AV,\B — AQ0\B < L(m, M) log M(1)

hold for all A € [0, 1]. Title Page
Proof. SinceC(m, M,s) — 0 ass — 1, we have the conclusion hfyi) of Contents
Theoren¥.2. ] <« >

By combining Theorend.3and a reverse Young inequality.{), we obtain < >

an estimate of the difference between the geometric mean and the chaotically

geometric one: Go Back

Corollary 4.4. Let A and B be positive operators on a Hilbert spaég satis- Clezz

fyingm < A, B < M for some scalar§ < m < M andh = % Then Quit
—(1+ h)L(m, M)log M,(1) < At\B — AQ B < L(m, M) log My(1) Page 17 of 20
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Proof. SinceA#,B < AV, B, it follows from Theorem.3that
Aﬁ)\B - AOAB S AV)\B - A<>)\B S L(m, M) IOg Mh(1>

By Theorem4.3and a reverse Young inequality.{), it follows that

—L(m, M) log Mh<1) S AVAB - A<>>\B
< Af\B + hL(m, M) log My(1) — AQ\B.
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