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Let n > 1 be a positive integer. In/], Sandor introduced the function
T(n) := I1,, d as the multiplicative analog of(n), which is the sum of all
the positive divisors ofi, and studied some of its properties. In particular, he
proved several results pertainingriltiplicative perfect numbersvhich, by
analogy, are numbers for which the relation7'(n) = n* holds with some
positive integelk.

In this paper, we compafg(n) with T'(c(n)). Our first result is:

Theorem 1. The inequalityl’(c(n)) > T'(n) holds for almost all positive inte-
gersn.

In light of Theoreml, one can ask whether or not there exist infinitely many
n for whichT'(o(n)) < T'(n) holds. The fact that this is indeed so is contained
in the following more precise statement.

Theorem 2. Each one of the divisibility relationg’(n) | T(o(n)) and
T(o(n)) | T'(n) holds for an infinite set of positive integers

Finally, we ask whether there exist positive integers 1 so that7'(n) =
T(o(n)). The answer is no.

Theorem 3. The equatioril'(n) = T'(o(n)) has no positive integer solution
n > 1.

Throughout this paper, for a positive real numbeand a positive inte-
ger k we write log, « for the recursively defined function given Iyg, = :=
max{loglog,_, x, 1}, wherelog stands for the natural logarithm function. When
k = 1, we simply writelog z, and we understand that this number is always
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greater than or equal tb For a positive real number we use|z| for the in-
teger part ofr, i.e., the largest integér so thatk < z. We use the Vinogradov
symbols> and < as well as the Landau symbals ando with their regular
meanings. For a positive integey we write 7(n), andw(n) for the number of
divisors ofn, and the number of distinct prime divisorsigfrespectively.

Proof of Theoreni. Let xz be a large positive real number, and#ebe a posi-
tive integer in the interval := (x/logx, x). Since
1
L3 () = Oflog ),

T
n<x

it follows that the inequality
(2) 7(n) < log® z

holds for alln € I, except for a subset of suehof cardinalityO(z/logz) =

o(x).
A straighforward adaptation of the arguments freimg. 349] show that the
inequality

@ wlo(n)) > 5 -logiz

holds for alln € I, except, eventually, for a subset of suchf cardinalityo(x).
So, we can say that for moste I both inequalitiesX) and @) hold. For such
n, we have

(3) T(n) = i exp <w> < exp <10g3x) ’

2 2
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while

7(o(n))

(4) T(o(n)) = (o(n)) >
7(o(n)
>n" 2
= oxp (T(a(n)) logn)
2
(2W(U(n)) log n)
>exp | ————
2 On the Product of Divisors of n
log% T and of o’(n)
273 T .
>exp | — - log , Florian Luca
2 (log x)
P : P ; Title Page
and it is easy to see that for large values:@he function appearing in the right
hand side of4) is larger than the function appearing on the right hand side of Contents
(3). This completes the proof of Theoren O «“ b
Proof of Theoren2. We first construct infinitely many such that'(n) | T'(o(n)). < >
Let A be an odd number to be chosen later andrptst 2* - 3. Then,7(n) =
2(\ + 1), therefore Go Back
\ o)) Close
(5) T(n)=(27-3)2 |67 .
Quit
Now o(n) = 4 - (2*"! — 1) is a multiple of6 because\ + 1 is even, and so Page 4 of 15

221 — 1 is a multiple of3. Thus,T'(o(n)) is a multiple of
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and since the inequality3k /2| > k holds for all positive integers, it follows
thatT'(c(n)) is a multiple of67(* "'~ 1),

It suffices therefore to see that we can choose infinitely many such edd
that7(2*! — 1) > (A +1)2. Sincer(2*! — 1) > 2¢*"'=1) it follows that it
suffices to show that we can choose infinitely many ada that

201 S (N 4 1)2,

which is equivalent to

)
ML _ 1) > = Llog(\+1).
w( )>1Og2 og(A+1)

Since2/log 2 < 3, it suffices to show that the inequality
(6) w2 — 1) > 3log(A + 1)

holds for infinitely many odd positive integeks

Let (ux)r>1 be theLucas sequencef general termy;, := 28 — 1 for k =
1, 2, .... The primitive divisor theorem (se€][ [7]), says that for all | k,
d # 1, 6, there exists a prime numbgef u, (hencep|u,, as well), so thap | u,,
forany1 < m < d. In particular, the inequality(2* — 1) > 7(k) — 2 holds for
all positive integerg. Thus, in order to prove tha6) holds for infinitely many
odd positive integers, it suffices to show that the inequality

T(A+1) > 2+ 3log(A+1)

holds for infinitely many odd positive integeks
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Choose a large real numbgand put

(7) )\+1::Hp.

p<y

Clearly, A + 1 is even, therefore is odd. With the prime number theorem, we
have that
A+1=-exp(l+o(1))y)

holds for largey, and therefore the inequality
A+ 1 < exp(2y)
holds for large values @f. In particular,
(8) 2+3log(A+1) <2+ 6y
holds for largey. However,
A4 1) > 2¢O — 9m(W),

where we writerr(y) for the number of prime numbefs < y. Sincen(y) >
y/logy holds for ally > 17 (see []), it follows that fory sufficiently large we
have

9) T\ + 1) > 267,

It is now clear that the right hand side & (s larger than the right hand side of
(8) for sufficiently large values of, and therefore the numbeksshown at {)
do fulfill inequality (6) for large values of;.
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We now construct infinitely many such thatl’'(o(n)) | T'(n). For coprime
integerse andd with d positive and a large positive real numbelet 7 (z; d, a)
be the number of primgs < x with p = a (mod d). For positive real numbers
y < z letw(z;y) stand for the number of primgs< z so thatp + 1 is free of
primesqg > y. Let& denote the set of all real numbérsn the rangé) < F < 1
so that there exists a positive constafE’) and a real number; (E) such that
the inequality

(10) m(z; 2t ™F) > y(E)r(x)
holds for allx > =, (F). Thus,€ is the set of all real numbers in the interval

0 < F < 1 such that for large: a positive proportion (depending dr) of all
the prime numbers up tox havep + 1 free of primesy > z!~%. Erdds (see

[2]) showed that is nonempty. In fact, he did not exactly treat this question,

but the analogous question for the prinpes = such thap — 1 is free of primes

larger thane!~F, but his argument can be adapted to the situation in whiclh

is replaced by + 1, which is our instance. The best result known ah®us

due to Friedlanderd], who showed that every positive numh&rsmaller than
—(2v/e)"! belongs t&€. Erdds has conjectured thétis the full interval(0, 1).

Let £ be some number if. Letxz > z,(F) be a large real number. Let
Pr(x) be the set of all the primes < z counted byr(z; z!~F). Note that all
the primesgp < 2!~ are already iPx(z). Put

(11) = 1] »

PEPE(x)

Clearly,
(12) T(n) = n 2 ,
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and

(13) @ — 2#7’}3(96)—1 — 27r(x;:c1’E)—1 > 2c7r(ac) > 2%’

where one can take:= (£ /2, and inequality {3) holds for sufficiently large
values ofz. In particular,7'(n) is divisible by all primes; < z!~%, and each
one of them appears at the power at |east .

We now look atT'(o(n)). We have

r(o(n)

(14) Tem)={ [] @+D

pEPE(x)

From the definition ofPg(x), we know that the only primes than can divide
T(c(n)) are the primeg < z'~%. Thus, to conclude, it suffices to show that
the exponent at which each one of these primesz! ¥ appears in the prime
factorization ofl'((n)) is smaller thar2®:= . Let ¢ be such a prime, and let,

be so thay®«||o(n). Itis easy to see that

(15) Qq S ﬂ-(x7Q7 _1) +7T<ZL’,q2, _1> Tt 7T(.I,qj7 _1) T

Letj > 1. Thenn(z; ¢, —1) is the number of primes < = such that’ | p+ 1.
In particular,w(z; ¢’, —1) is at most the number of numbers < z + 1 which

are multiples of/, and this number %#J < £l Thus,
q q
1 z+1

a, < (x+1) — = _1§J;+1.
jZlq q
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Thus,
o +1<x+2<2x

holds for allg < z'~¥, and therefore
T(o(n)) < (22)"@) = exp(n(2'7F) - log(2z)).

By the prime number theorem,

B xle
(") = (1+0(1))- log(z1B)’
and therefore the inequality
1-FE 1-F
(16) m(x'™F) 20 2 ’

log(z!=F) T 1-EF logz
holds for large values of. Thus,

1-E

2 x 3z!=F
(17)  7(o(n)) <exp <ﬁ gz ~log(2:c)) < exp (1 — E> :

holds for large values af. In particular, the exponent at which a prime number
q < x'~F can appear in the prime factorization®fc (n)) is at most

(18) Qg - @ < 7(0(n))?* < exp <?x__E) :

Comparing {3) with (18), it follows that it suffices to show that the inequality
1-F
(29) exp <6x ) < Mgz

1-F

On the Product of Divisors of n
and of o(n)

Florian Luca

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 9 of 15

J. Ineq. Pure and Appl. Math. 4(2) Art. 46, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:fluca@matmor.unam.mx
http://jipam.vu.edu.au/

holds for large values of, and taking logarithms in1©), we see that1(9) is
equivalent to

(20) cilogx < 2,

wherec, = m and it is clear thatZ0) holds for large values af.

Theorem?2 is therefore proved. O

Proof of Theoren3. Assume that > 1 satisfiesI'(n) = T'(o(n)). Write t :=
w(n). Itis clear that > 1, for otherwise the number will be of the formn = i Pfogggtoﬁff(i‘g)sms S
g~ for some prime number and some positive integer, and the contradiction

comes from the fact that(¢®) is coprime tog. We now note that it is not HBIER e
possible that the prime factors ofare in{2, 3}. Indeed, if this were so, then
n = 2% .3% ando(n) = (27! — 1)(3°2! — 1). Since the prime factors of Title Page
o(n) are also in the s€2, 3}, we get the diophantine equatiozfs 1 — 1 = 3
and322t! — 1 = 2% and it is wellknown and very easy to prove that the only
positive integer solutiof, as, (1, §2) of the above equations s, 1, 1, 3). <4« 44
Thus,n = 6, and the contradiction comes from the fact that this number does

Contents

. . < >
not satisfy the equatiofi(n) = T'(c(n)).
Write Go Back
o o Close
(21) ni=qpt e gy
Quit

whereq; < ¢ < --- < ¢ are prime numbers ang; are positive integers for
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This is clearly so it = 2, because in this caggg, > 2-5 > 2. Fort > 3, one

proves by induction that the inequality

pl.....pt>et

holds, where; is theith prime number. This takes care @.

We now claim that

(23) o) < exp(l +logt).
n
Indeed,
1 1
(24) ﬂ@:II1+—+~+-w
n paiey 4i q;"
! 1
< exp <Z _ﬂ>
i=1 g>1 Pi
Lo
< )

and so, in order to proved), it suffices, via 24), to show that

t

1
25 < 1+logt.
(25) ;;m—l g
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One checks that?6) holds att := 1 andt := 2. Assume now that > 3 and
that 25) holds fort — 1. Then,

t t—1
1 1
(26) = + <1+ +log(t—1) < 1+logt,
;pi—l pr— 1 ;pz-—l pr— 1 ( )

where the last inequality ir2¢) above holds because it is equivalent to

1 pt—1
14+ — >
( +t—1> e,

which in turn holds becauge > t + 1 holds fort > 3, and

1+ ! t>
—1 ¢

holds for all positive integers> 1.
After these preliminaries, we complete the proof of TheofenWrite the
relationT'(n) = T'(o(n)) as

(27) o(n) = n% =n- nw

Sinceo(n) > n, we get thatr(n) > 7(o(n)). We now useZ3) to say that
nw = # < exp(l +logt),

therefore

(28) 7(n) —7(co(n)) - 14 logt.

7(o(n)) logn
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Letd := ged(7(n), 7(c(n))) = ged(r(n) — 7(a(n)), 7(c(n))). From £8), we
get that
d< (%) (o (n).
Write
29 () — (o) _ 3

T(o(n))
where( and~ are coprime positive integers. We have

7(o(n)) - logn
d 1+logt

(30) v =

The numbemn” = o(n)/n is both a rational number and an algebraic integer,

and is therefore an integer. SinGeand~ are coprime, it follows, by unique
factorization, thaty; is a multiple ofy forall = 1,...,¢. Thus,a; > ~ holds
fori=1,...,t, therefore

tl ¢
(BL) n>(q----q) >e” =exp(ty) > exp (%ﬁ)gt) = pTHogt

and now 81) implies that
1+logt > t,

which is impossible. Theoremis therefore proved. O
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Remark 0.1. We close by noting that # is a multiply perfect number, then
T(n) | T(c(n)). Recall that a multiply perfect numberis a number so that

n | o(n). If n has this property, then(o(n)) > 7(n), and now it is easy to see
that T(o(n)) = o(n)" %" is a multiple ofn™s" = T(n). Unfortunately, we

still do not know if the set of multiply perfect numbers is infinite.
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