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Abstract

In the present paper, we estimate the rate of convergence of the recently intro-
duced generalized sequence of linear positive operators G, . (f, ) with deriva-
tives of bounded variation.

2000 Mathematics Subject Classification: 41A25, 41A30.
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Let DB, (0,00), (v > 0) be the class of all locally integrable functions defined

on (0, co), satisfying the growth conditiofy (¢)| < Mt", M > 0andf’ € BV

on every finite subinterval db), co). Then for a functionf € DB, (0, c0) we
consider the generalized family of linear positive operators which includes some
well known operators as special cases. The generalized sequence of operators
is defined by
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(1-1) Gn,c (f> J}) =n an,k (35; C) / Pn+ck—1 (tQ C) / (t) dt Operators with Derivatives Of
0

Bounded Variation

k=1
+ Pn,o ({E; C) f (O) R S [O, OO) Vijay Gupta, Vipin Vasishtha and
M.K. Gupta
wherep,, ;. (z;¢) = (~1)" 56 (),
Title P
() Gy (2) = e fore =0, —
. Contents
(i) ¢n.(z) = (1+cx) ™ forceN, « "
and{gbn,c}neN be a sequence of functions defined on an intejval , b > 0 < 3
having the following properties for everye N, k € Nj :
Go Back
(i) ¢, € C>([a,b]); Close
(iii) ¢, is completely monotong-1)* ¢*) (x) > 0; Page 3 of 18
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(k+1)

(iv) There exists an integersuch that;b n¢n+w n > max {0, —c} .

Remark 1.1. We may remark here that the functiops,. have various appli-
cations in different fields, like potential theory, probability theory, physics and
numerical analysis. A collection of most interesting properties of such functions
can be found in L0, Ch. 4].

It is easily verified that the operatork.{) are linear positive operators. Also
Gn.(1,z) = 1. The generalized new sequer@g,. was recently introduced by
Srivastava and Gupta]|

Forc = 0 andg, .(x) = e "* the operatorsx, . reduce to the Phillips
operators (see e.g/]} [€]), which are defined by

(1.2) Guo(f,@) annk x; 0/ Prk—1 (t;0) f (t) dt
+e " f(0), x € [0, 00),
wherep,, , (z;0) = <~ (nz)".

Forc=1lando, . (z) = (1+ cx) " the operators?,, . reduce to the new
sequence of summation integral type operato},syhich are defined by

(1.3) Gua(fix) =1 pos (1) /O N Pusrit (1) f(t)dt
k=1

+(14+2)"f(0), z€l0,00),
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where _—
Pk (2;1) = <n—|—k B > 2" (1 +:c)"_k.

Remark 1.2. It may be noted that far = 1, we get the Baskakov basis functions
Pk (23 1) which are closely related to the well known Meyer-Konig and Zeller
basis functionsn,, ; (t) = (""F ") t* (1 — )", ¢ € [0, 1] because by replacing
the variablet with - in the above MKZ basis functions we get the Baskakov
basis functions. Zend [] obtained the exact bound for the Meyer Konig Zeller
basis functions. Very recently Gupta et &i] {ised the bound of Zengd i] and
estimated the rate of convergence for the operaées (f, z) on functions of

bounded variation.

The operatorsl(.3) are slightly modified form of the operators introduced by
Agarwal and Thamerl], which are defined by

(1) G (0= (0= DS pas i) [ puscs (61) (1)
+(1+2)""f(0), z€]l0,00),

wherep,, . (z;1) is as defined byl(.3) above.
Recently Gupta‘] estimated the rate of approximation for the sequence
(1.4) for bounded variation functions. Although the operators definedLis) (

and (L.4) above are almost the same, but the main advantage to consider the

operators in the formi(3) rather than the formi(4) is that some approximation
properties become simpler in the analysis for the foin3)(in comparison to
the form (L.4). The rate of approximation with derivatives of bounded variation
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has been studied by several researchers. Bojanic and Chgng)J[ estimated
the rate of convergence with derivatives of bounded variation for Bernstein and
Hermite-Fejer polynomials by using different methods.

Alternatively we may rewrite the operators () as

(15) Gre (fo) = /0 TR (0,60 f (D) dt.

where
Rate of Convergence of
Summation-Integral Type

K, (:L’, t; C) =n an,k (x; C) Dntek—1 (t; C) + Pno (x; C) Pn.o (t; C) ) (t) , Operators with Derivatives Of

Bounded Variation

k=1
i i . Vijay Gupta, Vipin Vasishtha and
J (t) being the Dirac delta function. Also let M.K. Gupta
t
(16) 5 (otic) = [ Koloisio)ds Tite Page
0
Contents
then -
B, (z,00;¢) = / K, (z,s;¢)ds = 1. « dd
0 < >
In the present paper we extend the results'béhd [5] and study the rate of
convergence by means of the decomposition technique of functions with deriva- Go Back
tives of bounded variation. More precisely the functions having derivatives of Close
bounded variation on every finite subinterval on the intefato) be defined Quit
as
f(m):f(0)+/ b()dt, O<a<z<b, Page 6 of 18
0
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wherey is a function of bounded variation da, b] andc is a constant.

We denote the auxiliary functiofy,, by

f)=f(z7), 0<t<um

Rate of Convergence of
Summation-Integral Type
Operators with Derivatives Of
Bounded Variation

Vijay Gupta, Vipin Vasishtha and
M.K. Gupta

Title Page

Contents
44 44
| | 2
Go Back
Close
Quit
Page 7 of 18

J. Ineq. Pure and Appl. Math. 4(2) Art. 34, 2003

I 7 L R TR


http://jipam.vu.edu.au/
mailto:
mailto:vijay@nsit.ac.in
mailto:
mailto:
mailto:mkgupta2002@hotmail.com
http://jipam.vu.edu.au/

In this section we give certain results, which are necessary to prove the main

result.

Lemma 2.1.[9]. Let the functiory,, ,,, (z) , m € N°, be defined as

P (15¢) =10) P (50) / Prses—t (ti0) (8 — )" dt+(—2)" ppo (23 ¢) -
0

k=1
Then
cT
Hn0 (I’ C) =1, Hp 1 (l’, C) - m7
z(l+cx)(2n—c)+ (1+ 3cx)cx
Py (T;0) = ( )( )+ ) :
(n—c)(n—2c)

and there holds the recurrence relation

[ —c(m+ )] pig i1 (23 ¢)
= a (1 + cx) [, (3¢) + 2mpty p_y (w5 )]
+ [m (1 + 2cx) + cx] i, (75 €) -

Consequently for each € [0, o), we have from this recurrence relation that

Hongn (3¢) = O (n~ (" FD/21)
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Remark 2.1. In particular, given any numbek > 2 andx > 0 from Lemma

2.1, we have for € N° andn sufficiently large
Az (1

(2.1) Gh.c ((t — ZB)2 ,$) = iy (75¢) < w

Remark 2.2. It is also noted fromZ.1), that

. 2 ) < YA ter)
(22) Gn,c(|t |7 )S (Gn,c ((t ) ’ )) S \/ﬁ .

Lemma 2.2. Letz € (0,00) and K,, (z, t) be defined byl(5). Then for\ > 2
and forn sufficiently large, we have

() B, (z,y;¢) = [ Kn(z,t;¢)dt < %70§y<$7

(i) 1-6, (z,z¢) = [ K, :Btc)dt<mzl+c)€),m<z<oo.

Proof. First, we prove (i). In view ofZ.1), we have

/Oy K, (x,t;c)dt < /Oy %Kn (z,t;¢)dt < (x—y)~° fhno (25 C)

< )\.7)(14‘012'
- n(r-y)

The proof of (ii) is similar.x
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In this section we prove the following main theorem.

Theorem 3.1.Let f € DB, (0,00), v > 0, andz € (0,00). Then forA > 2

and forn sufficiently large, we have

A1+ cx) Uik N
(G () = f ()] < kZ x\/ va ((£,)
+ AL (7 ) f ()~ af ()] 4 If )
' —M&l{ ) (3420 (7 + | (&)
pyPellia) Vi) -r e
by \f )+ < I,

where\/’ (f.) denotes the total variation ¢f, on|a, b).

Proof. We have

Gne(f,x)— /K (x,t;e) (f(t) — f(x))dt

:/0 (/x K, (z,t;¢) f' (u) du) dt.
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Using the identity

Fw) =5 [f (@) + 7 ()]
+(f), (W) + < [f' (&) = f (z7)] sgn (u — )
#r@-50 @) + 7 @] ),

it is easily verified that

/0“’ (/t (@)= % (@) + 7 (27) ] xa (w) du) K (2, t:¢)dt = 0.

Also

/OOO (/:% [ (&7) = f" (7)) sgn (u — ) du) K, (z,t;c)dt
[f («%) = £/ (¢7)] Gue (|t — 2], @)

N —

and

/0“ (/t% ' (@7) + 1" (27)] dU> K (x,t:c) dt
[/ (@) 4/ (27)] G ((t = 2) ).

N —
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Thus we have

To complete the proof of the theorem it is sufficient to estimate the ternig, x; ¢)
and B, (f,z;c). Applying integration by parts, using Lemn2a2 and taking

y =z — x/y/n, we have

|Bn (f,;¢)| =

:o ( / ) () du) K, (2, £ 0) dt

]Cx< xt<fﬁz<u>du)K¢(x,tc>d4

Ax(Lqu@anduaxma@>

b
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/0 "B, (et ) (), (1) de

(/ /) )18, (z,t;¢)| dt

< 202 [y

e (14cx) (Y\% . 1 E2RN ,
<A [V W) ottt 2 VW0,

Letu = z/ (z — t). Then we have

Az (14 cx) /y\x/ _t)2dt—>\x(1n+cx)/ﬁ\x/((f/)x)du
.
< ML ()
Thus
V] o .
G2 B (ol < STV ()4 = V()
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On the other hand, we have

3.3)  [A.(fiz;0)] =

) K, (z,t;c) dt’

[ (fv
( > K, (,t;¢) dt
/ (/ L () du) dt (1 — 8, (z,t;c))

Rate of Convergence of

S tion-Integral T
<\ (f) = f (@) Ky (2, t;0) dt‘ Operators with Derivatives Of
Bounded Variation
-+ }f ‘ ‘/ t— x x t: c) dt‘ Vijay Gupta, Vipin Vasishtha and
M.K. Gupta
—i—/ (f"), (w)dul|1 = B, (z,2z; )| _
z Title Page
2x
+/1wu@m—mm¢Mﬁ Contents
‘ <« >
K, o)tV |t — x| dt
/ (x,t;0)t7 |t — x| p 5
|f |/ K, (x,t;¢) (t —x)* dt Go Back
Close
!
+|f (2 ‘/ K, (z,t;c) [t — x| dt Quit
+/\(1+cm 1 (20) — f (@) — af ()] Page 14 of 18
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+A(1+ca:)

Next applying Holder’s inequality, and Lemn2al, we proceed as follows for
the estimation of the first two terms in the right hand side3o8)(

(3.4) —/ K, (z,t;¢)t7 |t — S ‘/ K, (x,t;¢) (t —x)* dt

g%( OoKn(:c,t;c)tQ”’dt) (/ Kn(a:,zt;c)(wt—:c)%hﬁ)é
DL s

2
x 2z

tie) (t—x) dt

Az (14 cx) . A1+ cx)
ULy 22,

Also the third term of the right side 0B(3) is estimated as
! :13+)‘/ K, (z,t;c) |t — x| dt
<|f' (x ‘/ K, (z,t;c) |t — z|dt

<|f ()] (/0 Kn(ac,t;c)(t—ac)?dt)é (/OooKn(x,t;c)dt);

Az (14 cx)

< M20 (n™?)
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Combining the estimate8 (1) — (3.4), we get the desired result.
This completes the proof of Theorenl g

Remark 3.1. For negative values of, the operatorss,, . may be defined in dif-
ferent ways. Here we consider one such example, when-1 theng,, . (z) =
(1 —xz)", the operator reduces to

Goot (fea) =13 s (@i =1) [ pucascs (6-1) £ (0)
+(1—2)"f(0), =zel0,1],

where n
Pk (T;—1) = <k> 2" (1-— m)n_k .

The rate of convergence for the operat6fs_; (f, ) is analogous so we omit
the details.

Rate of Convergence of
Summation-Integral Type
Operators with Derivatives Of
Bounded Variation

Vijay Gupta, Vipin Vasishtha and
M.K. Gupta

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 16 of 18

J. Ineq. Pure and Appl. Math. 4(2) Art. 34, 2003

I 7 L R TR


http://jipam.vu.edu.au/
mailto:
mailto:vijay@nsit.ac.in
mailto:
mailto:
mailto:mkgupta2002@hotmail.com
http://jipam.vu.edu.au/

[1] P.N. AGARWAL AND K.J. THAMAR, Approximation of unbounded

function by a new sequence of linear positive operatdrdviath. Anal.
Appl.,225(1998), 660-672.

[2] R. BOJANIC AND F. CHENG, Rate of convergence of Bernstein polyno-
mials for functions with derivatives of bounded variatidn,Math. Anal
Appl, 141(1989), 136-151.

Rate of Convergence of

[3] R. BOJANIC AND F. CHENG, Rate of convergence of Hermite Fejer poly- Summation-Integral Type
R H : . : F At (@) t ith Derivati Of
nomials for functions with derivatives of bounded variatiéwta Math. P e Variagion
Hungar., 59 (1992), 91-102.
Vijay Gupta, Vipin Vasishtha and
[4] V. GUPTA AND G.S. SRIVASTAVA, On the rate of convergence of M.K. Gupta

Phillips operators for functions of bounded variatio@pmmentation
Math., XXXVI (1996), 123-130.

Title Page

[5] V. GUPTA, Rate of approximation by new sequence of linear positive op- Contents

eratorsComput. Math. App}45(12) (2003), 1895-1904. « o
[6] V. GUPTA, M.K. GUPTAAND V. VASISHTHA, An estimate on the rate < >

of convergence of Bezier type summation integral operatyangpook

Math. J, (to appear). Go Back
[7] C.P. MAY, On Phillips operators), Approx. Theory20(1977), 315-322. Close
[8] R.S. PHILLIPS, An inversion formula for semi groups of linear operators, Quit

Ann. Math, 59 (1954), 352—-356. Page 17 of 18

J. Ineq. Pure and Appl. Math. 4(2) Art. 34, 2003

[T 1 rE R P


http://jipam.vu.edu.au/
mailto:
mailto:vijay@nsit.ac.in
mailto:
mailto:
mailto:mkgupta2002@hotmail.com
http://jipam.vu.edu.au/

[9] H.M. SRIVASTAVA AND V. GUPTA, A certain family of summation in-
tegral type operatordfath. Comput. Modelling37 (2003), 1307-1315.

[10] D.V. WIDDER, The Laplace TransformPrinceton University Press,
Princeton, 1941.

[11] X.M. ZENG, Bounds for Bernstein basis functions and Meyer Konig and
Zeller basis functions]. Math. Anal. Appl 219(1998), 364—-376.

Rate of Convergence of
Summation-Integral Type
Operators with Derivatives Of
Bounded Variation

Vijay Gupta, Vipin Vasishtha and
M.K. Gupta

Title Page
Contents
44
|
Go Back
Close
Quit
Page 18 of 18

J. Ineq. Pure and Appl. Math. 4(2) Art. 34, 2003

[T 1 rE R P


http://jipam.vu.edu.au/
mailto:
mailto:vijay@nsit.ac.in
mailto:
mailto:
mailto:mkgupta2002@hotmail.com
http://jipam.vu.edu.au/

	Introduction
	Auxiliary Results
	Main Result

