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Abstract

We establish some inequalities on the 5A-Green function G on bounded ¢!
domain. We use these inequalities to prove the existence of the (%A — p)-
Green function G, and its comparability to G, where y: is in some general class
of signed Radon measures. Finally we prove that the choice of this class is
essentially optimal.
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The first aim of this paper is to prove some inequalities on the Green fur&tion

of £A on bounded>**-domain( in R", n > 3, whereA is the Laplacian op-
erator. In particular we give an alternative and shorter proof o3¢d heorem
established ing] using long and sharp discussions. Tt&Theorem includes

the usual one proved in {], [4] and [3], which was very useful to obtain some
potential theoretic results. The second is to prove a comparison theorem be-
tween the Green functio@ and the Green functio&',, of the Schrodinger op- c _ .

1 . . . omparison of Green Functions
erator; A — pon(, wherey is allowed to be in some class of signed Radon for Generalized Schrodinger
measures. In contrast t&][ there is no restriction on the sign pfin this work. Operators on C*-*-Domains
This comparison theorem is very important in the sense that it enables us to Lotfi Riahi
deduce some potential theoretic results%far— 1 which are known to hold for
%A. This is stated at the end of the paper. Moreover our result covers the case

of signed Radon measures with bounded Newtonian potentials i.e, Tile Page
. Contents
iﬁB/QW'“'(dw < +o0. « 33
< >
The Schrédinger operatdfA — f, with f belonging to the Kato clas&/*
which is studied by several authors (seg [2], [4], [11]) is just the special case Go Back
wherey has the density’ with respect to the Lebesgue measure. In particular Close
our results cover the ones proved by Zhad[ Finally we show that the choice .
of this class is essentially optimal. Quit
Our paper is organized as follows. Page 3 of 31
In Section2, we give some notations and recall some known results. In
Section3, we prove some inequalities on the Green functioémfon bounded 3. Ineq. Pure and Appl. Math. 4(1) Art. 22, 2003
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Ctt-domain. A new and a shorter proof of thé-Theorem established ]
is given. In Sectiont, we introduce a general class of signed Radon measures
on ) denoted byK(2) that will be considered in this work. We give some
examples and we study some properties of this class. In Segtiwa prove a
comparison theorem between the Green functions/®fand the Schrédinger
operator%A — i, Wherey is in the classC(Q2). We also show that whep is
nonnegative the condition € K((2) is necessary for the comparison theorem
to hold.

Throughout the paper the lettér will denote a generic positive constant
which may vary in value from line to line.
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Throughout the pape® denotes a bounded’!-domain inR”, n > 3. This
means that for each € 9S) there exists a balB(z, Ry), Ry > 0 and a coordi-
nate system aR” such that in these coordinates,

B(z,Ry) NQ = B(z, Ry) N {(«,2,) /2’ € R" z, > f(a)},

and

B, Ro) 100 = B, Ro) 1 () /' € B, e

wheref is aC"!-function. Operators o *:!-Domains
A denotes the Laplacian operatorRhandG its Green function ofl. For a Lotfi Riahi

signed Radon measupeon (2, we denote by7, the (A — ;1)-Green function

on {2, when it exists.

Title Page
Forz € Qletd(z) = d(z,00), the distance from: to the boundary of.
We denote byi({2) the diameter of). Contents
Since(? is a bounded”!*-domain, then it has the following geometrical << >
property: p >
There existsy > 0 depending only o2 such that for any € 002 and
0 < r < rq there exist two ball$3; (r) and B (r) of radiusr such thatB; (r) C Go Back
Q, Bi(r) CR*\ Qand{z} = 9B5(r) N 0B;(r). Close
We recall the following interesting estimates on the Green funetievhich _
are due to Gruter and Widma#g][ Zhao [L1] and Hueber §]. Quit
Page 5 of 31

Theorem 2.1. There exists a constant > 0 depending on the diameter Qf
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on the curvature 02 and on the dimension such that

d(z)d(y)

1

C~'min (1

"z —yl?

forall x, y € Q.

=

= < G(z,y)

< C'min (1

d(x)d(y)

1

Tz —yl?

)

|z —y[n=2
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In this section we first give a new and a simple proof ofiteTheorem estab-
lished in [2]. We also derive other inequalities on the Green funcicthat will
be used in the next sections.

Theorem 3.1 BG-Theorem). There exists a constait = C(€2,n) > 0 such
that forzx, y, z € Q, we have
Gz, 2)G(z,y)
G(z,y)

5ﬁ%§%G@JN+§%G@w»

Proof. The inequality of the theorem is equivalent to

1 1 1
3.1 ——— <C + ) .
8y mewy < (awaey  wees
On the other hand, since far> 0,6 > 0,
ab ab
< mi <
P min(a, b) < 2a+b’

then

d(z)d(y) | ()d(y) d(z)d(y)
u—yv+dww@>§mm<Lu»wP)— @ — I + d()d(y)’

and hence, from Theorekl, we obtain

C~'N(z,y) < G(z,y) < CN(z,y),
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where

_ d(z)d(y)
M) = e —yP + @)
Therefore 8.1) is equivalent to

(3.2) |z —y["*(lz — y|* + d(x)d(y))
< C(lz —y" (|2 — yI* + d(2)d(y))
+lz — 2" 2 (|x — 2|* + d(2)d(2))).

Then, we shall prove3(2). By symmetry we may assume that- z| < |y — z|.

We have

|z —y["? < (Jo — 2|+ |z —y)"
(3.3) <2z -y
and

|z —y* + d(z)d(y) < (Jz — 2| + |z = y)* + (Jo — 2 + d(2))d(y)

(3.4) <Alz —y* + [z — yld(y) + d(2)d(y).
If |z —y| <d(z), then
(3.5) |z — yld(y) < d(z)d(y).

If |z —y| > d(z), then

|z —yld(y) < |z —yl(d(2) + |z —yl)
(3.6) <20z —y|%
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From (.4), (3.5 and .6), we obtain
(3.7) [ — y|? + d(x)d(y) < 6(]z — y|* + d(y)d(2)).
From (.2 and @.7), we obtain

|z —y|" (v — yl* + d(2)d(y)) < 2"z —y[" (2 =y + d(2)d(y)).

This proves 8.2) with C' = 271, O

Lemma 3.2. There exists a constant = C'(£2,n) > 0 such that for allz, y €
Q, we have
d(y)

d(x)
Proof. By Theorem2.1, we have

dly) x ————— min ) dly)”
a0 Y S Ty <d<w>’ E —y|2) '

G(r,y) <

Tz -y

Putt = % > 0. From the inequalityz — y| > |d(y) — d(z)|, it follows
dly) d(y)’ e () dy)?
(70 maie) < (35 )

|
2
= min (t,

)
t
=
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Sincemin (t, #) < 4, for all t > 0, then we obtain

dw) ac
aa) O = g

By symmetry we also have

d(x) 4C
——G(r,y) < .
R P
This ends the proof. O
The usuaBG-Theorem proved ing, 4, 11] is well known under the follow-

ing form which is a simple consequence of Theoiand Lemma3.2.

Corollary 3.3. There exists a constatt = C'(2,n) > 0 such that forr, y, z €

), we have

G(z,2)G(z,y) 1 1
Gy =C <

CEFIERNPET

Comparison of Green Functions
for Generalized Schrodinger
Operators on C1-1-Domains

Lotfi Riahi

Title Page
Contents
<4< 44
< >
Go Back
Close
Quit
Page 10 of 31

J. Ineq. Pure and Appl. Math. 4(1) Art. 22, 2003

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:Lotfi.Riahi@fst.rnu.tn
http://jipam.vu.edu.au/

Definition 4.1. Let ;. be a signed Radon measure @nWe say thajf: is in the
classiC(€?) if it satisfies

d(y)
=su —=G(x, dy) < 400,
ol = sup [ TG )lul(d)
where|u| is the total variation ofu.

In the following we study some properties of the cl&gs?) and to this end
we first need to prove the following lemma.

Lemma 4.1. For z, y € ), we have
If d(z)d(y) > |z — y|?, then

54(y) < d(2) < 3d(y).

If d(z)d(y) < |z — y|?, then
max(d(z), d(y)) < 2|z —y|.

Proof. If d(z)d(y) > |z — y|?, then in view of the inequalitjw — y| > |d(z) —
d(y)|, we obtain

d(z)d(y) > |d(z) — d(y) [,
which implies
3d(x)d(y) > d(x)* + d(y)*,
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and then

3dy) < d(z) < 3d(y).

If d(z)d(y) < |x — y|?, then in view of the inequalityl(x) > d(y) — |z — vy,
we obtain
d(y)(d(y) — |z —y|) < |z =y,

which gives
2 <y —yl? — © i fG Functi
dy)” < e =y + dly)le -yl or Generalized Schrécinger
1 2 Operators on C':'-Domains
s(u—m+§ww) S
Lotfi Riahi
The last inequality yields
1 Title Page
70w) <l —yl.
Contents
Similarly, we have
L) < o~y o
—alz) < |z —y|.
2 < »
O
Go Back
_ The following proposition provides some interesting examples of measures Close
in the classC(£2).
Quit

Proposition 4.2. For a € R, the measur%(;?dy is in the classK () if and

. Page 12 of 31
only if « < 2. SUZe
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Proof. We first assumer < 2 and we will prove that

d(y) 1
ilelg/g mG(x,y)Wdy < 400.

By Theorem2.1, we have

4.2) sup/QMG(x,y)%dy

€N

) 1 1 d(y)*
< C’sup/mm( , ) dy.
vet Jo U\ d(@)d() e —yP2 ) o — g2

On the other hand

min (d(x)ldw)’ = yP) . (—y);;:dy

_/ ...dy+/ ...dy
QN(d(z)d(y)>lz—y|?) QNn(d(z)d(y)<lz—y|?)

We estimatd;,. From Lemma&2.1, we have

d 11—«
I, = / (v) —_dy
on(d(@)d(y)>a—yl2) U@)|T = Y]
1
< Cd(z) / Ly
o—y|<v3d(x) 1T — Y
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V3d(x)
< Cd(x)™™ / rdr
0

< Cd(z)*”
(4.3) < CdQ)>

Now we estimatd,. From Lemmad.1, we have

2—a
_ d(y)”
- 2) |37 _ y|n Yy Comparison of Green Functions
y)<|z— y' for Generalized Schrodinger
<9 / Operators on C1:1-Domains
B |z — y|" 7+ Lotfi Riahi
< 227, 4 / ri=edr
0 Title Page
2—«
(4.4) _ Md(g)%a’ Contents
2—«
<4< 44

wherew,,_; is the area of the unit sphefg_; in R™.
Combining @.1), (4.2), (4.3) and @.4), we obtain S %

d(y) ) . Go Back
1 gty < OO < oo
Now we assume: > 2 and we will prove that el
Page 14 of 31
i‘ég /Q %G(m , y)Wl)ady = +o0. 3. Ineq, Pure and Appl. Math. 4(1) Art. 22, 2003
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We first remark that whed(z) < ¥3=1|z — 4|, we have

2
VE+1

d(y) < d(@) + o -yl < —

|z —y

and thend(z)d(y) < |z — y|>. By Theorem?.1, we have

d
sup [ G706 g

B . 1 1 d(y)*—*
ZC’lsup/mln( , > dy
w0 Jo d(z)d(y)" |z —y*) v —y|"?
d 2—a
(4.5) >0t sup/ ) dy.
z€Q Jon(d(z)< Y31 |z —yl) |z —y["

2

Letz, € 092 and putz, the center oB;°(r(). This meand;°(ry) = B(xg,70) C
Q. Forx €]z, 0], we have

ly — x| < |y — 20| + d(2),

and

{yED:d(w)Sg_\/gLy—zo]}C{yED:d(m)g \/5_1|y—x|}.

2 2
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Hence forx €|z, o], we have

(4.6)

d(y)*—

| ay
on(d(z)< Yt o—y)) [T = Y["

2

>
Qn(d(z) < 2= |y—z0)) (1Y — 20| +d(x))"

2

From (4.5 and @.6), we obtain

(4.7)

o
zeQ JQ

d(y)

d(x)

ly — o>

dy.

1 1
— dy>Cc ' ——— 4
G(x’y)d(y)“ y20 /Q y — zorre2

1

o
B (rg) [Y — 20|72

Wheref’ = 2o — Tg with |§| =T7g.

We take a spherical coordinate systémé,, ...

(1€],0,...,0). Then, we have

(4.8)

lyl<ro

1

ly — &|nto—?

ly—zo|<T0 |y

o

y\<r0 |y - 5

(sin 91

1
— |
_ 20|n+a—2 Y

1
|n+a—2 dy’

,0,—1) such that¢ =

)n—2

0 T
n—1
= wn—?/ r / ]
0 0 (r2+r2—2rrgcosb) 2

—d)\dr.

ntao
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By making the change of variablés= tan %1 we obtain

™ sin @, )" 2
/ (sin 1) —_a,
0 (

n

=t /+OO tn_Q(l + tQ)%
0 ((r 4 ro)*t2 + (rog — T)Q)HTQ_

B 2n71(ro + T)lfn /+oo Sn72 <]_ + (7728—1:)282>T y
0

(ro — 7)ot (s + 1)"+TDL*1 i
K
~ (ro —r)*V’
wherek = k(ro, a,n) > 0.
This implies

0 ™ : 0 n—2
(4.9) / el / (sin61)  dfydr
0 o (r2+4mr2—2rrgcosfy) 2z !

0 ,rnfl
> k/ ——dr = +o00.
o (

ro — 1)t
From @.7), (4.8) and ¢@.9), we obtain

d(y) v
ilelg/g MG(m,y)Wdy = +o00.

This ends the proof.
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Now we compare the clags((2) with the class of signed Radon measures
with bounded Newtonian potentials. A signed Radon measisesaid to be of
bounded Newtonian potentialsfip,cq [, == |#(dy) < +o0.

Proposition 4.3. The classiC(€2) properly contains the class of signed Radon
measures with bounded Newtonian potentials.

Proof. From definitions and Lemma&.2, it is clear that the class of signed
Radon measures with bounded Newtonian potentials is contain€in In
the sequel we will prove that fdr < «,

/ L y— 4
Yy = T00
o d(y)®

and then

[
sup — Yy = +00.
zeQ JQ |$_y|n Qd(y)a

In particular forl < a < 2, @dy does not define a bounded Newtonian
potential and by Propositiof. 2, we know that@dy e K(Q).

Without loss of generality we assume that 0€2. We know that there exists
Ry > 0 such that

B(0, Ry) NQ = B(0, Ry) N {(2', z,) /2" € R*" !, z,, > f(2)},

and
B(0, Ry) N0 = B(0, Ry) N {(z, f(2')) /' € R" 1},
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wheref is aC*!-function.
By the continuity of f, there existg,
have|f(y')| < %

Hence for ally = (v/, y,,) such thaty’| < po and0 < y,, — f(y/) < £, we
have(y', f(v')) € 09 andy € B(0, Ry) N Q2 which gived(y) < y, — f(¥).
Using these observations we have

1 1
—dy _/ —dy
/Q d(y)~ QnB(0,Ro) A(Y)*

1
—,dyndy'
/y|<po /0<yn Iy )<R° yn — f(¥')*

:/ dy// 4 —adT:+OO.
ly'|<po o T
O

We next prove that the Kato claggc is properly contained iC($2). For
the reader’s convenience we recall the definition of the Kato didgs

€ 10, £2[ such that for|y'| < po, we

Definition 4.2. A Borel measurable functiofion 2 is in the Kato clasg<!* if

it satisfies
lim sup / Mdy 0.
(I

=020 J(|z— y|<r)NQ |'T - y|n 2

Proposition 4.4. The classC(Q2) properly contains the Kato clags’*c.
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Proof. Let f be in K'¢. We have
lim sup/ Mdy =0.
=0 2eQ (Jz—y|<r)NQ2 |ZE - y|n

Then, there exists > 0 such that

(4.10) sup/ %d(y <1
z€Q J (|Jz—y|<r)nNQ |z =yl
This ylelds Comparison of Green Functions
_9 for Generalized Schrodinger
sup/ |f<y)|dy <r" Operators on C1-1-Domains
2€Q J(jz—y|<r)n®
Lotfi Riahi

On the other hand,_sinc@ is a compact subset then there afe. .., z, €
Q, p € N* such that) = U?_, B(z;,r) N Q. Hence the last inequality gives

Title Page
/Q \f(y)|dy < prnﬂ' Contents
It follows that <4< (44
(4.11) sup/ %dy <p. < 4
z€Q J (lz—y|>r)NQ ’Z’ - y’ Go Back
From 4.10 and @.11) we obtain
€.10 €11 Close
sup Md@/ <p+1<+4oo. Quit

ve0 Jo |v —y[" 2

This means thaf (y)dy defines a bounded Newtonian potential and the result
holds from Propositiod.3. ]

Page 20 of 31
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In this section we prove that when € C(Q2) the Green functiorz,, of the
Schrédinger operato}A — p exists and it is comparable t&. We first prove
the following result.

Theorem 5.1. There exists a constarit = C(2,n) > 0 such that for all
w € KC(€2) and all nonnegative superharmonic functibron 2, we have

/Q G, )h(w)|l(dy) < Clullh(x),

for all x € Q.

Proof. By the3G-Theorem, we have

(5.1) / G, y)G(y, 2)ul(dy) < 2014l Ga, =),

forall z, z € Q.
Now let h be a nonnegative superharmonic function{anthere is an in-
creasing sequendé,, ),, of nonnegative measurable functions(@isuch that

h(z) = sup/QG(:E,z)hn(z)dz,

n

forall x € Q.
From (.1), we have

/ / G, )Gy, =) 1 (Ay) ()= < 20|l / G, 2)ha(2)dz,
QJQ Q
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forall z € .
By the Fubini’s theorem, we obtain

AGWMLG%QM@MWWMS%WMLGWQM@W,

forall z € Q.
Whenn tends to+-oo, we obtain

Aamwmwwwwsmmmmm

for all z € Q. O]
Corollary 5.2. Lety € K(€2). Then

amée@wmww<+w

e

Let . be a signed Radon measure in the clg$g), i.e. ||u|| < +o00. The
Jordan decomposition into positive and negative parts saysithaj,™ — 1~
and|u| = pt + p~. From Corollary5.2, the functions

v = [ Gla () ands — [ Gla.y ()

are two continuous potentials 6y and the real continuous function

we/amwmw>
Q
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corresponds to the difference of these two potentials. Hence from the perturbed

theory studied in], it follows that there exists a Green functia¥, for the
Schrodinger operatoyA — 1 on () satisfying the resolvent equation:

Glay) = Gplavs) + [ Gl 2)Gulerm)d(2),

forall z, y € Q.
Our main result is the following.

Theorem 5.3. Assume thap, € K(Q2) with ||u|| sufficiently small. Then the
Green functions; and G/, are comparable, i.e. there is a constafit =
C(2,n, ||p]|) > 0 such that

C'G<G,<Ca.
Proof. We have the resolvent equation:

Glavy) = Gylavs) + [ Gl 2)Go(e)d(2)
= Gﬂ(xvy) + G * GM(Z’,y).

Then
G,=G-GxG,.
By iteration we obtain
m>1
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where
G (a,y) = G+ Gloy) = [ Glo )Gz )dn(o)
Q
and
G*m—l—l — G*m % G

From the3G-Theorem, we have

o L GGl
M Tr,z V4 M V4 z
<o( [ 56t e+ [ GEeG )
<20 |-
In particular, we have
G| < 20 pl|G.

By recurrence, we obtain
(5.3) G < (20|l G

Whenl| ||| is sufficiently small so tha2C||u|| < 3, we obtain, from%.2) and
(5.9,

Gu— Gl < ) 201ull)"G

m2>1

_ 20 |u]]
1—=2C|p|]
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which yields

uwmwg 1
— | G<GF, < ——(.
C—wmn == T 00|

]

Recall that when: is a nonnegative Radon measure, we know:yt{at the
Green functiorG,, of LA — 11 exists and satisfies the resolvent equation:

G@@I@@M+AGwQQQMW@,

forall x, y € Q.
Next we show that in this case, the conditione C(€2) is necessary and
sufficient for the comparability result.

Lemma 5.4. There exists a constant = C'(€2,n) > 0 such that

mes/emm@samx
Q
forall z € Q.

Proof. From Theoren?.1, we have

< O (1,52,

= o —yn? lz —y|?

G(z,y)

forall x, y € Q.
If d(y) < 2|z —y|, then

(5.4) G(z,y) <2C
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If d(y) > 2|z — y|, thend(x) > d(y) — |x — y| > |z — y|, which implies

C d
(5.5) Gla,y) < <o)
|z —yl" |z —yl"
Combining 6.4) and £.5), we obtain
d
G(LL‘, y) < 20&_17
|z —y["
Comparison of Green Functions
for G lized Schrodi
for all z, y € Q2. e Ay S
This yields
Lotfi Riahi
1
/ G(z,y)dy < 2Cd(x) / T dy
Q lr =yl Title Page
1
< ZC’d(x)/ T dy Contents
0<|z—yl<d(@) 1T — y["
d(Q) <4< >
= 20wn1d(£€)/0 dr p >
= Chd(x). Go Back
From Theoren?.1, we also have Close
-~ Quit
c! . d(z)d(y)
z — |2 min (1’ z — y? < G(z,y), Page 26 of 31
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This implies

forall z, y € Q.
Hence

which means

<o of .
Cod(z) < / G(a,y)dy, for Generalized Sehrocinger
Q Operators on C1-1-Domains
forall x € Q. O
Lotfi Riahi
Theorem 5.5.Letu be a nonnegative Radon measure. Then, the Green function
1 ) . .
G, of A — pon(2is comparable tax if and only if € KC(€2). STy —
Proof. We have the integral equation: Contents
Glay) = Gulww) + [ Gl )Gl )du(2), “« ! »
@ < >
forall z, y € Q. E———
We first assume that,, andG are comparable which means that there exists 0=ae
a constant” > 1 such that Close
C'G <G, <G Quit
4 Page 27 of 31
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forall z, y € Q.
This implies

[)/S)G(x,z)G(z,y)du(z)dy <(C— 1)/QG(x’y)dy'

for all z € Q.
Using the Fubini’s theorem, it follows that

/Q Gz, 2) / Gz, y)dydu(z) < (C — 1) / G, y)dy.

for all z € Q.
From Lemmab.4, we deduce that

/Qd(Z)G([E, 2)du(z) < C'd(x),

forall x € Q.
This means that
d(z)
su —G(w,2)du(z) < C’,
s |, e Kt
and therp € K(9Q).
Now let i € K(2), which meang|u|| < +o00. By Theorem5.3the Green
function G__» _ of the Schrédinger operatak — - is comparable td-.

) SCI[al] i 8C| |l
This means that there exigts> 1 such that

cl'a<a <G

14
8CT[ull ™
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By Theorem 1 in [, it follows that
c-8ClllG < G, <G,

which ends the proof. O

Remark 5.1. In view of the paper {], our results hold also when we replace
the Laplace operator by an elliptic operator

Comparison of Green Functions
L= E Q; 5 8 a g 8 for Generalized Schrodinger
Lj Operators on  C':!'-Domains

,j=1
. . . .o . v . .. Lotfi Riahi
which is uniformly elliptic with bounded Hdélder continuous coefficients b;.
Remark 5.2. The comparison theorem serves as a main tool to obtain some Title Page
potential-theoretic results. For example it implies the equivalendé &f — 4)- .
ontents

potential and%A-potentiaI of any measure with support containe€iand then
the equivalence o(f%A — u) -capacity and%A-capacity of any set if). These <« >
equivalences say that the fine topology, polar sets, etc. are the saléqéz fond p N
%A — p. Following the argument in], the comparison theorem also implies
the equivalence dff A — ;1)-harmonic measure anfiA-harmonic measure on Go Back
0f). This gives rise to a boundary Harnack principle and a comparison theorem
for nonnegative(%A — M) -solutions and nonnegativa-squtions vanishing

continuously on a part a¥f2 (see []). Quit
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