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ABSTRACT. In this paper, we obtain an extension of multivariable integral inequality of Hilbert-
Pachpatte type. By specializing the upper estimate functions in the hypothesis and the parame-
ters, we obtain many special cases.
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1. INTODUCTION

Hilbert's double series theorem![3, p. 226] was proved first by Hilbert in his lectures on
integral equations. The determination of the constant, the integral analogue, the extension,
other proofs of the whole or of parts of the theorems and generalizations in different directions
have been given by several authors (cf. [3, Chap. 9]). Specifically, in [10] - [14] the author has
established some new inequalities similar to Hilbert’s double-series inequality and its integral
analogue which we believe will serve as a model for further investigation. Recently, G.D.
Handley, J.J. Koliha and J.E. &&ic [2] established a new class of related integral inequalities
from which the results of Pachpatte [12] —[14] are obtained by specializing the parameters and
the functionsd;. A representative sample is the following.
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2 S.S. IRAGOMIR AND YOUNG-HO KM

Theorem 1.1(Handley, Koliha and Raric [2, Theorem 3.1])Letu; € C™i([0, z;]) fori € I.
If

u(s,)

< / (Si — Ti)miikiilq)i(ﬂ‘) dTi, S; € [O,xi], 1 E I,
0

then

n k;
/m / IT | (s0) e
DY - - - 81 e Sn
0 0 Z?:l wisz('az"l‘l)/(‘hwz)

whereU = 1/]_[?:1[(% + 1)5(@ + 1)”%’] -

The purpose of the present paper is to derive an extension of the inequality given in Theorem
[1.1. In addition, we obtain some new inequalities as Hilbert-Pachpatte type inequalities, these
inequalities improve the results obtained by Handley, Koliha arddfée]2].

2. MAIN RESULTS

In what follows we denote bR the set of real number®, denotes the intervald, o). The
symbolsN, Z have their usual meaning. The following notation and hypotheses will be used
throughout the paper:

I={1,.,n} mneN

m;, 1€ 1 m; € N
ki,iEI k:ZG{O,l,,mZ—l}
J]i,iEI ZL’Z'GR,IZ‘>0

b,9q % = Z?:l (p%) ) % = Z:'Lzl <q_11>

a;, b;, 1 €1 ai,biER_,_, a; +b; =1

w;, 1€l wi €R, w; >0, 370w, =Q,

a;, 1 €1 a; = (a; + bigi)(m; — ki — 1)

Bi, i €1 Bi = a;(m; — k; — 1)

w, 1 €1 u; € C™i([0,z,]) for some m) > m;
O, il o, € CL([0,14]), ®; > m;.

Here theu; are given functions of sufficient smoothness, and #heare subject to choice.
The coefficients;, ¢; are conjugate Holder exponents to be used in applications of Holder’s
inequality, and the coefficients;, b; will be used in exponents to factorize integrands. The
coefficientsw; will act as weights in applications of the geometric-arithmetic mean inequality.

J. Inequal. Pure and Appl. Math4(1) Art. 16, 2003 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

HILBERT-PACHPATTE TYPE INTEGRAL INEQUALITIES 3

The coefficientsy; andj; arise naturally in the derivation of the inequalities. Our main results
are given in the following theorems.

Theorem 2.1. Letu, € C™i(]0, z;]) fori € I.If

(2.1) ‘ugk’)(sz)

S / (Si — Ti)mi_ki_lq)i(ﬂ') dTi, S; € [O,ZEZ'], 1 € ],
0

then

(kz‘)(

o o [T [ui (s0)
(2.2) / / sy - ds,
0 0 [QL s wisgam)/(qm]

n

S VH.T;TZ H (/ (ZEZ - Si>ﬂi+1q)i(8i)pi dSZ) " s
i=1 i=1 0
where

1

1

T [(s + 1) (8 + 17 |
Proof. Factorize the integrand on the right side[of [2.1) as

(2.3) V=

(Si _ Ti)(ai/qﬁbi)(mi—ki—l) x (Si _ Ti)(ai/m)(mi—ki—l)(I)i(TZ.)

and apply Holder’s inequality [9, p.106]. Then

< (/Si(si _ Ti)(ai"!‘biqz')(mi_ki_l) dT,‘) "
0
s; L
(3 P;
X (/ (Si — Tz‘>ai(mi_ki_1)q)i(7'i)pi de)
0

gatja s ps, L
= (/ <5i - TZ)BZ(I)Z(TI)I)Z dTZ) .
0

(o + 1)@
Using the inequality of means|[9, p. 15]

1 1
i=1 i=1

n 1 n Qn
w;Tr T
H s; " < a E w;S;
. n .
=1 =1

for » > 0. According to above inequality, we have
1 1 o
(k:) (i+1)/(qiwi)
u; ' (si)] < o WiS;
(o 1) [Q 2 ]

' [T, (o + |
’ ﬁ (/0(8 )’ @i(n)mdn> "

u™ (s)

for r > 0, we deduce that

n

)
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4 S.S. IRAGOMIR AND YOUNG-HO KM

for r = (o; + 1)/q;w;. In the following estimate we apply Holder’s inequality and, at the end,
change the order of integration:

1 Tn H’?zl ul(k:l)sl
/ / —dsy - ds,
0 0 [QL s wisgam)/(m)}
1 n T: S 1
(3 i I
< 11 [ [ (] ot an,) dSi]
Hizl (sz’ + 1)% i=1 0 0

1 1 Z; Si P
S T HZE:Z |:/ (/ (Sz —Tz)ﬂzq)l(ﬂ)n dTZ,) dSZ:|
| JEYCTRR ) R 0 \Jo

1

_ ﬁxf ﬁ {/j (2 — ;)7 Dy ()P dsz}

Hf?:l[(ai + 1)(%1(5@ + 1)i] i=1 i=1

This proves the theorem. O

Remark 2.2. In Theoren 2.]1, settin@,, = 1, we have Theorein 1.1.
Corollary 2.3. Under the assumptions of Theorem| 2.1, if 0, we have

(ki)

o n Il
[ s,
n a;+1 Wi "
0 0 [Qi > (it1)/(g >]

n
. L W:S:
n =1t

) n 1 n o
<prV][a
=1 %

1 x; A T TP
Z — (/ (.I'Z — Si>ﬂi+1®i8€z dSZ) s
1 Pi 0

whereV is defined by[(2]3).

Proof. By the inequality of means, for any; > 0 andr > 0, we obtain

1
n rp

[l <[5 L
i=1 1"

=1

The corollary then follows from the preceding theorem. O

Lemma 2.4.Lety; > 0andy, < —1. Letw; >0, > " jw;=Q,andlets; >0, i=1,....n
be real numbers. Then

1 n _’YlQn
Hsz«zmw > | — § :MS;W .
{n i=1

i=1

Proof. By the inequality of means, for any > 0 andv, < —1, we have

n 1 n 7172977-
H S;—Jﬂl’m > | — E :Wz'si .
, Q,, 4
=1 =1
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Using the fact that >z is concave and using the Jensen inequality, we have that

n 717280 Y1722
1 E E *’}’2
Q_ W;S; = CUZ
=1 L
B 1 n '71'72977,
L =1

- 179 717280

( : i ) :
— . wisi—’Yz
L, i=1

T =718
— Q_n Z wisi_”] .
The proof of the lemma is complete. . O
Theorem 2.5. Under the assumptions of Theorem| 2. byik —1, then

v

n k;
/901 /J:n Hi:l UE )(51> d d
) Sl... STL
—(@ )20 /12,
’ ’ [Q%L Z?flwisi_w] )
1
n 1n x; b
VT[T [ -t otospras] ™

=1 =1

whereV is given by[(Z2.3).
Proof. Using the inequality of Lemnja 3.4, for any > 0 andy, < —1, we get

_ 1
n
W
| | sl i1 S
i=1

n Y2
Qn Z o
=1

According to above inequality, we deduce that

™ (s)] <
=1 Hz 1(041 + 1

W
o™
n T s %
X H [/0 (87; — Tl)ﬁl(DZ(Tl)pszZ] s
=1

whereW; = («o; + 1)Q,/72q;w;. The proof of the theorem then follows from the preceding
TheoreniZ1. O

Corollary 2.6. Under the assumptions of Theorem| 2.5, if 0, we have

- on T, [ (sy) ; ]
/0 . /0 [ 1 n _72i| —(Oli-i-l)Qn/’Yzqz‘wz‘ §1°7 08

. D icy WiS;

1

L B! i , . T
i=1
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6 S.S. IRAGOMIR AND YOUNG-HO KM

whereV is given by|[(2.B).

Proof. By the inequality of means, for any; > 0 andr > 0, we obtain

ﬁA;’li < [pi%flf
i=1 "

i=1

1
TP

The corollary then follows from the preceding Theofenj 2.5. O
In the following section we discuss some choice of the functipns

3. THE VARIOUS INEQUALITIES

Theorem 3.1. Letw; € C™i([0, z;]) be such thauz(j)(o) =0forj€{0,...,m; —1},i € I.
Then

o pen T [u ()
(3.1) / / q ds1---dsy,
0 0 [QL S w,s<ai+1>/(ql-wz->}

L R T i P%‘
s%HﬁTﬂ/@Z>M%W%»d4,
i=1 i=1 L/0
where
1
(3.2) Vi=

[Ty [ Oms = ks = Dl + 1% (5, + 17|

Proof. Inequality [3.1) is proved when we set

Ugmi)(si)
Di(si) = —————
in Theoreni 2.11. O
Corollary 3.2. Under the assumptions of Theorem| 3.1, if 0, we have
"u@@)
/ / o dsy - dsy,
S(az"‘l)/(‘hwz)]

n

zﬁf[z

K z; — 5;)P 7
ol
whereV; is given by|[(3.R).
Theorem 3.3. Under the assumptions of Theorem| 3. ik —1, then

[T |u™(s:)
(3:3) / / 72] — (i +1)Qn /v2q5w5 dsy - - dsy

1 w;8;

ul™ (s,)

1
Di Pj
dSZ' 5

n 1 T;
H ] { / U
=1 =1

whereV; is given by|[(3.R).
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Proof. Inequality [3.3) is proved when we set

™ (s)

(pi(Si) =
in Theorem 2.5. O

Corollary 3.4. Under the assumptions of Theorem| 3.3, if 0, we have

ui™ (s)

} —(i+1)Qn /y2qiw;

ds;---ds,

[T
n

1 o2
o, D i) Wis;

n

n

T L[ [
< P#‘G HI;Z [ E |:/ (l’Z — Si)ﬁri-l
i=1 0

(ms)
— u; (s:)
im1 i

pi r e
dSi:| ] .

We discuss a number of special cases of The¢rem 3.1. Similar examples apply also to Corol-

lary[3.2, Theorer 3]3 and Corollgry B.4.
Example 3.1.If a; = 0 andb; = 1 for i € I, then Theorerp 3]1 becomes

ul™ (s;)

1’1 In H?:l
/ / et ) ] B L0
0 0 1 n \diMi—Qqiki—qi qiw;
[Q_ D i1 Wi }

i
n 1 T
SVQH”JQH {/ (zi — si)
i=1 0

n

1
. Di 223
u(ml)( dsi] :

i Si)

n

=1

where
1

‘/2 = 17
[T, [(mz — ki — DN gim; — qiki — q; + 1)‘“]

Example 3.2.1f a; =0,b; =1, ¢, =n,p; =n/(n — 1), m; = m andk; = k fori € I, then

n

'U/(ki)<sl')

1 Tn Ilim |w
[ s,
n nm—nk—n+1)/(nw; "
0 0 [Qi S s )/ )]

n

< nml--.l’n
= ((m—k—=1)D)"(nm—nk —n-+1)

—1

X H {/ 1(331' — Si) ugm)(si) mt dSi:| ! .
P 0

Forq=p=n=2andw; = % this is [12, Theorem 1]. Setting=p =2,k =0,n =1 and
w; = +, we recover the result of [14].
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Example 3.3.1If a; = 0 andb;, = 1 for i € I, then Theorerp 3]1 becomes

uE’f”<si>

q’LwZ
z 1 W’L i|

.- ds,

where

Example 3.4.1f a; = 1,b; =0,¢; = n, p; =n/(n — 1), m; = mandk; = k fori € I. Then
(3.1) becomes

L ()
dsy---ds,
/ / S sl k)/(nwi)}ﬂn !

i WiS;
n (n—1)
n/m l-n m n/(nfl) n
< L n H |:/ m—k: Ul( )(SZ) dS7,:|
[(m — k)]
Example 3.5.Letp;,po € R,. If we setn = 2, w;, = p—l, Wy = piQ, m; = 1 andk; = 0 for

i = 1,2in Theorenj 3.1L, then by our assumptians= p:/(p1 — 1), ¢2 = p2/(p> — 1), and we
obtain

/ / fulgé’l)!|U2($2)(|p2 - >]92 ds; ds,

P1P2Q2 p 51 + D153

1
< xgm D/p1 . (p2—1)/p2 (/ 21— s1) Juy (s1)[" d81> "
0

X (/ (w9 — 89) |uy(s2)|”? dsz) .
0

If we setw; + ws = 1 in Examplg 3.p, then we havie [13, Theorem 2]. (The values ahdb;
are irrelevant.)
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